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INTRODUCTION 


uE Deſign of the follow- 
ing Freatife, i to introduce the true 
Method of Flexiom, moſt of the 
Books that have. hitherto 

in them 


| beet having 
| ine more than the Name, the 
Principles upon which they have proceeded being the 
ame with the Differential Calbulus; fo that by calling 
a Differential a Fluxion, and a ſecond Differential a 
ſecond Fluxion, We. they have ſo confuſedly jumbled 
the Methods together, that People, who have not been 
throughly acquainted with them, have been led into 
many Miſtakes : For the way of Inveſti- 
- gation in each be the ſame, and both center in the 
fame Conclufions, yet whoever will compare the 
Principles, upon which the Methods are founded, 
will find that they are very different. The Differen- 
tial Method teaches us to conſider Magnitudes as made 
z b / up 
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vi INTRODUCTION 

wm an infinite Number of very ſmall conſtituent 
put together; whereas the Fluxionary Method 
whe us to conſider Magnitudes as generated by Mo- 
tion. A Line is deſcribed, and in deſcribing is gene- 
rated, not by an Appoſition of Points, or Differentials, 
burt by the Motion, or Flux, of a Point; and that Ve- 
locity with which the generating Point moves, ' when 
F the Line begins to ariſe, or in the firſt Moment of its 
Ft | Generation, or Formation, is called its Hui; fo 
8 that to call a Differential a Fluxion, ora Fluxion a 
q j — Differential, i is an Abuſe of Terms, and an Impoſition 
1 - upon the Reader; for a Fluxion has no Relation to 
4 a Differential, nor a Differential to a Nen; a 
30 Fluxion cannot be compared with a Differential, nor 
1 | a Differential with a Fluxion, becauſe they are of 
. a different Nature. The Hurion ſhews us the Law 
and Manner of Flowing, by which we are taught 
how to determine the Proportion of Magnitudes one 
to another, from the Celerities of the Motions by which 
they are generated, which is a pure and abſtracted way 
of Reaſoning, and agreeable to the Method made uſe 
of by the ancient Geometers; whereas the Differential 
being but an infinitely ſmall Part of the Magnitude 
itſelf, in the forming of Magnitudes after this way, 
we are to conceive them as made up of an infinite 


Number of theſe ſmall conſtituent Parts, diſpoſed of 
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INTRODUCTION. vij 
in ſuch a manner, as to produce a Magnitude of a gi- 
ven Form; and that theſe ſmall conſtituent Parts are 
to each other as the Magnitudes of which they are 
Differentials ; and conſequently, that one infinitely 
ſmall Part, or Differential, muſt be infinitely great, 
with ref to another infinitely. ſmall Part, or Dif- 
-3 which muſt happen when we conſider Mag- 
nitudes formed after the Differential Method. Theſe 
things being well conſider d, it muſt be confeſs d that 
the Way of conſidering the different Degrees of Mag- 
nitudes, as ariſing from an increaſing Series of Muta- 
tions of Velocity neceflary to the Generation of the 
Quantities to be formed, is much more fimple, and 
leſs perplexed than the other, and conſequently, all 
the Operations that are founded upon the Method of 
Fluxions muſt be much more clear, accurate and con- 
vincing than thoſe that are founded upon the Dir 
ential Calculus. In the former Method Q Quantities are 
rejected, becauſe they really vaniſh ; in the latter they 
are becauſe they are infinitely ſmall ; which 
cannot but leave the Mind in ſome Ambiguity or 
Confuſion. And therefore to treat of Fluxions up- 
on Differential Principles, is leading the Reader = 
wrong, and giving him ſuch falſe Conceptions of 
things, which he will, if ever, with great Difficulty 
get clear of; for People having been long accuſtomed 

b 2 to 


| eo {ible — 
Method, will, I hope, Pro D,oebeys as if I 
intended to or depreciate that Method; far be 
it from me: On the contrary, I highly value and 
Ateem it, and ways made uſe of it, dll I became ac- 
quainted with the Fluxionary Method: but what 1 
mention it here for, is to compare the two Methods to- 
gether, that the Excellency of the ; 
above the Differential, may the more evidently 
ele how wrong it is to 
eee eee cee 
Principles, as if they were one and the fame Method. 
Now as the Principles upon which the Pluxianary 
br i rr rg Ng MOAT nr 
on which the Differential is founded, ang as eaſy to 
be underſtood by young Beginners, i 
ſet them out right at firſt, that the) may not, uſter 
they have ſpent ſome Time, and made ſome P 
in the Science, be forced to unlearn what they have 
taken Pains to attain 3' Which will always be the Caſe 
of 15558065 gg Rs ater ee 10 
order to learn Fluxioms. 
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In the firſt Seo you have the Arithmetick of 
Exponents ; wherein, from the Nature of Powers, and 
the Manner of their Generation, I have deduced, and 
demonſtrated the Rules made uſe of. 
lx the next Sefio you have the Doctrine of 
Infinite Series; wherein is ſhewn bow to extract 
| Roots out of given Powers, And in order to prove 
the Truth of the Inveſtigations, it has been ſhewn 
how the Roots themſelves may be involved, fo as 
to reſtore the Original Powers ; by which Means the 
Learner will not only be inſtructed how to raiſe any 
Multinomial to any given Power, or to extract any 
Root out of the ſame, but be of himſelf able to perform 
what is requiſite in the Doctrine of Series, without 
having recourſe to Series formed or contrived for that 

A 

Bur becauſe in raifing Mwltinomials to high Powers, 
or extracting Noots of the ſame, the Operation by the 
former Manner is tedious, I have proceeded to ſhew 
how the Binomial, Trinomial, Quadrinomial and Infi- 
nite Multinomial Series may be found; and at the fame 
time have ſhewn their Uſes in raiſing Powers, and ex- 
tracting of Roots, whereby the Coincidences of the 
different Ways are ſhewn in the Production of the 
ſame Quantities, | = 
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=x INTRODUCTION 
II che third Safin) you are told the Meaning of a 
Fluxio, and the Manner how Mamhematical Quanti- 
lies are generated; from whence the Nature of Pluxi- 
om in general is very amply explained: By which it 
vill eaſily be perceived, that a firſt Fluxion is not In- 
comprehenſible, and that it is not ſo difficult to form: a 
juſt Idea of it in the Mind, as ſome have i 
Is the fourth Section you have the Mutation of Fluri 
enn, or the Manner how the ſeveral Orders of Fluxions 
are diſtinguiſhed one from the other. And in the next 
SetFion you have the Algorithm of firſt Fluxions ; where- 
in the Rules are demonſtrated, and ed with Va- 
riety of Examples. 
Ix the ſixth Section you ae tenigha bew ts find 66 
cond, third, Mc. Fluxion : wherein I have endea- 
voured, in a more particular Manner, to ſne what is 
meant by ſecond, third, &c. Fluxions : whence it 
will manifeſtly appear, that there is nothing oe 
or myſterious in them, but that they may be as ca- 
ſily conteivedd,' and as fully bre rr * Wit 
Tlariom. 

Ain the Krebch Rente, dre GemegffBld the Kid 
for finding the Pluxions of Exponential 
And in the eighth Sen you have Methods for 
the Fluents from given Nuxiom. After which foll 
their Uſes in drawing — to Carver; . 
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on of Problems de Maianis & Minimicyin the Inventi- 
onof Poingsof Jnflefiomand-Retrogreſſion; in the finding 
the Rvaluta of a given Curve; in finding the Cauſtici 
Curves by Refleftion and Nefractiom; in the Refifica- 
tion of Curver; in finding the Areas of Curvilinear 
Spaces; ee ee 1 So- 
ters of Gravity, Percuſſion and Ofeillatien; — * 
have endeavoured to render the Inveſtigations plain 
and eaſy. And in explaining the Nature of Nuriom; 
in demonſtrating the Fundamental Rules, and indeed 
the whole Work, my principal Aim has 
been ſtrictly to adhere to the Method publiſhed by the 
Troentor Himſelf, in his Introduction to his Tract on 
the Quadrature of Curves. For whatever may have 
induced ſome People to imagine that Sir 1/aac Newton, 
after having revolved in his Mind the Doctrine of 
Fluxions for forty Years, has not delivered himſelf ſo 


clearly as he might have done, and have therefore 
endeavoured to explain it better; for my part, I muſt 
confeſs, I cance he the teak Shadbiy-of N 
fuch an Objection, , and Attempt, Nor can I think 
there is any more Difficulty in conceiving or forming 
an adequate Notion of a naſoent or evaneſcent Quan- 
tity, than there is of a. Mathematical Point, which, 
thoughts be rela Magniends is the Foundation, or 


C 2 Root, 


——. 


* [NT RODUCTIO V. 


Root; from whence all kinds of thein 
Riſc. — how's Lined entity 
cannot but eaſily conceive, that the generating, Point 
in moving according to ſome Direction, and therefore 
deſeribing a flowing Line, muſt, in a very ſmall Part 
of Time, deſcribe a very {mall Part of the generated 
Line, which is what is meant by an Increment; and as 
at the Inſtant of Time that the generating Point ſets 
out, or begins to move, at that very Inſtant an Incre- 
nens begins to be generated, or exiſt, this ariſing Aerr- 
ment, or this ariſing Quantity, is called a naſcent Incre- 
ment, or a naſcent Quantity; and, on the contrary, after 
aLine has been generated, if we imagine the generating 
Point to return back, and move.towars the Place. it 
firſt ſer out from, in this Caſe the Line will conſtantly 
decreaſe, and the very ſmall Part of it run over in a 
very ſmall Part of Time, is called a Decrement. An 


as the generating Point, in returning back to its £ 
Situation, muſt of Neceſſity, by this, contrary Motion, 
continually diminiſh the Line, ſo when it arrives at 
the 7 reg the Line will, 
by this means, be totally deſtroyed. or annihi 

ted, and that Decermens with which & uſhed 
ceaſed to exiſt, is what is meant by an Euang/cent De- 
crement, | or an Evaneſcent Quantity: And as Incre- 
ths generated ; alter this Manner, become 8 5 
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INTRODUCTION, ii 
leſe, in Proportion to the Velocity which the genera+ 
ting Point begins to move with, ſo the different De- 
grees of Velocity with which ſuch Izcrements do ſo a- 
riſe, are called their reſpective Fluxions ; where all 
Conſiderations of Time, and Acceleration of Motion 

are totally and abſoluitely excluded, and muſt there - 
fore be in the firſt Ratio of the Iucrements, as U 
or in the laſt Razio of the Decrements, as vaniſhing, | 
As the main or fundamental Point in the Method 
of Nuria upon which all the future Operations de- 
pend, is to find the Nuion of the Rectangle, or Product 
of two indeterminate or flowing Quantities; and as 
— and may ſtill ariſe, about re · 
n 9x00; 

1 uct ariſing from the Multiplication of x by.y, 
conſidered 4s flowing Quatitities, I believe it will be 
0 from the Principles here laid down, to account 
for it in a clear and fatisfactory And to this 
chap — nenen 
Quantities, che Product —— the Multiplica- 
tion of the one by the other, then will z= τ Leto 
be a very ſmall Qi. Now if we — the 
Quant. wvantities and y in a flowing State, it is manifeſt, - 
that while x flows into, or becomes x + x ©," y flows 
into or becomes y +9 0; | Multiplying therefore theſe 


two — the one into the other, we ſhall have 
wm 


n ö 


xy 1NXRODUCFTIO'N 
* +yx0+ £y0,+ x3 00, = e; for while 
xy, by flowing, becomes æ +yx0 +43530+'xy oO, 


2, by flowing, becomes & + 2 o. Taking away then 


x _y from one Side of the Equation, and , its equal, 
from the other" Side, we ſhall have q o 7 
1 * 0 2 O. 

MAE AB= y, Ace and ſuppoſe G 
AB, A C in a flowing State; then while AB flows 
into, or becomes A b, y will flew into, 8 
549 and in the ſame Time A C will 

and x will become x L* 0; whence we Jade 
x ya for the Value eee 


fn — „ x0 for 
| | the Value of rt 
I, | ! | , SpaceCDHE,andyxoofor 
e —5 the Value of the Incremental 
— th. Space D d F H. Let us now i- 
j y magine the Lines F and E F 


to return back, and to move 
according to the Direction 4 A and EA; that is, that 
the Point 4 moves according to the Direction 4 B, the 
Point E according to the Direction EC, while the Point 
F, common to the Lines F 4 and FE, muſt move ac- 
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INTRODUCTION. * 
nearer the Lines 4 Fand F E approach to the Lines 


BD and DC, the nearer will the Line ; F apptoach to 
an Equality with the Line BD, and the nearer will the 
Space B&4F D to an Equality with the Space 
BSD; alſo the nearer will the Line E F h to 
an Equality with the Line CD, and the nearer will the 
Space EF DC approach to an Equality with the Space 
EHDC, and the leſſer will be the Ref7angular Space 
DaF H: For when the Lines bF and EP are got into 
the Situation iy and EP, the Space DAF H is become 
DA, the Difference between the Spaces ;xDB and 
DB is expreſs'd by the little Triangle Dy; alſo be- 
tween the EDC and zxDC by the little Tri- 
angle Df, till at laſt, when the Lines h F and Ef 
arrive at, or coincide with the Lines B D and C D, 
they will become equal, and the Space 4F DB, in its 

evaneſcent State, will become equal to the Space BSD, 

and at the ſame time the Space EFDC, in its evaneſ- 

cent State, will become equal to the Space EHDC, and 

at that Inſtantthe Refangular Spare Da FH, expreſſed by 
| ere ee CREnme. 
Nom if each Side of the Equation be divided by o, the 
Quotient ill give x yy &, for the Fluxion of the A 
Product x y, or of the Refangle AB DC; inaſmuch as 
Fluxions are in the laſt Ratio of their evaneſcent De- 
Crements ; that is, in the Rario with which they vaniſh. 
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i INTRODUCTION. 


Wurd c, and from what is contain d in the follow- 
ing Sberrs ( preſume) it may be juſtly inferr d, that the 


Doctrine of Fluxions, as deliver d by Sir ſaac Newton, 


may be clearly Conceiv d, and diſtinttiy Comprebended ; 


that the Principles upon which it is founded are True; 


that the Demonſtrations of the fundamental Rules are 
Conclufroe ; that it requires no Explanation, nor need 
it fear any Oppoſition. 

Ix is now ſome Years {tnce the greateſt Part of this 
Book was prepared for the Preſs ; but being employ d 
in publiſhing the Poſthumous Yorks of Mr. Flanfleed, 
and after they were finiſh'd, meeting with unexpected 
Hindrances, I for ſome time laid afide all Thoughts of 
compleatingit: but as ſomething of this Nature ſerm d 
greatly to be wanted, and not knowing or hearing of 
any Perſons being engag'd in aWork of this Kind, I re- 
ſolued to put the laſt Hand to it, and to ſend it intothe 
World, in hopes it might be uſeful to yaung Beginners, 
for' whom at was principally intended. For by giving 
them a clear and adequate Notion of the Mature and 
Grounds of Fluxions, they would be able to penetrate far- 
ther into the Depths of thisadmirable Sience, and became 
Maſters of the more ſublime Diſcoveries that have been 


made by this Method of Reaſoning, 
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r ESL VI 3 WERS are the Reſult of, or 
+ from, the Muttiptication of 

Quantity, a certain 
1 23 of times into itſelf; 


| 8 being the firſt Mul- 
Products produced 


ar Lee firſt, ſecond, third, 
h, ere. Powers, For Exam · 
If Unity be multiplied by the 
nti br + is led 
| arſt Power of 4; and if this 
* ver be multiplied again by 4, 
N eee is called the ſecond Power 
of #; and if this Power be multiplied aga in by the ſame Quan- 
tity a, the Product 24 a is called the third Power of 43 this 
eee eee the Produ@ 494 4 is the fourth 


Power of & . Eg | 
GH (RF A2 Tun 


hs ow a 
oor, to + Excl the reſpectiye Po 2.4 4 
. their Indices, or Exponents, i as ' 
hew, the Rank, or Place, that every Power. 
Ord '0EP wers ; ſo that the Index of the Am- 
90 70 is of the ſecond Power, of; 3 ors «4 
i of a or@agis 3, ce, and, conſe- | 
< he Ir of js Series of Powers axis eee 
dortttflyProgreſ on from Unity, will be a Series of Num- 
bers; beginning ” fn voy Order, je. 1, 46 "I" -4 
AND inaſmu theſe Indices expound the Number of 
times that any Quantity has been involved, to produce the 
given Power, the Products, or Powers themſelves, are Yery 
neatly, and elegantly expreſſed, by placing the Index 
Root, or Simple Power ; thus the fourth Power of 4, 1 om aaa, 
is very properly expreſs d by Placing the Index 4 over the 
Quantity 4, after this manner &, as is the fifth Power of 4, or 
424444, by placing the Index 5 over the Quantity 4, in the 
ſame manner 45 News Kr che Series of Powers 


N N - 49% —_—y 4 
1 . \ — F 
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ix Conde shon ot che La 
POweng: with the Manner of Folla&i 
metrical Proportionals, it is man 
is no other than a Series of Nut 
' metrical Proportion continued,” Ware © 
of Numbers, or Quantities, in Arithmerical 
tinued ; for as the ——— — 
1 to 4 ( for 4 to 4 4, is ab 1 to 4); So the Indices themſelves 
are in an Arithmetical Proportion, inaſmuch as e increaſe 
equal Differences ; for the Difference hetween 1 and 25 is 


the fp with the Difference ere ls 4 
Ann 
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| N hence: * that if the N 
| Series be: r. the firſt Term of the Arithmetical Series will be o; 
for as I, 4, 48, are in continual Proportion Geometrically, and 
o, 1, 2, in a continual Proportion Arithmetically s inaſmuch as 
1 and 2 are the reſpective Indices of @ and 4, it follows, that 

the firſt Term in the Arithmetical Series, muſt be the re- 
ſpective Index of 1, the firſt Term in the Geometrical Series; 
and, conſequently, the Series of Powers, 1, 4, 44, 44 4, 
4444, 44444, 444448, Ge. will have, for their reſpec» | 
tive Indices, a Series of * beginning from Os and in- 
craſing-id en "by 


5 wh 2, 314» 5. by Te." 


AGAIN, as 5 and mn are the Powers correſponding to the In- 
2 and x, in the Arithmetical Series, the Power 4* muſt 
correſpond with the Term o in the ſame Series : For as 4 is 
the Reſult of two Multiplications, of the Multiplier 2, and 
2, or 4X 1, the Reſult of one. ſuch Multiplication ; fo 4* 
is the Refult of no Multiplication at all; and, conſequently, 
fince from the Nature of Geometrical Proportionals, 1 will be 
the next Term below a, and fince from the Nature of Powers, a* 
is the next Term below , in the Series of Powers, it is ma- 
nifeſt that theſe two Expreſſions are the fame. And hence we 
are let into the Reaſon of the practical Opetations in Powers, 
and their Indices, or Exponents, and why : Firſt, | 
"THAT the Sum of any two or more Indices, or rExponents of 
Powers, will be the Index of a Power reſulting from the Mul- 
tiplication of the ſeveral Powers i into cach other: that is, why 
EO XI 4 or Why N X = +t+t*= 2, 
FoRASMUCH as a Series of Powers is a Series of Numbers in 
Geometrical Proportion continued, and that their reſpectiye In- 
dices form a Series of Numbers in an Arithmetical Progreſſion, 
and that from the known Laws of Proportion the Sum of any 
two, or more Terms, in the Arithmetical Series, will produce. 
a Number, which ſhall be a Term in the Arithmetical Series 
correſponding to a Term in the Geometrical Series, oy 
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from the continual Multiplication of the correſpondent Terms | 


in the Geometrical Series; it follows,” that the Sam of twoor 


more Indices will give a Number, that ſhall be the Index of '« 


Tower produced from the continual "Multiplication of the 
5 Powers one into the other; and, ſecondly, why the Difference 


of any two Indices will produce the Index of a Power reſule- 
ing fromthe Diviſion of the two reſpective Powers the one by 


the other; that is, why 5 | 


. 


=#—=*= d, or why — = 3 =@. 


- FoRA$MUCH as the Difference of any two Terms in an A- 
rithmetical Series, is equal to a Term in the ſame Series, ariſing . 
from the Diviſion of the two correſpondent Geometrical Terms, 
it follows, that the Index of any Power to be divided, leſſen d 
by the Index of the Power by which it is to be divided, will 
give the Index of a Power reſulting from the Diviſion of the 
two given Pow 1 | Ad 
HENCE ve are taught, how from the Index of any Power 
_ to find the Index of the Sqp Cube, Biquadrate, &c. or 
=_ | the Index of th —_ Cubic Root c. of the ſame Pow - 
8 : -er, or, which is, the ſame thing, a ready and expeditious way 
of raiſing any Power, conſider d as a Root, to any given Power, 
or for extracting any Root out of the lame. 3 
F ox ſince to raiſe any Power, is to multiply the fu poſes 
Root a certain Number of times into ifelf: If che Index 
of the given Root be multiplied by the Index of the Pow« 
er, it will give a Number expreſſing the Index of the 
Power to be found: Thus the Index of the Square of à will be 
.43+3, or 4**3, or 4, the Index of the Cube of 4 will be 
477, or 43*3 u, the Biquadrate of · the ſame a +3+3+3, 
or 43*+ , Oc. and the fame Law will obtain for any 
Power conſider' d as a Root. 1 ; 
Ap again, inaſmuch as to extract the Root out of any 
Power, is to find a Root, which, being multiplied as often into 
itſelf as there are Involutions in the given Power, will reſtore. 


* 
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the Power again: If the Index of any Power be divided by 
the Number expreſſing the Number of Involutions, the Qual. 
tient will give the Index of the Power to be found, conſi- 
dered as a Rot. Thus the Index of the ſquare Root of 4 is 
; the Cube Root of the ſame Power 4 will be « *, 
or „ the Biquadrate Root of the fame 4, or # ; the 
Cube Root of the Square Root, or the ſixth Power of the ſame, 
will bes or , Sc. nne Mia: * 
As. every Number may be conſidered as the Infinite Power 
of the Momentum of that Number, and a certain Power of. 
the Momentum of the ſame Number; and as the ſame Num- 
ber may be conſider d as the Momentum of the Power of ſome 
other Number, ſo every Number may be conſidered as any 
Power of. ſome Number conſidered as a Root, or as any Root 
of ſome certain Number conſidered as a Power, '' | 
A N Þ hence it is, that the Series of Powers, 4, 4, 4, 4, 
4, 4, &c. may be continued downwards, or backwards, 
from Unity, in a reciprocal Order, ad Infnitum; and is there- 
fore called the reciptocal Series, wherein the ſame Ratio of the 
Terms to each other will be conſtantly obſeryed ; for the Terms, 
OT Ty To . 235 = 6, 4 „, a, 45 a", Ge. 
having the ſame. Ratio throughout the whole, are a Series of 
Geometrical Proportionals, or Powers, infinite in Number, 
ariſing from the Momentum of the Quantity repreſented by 2 ; - 
and as the Indices of the Powers on the Right. Hand of Unity 
are - repreſented by a Series of Numbers in an Arithmetical 
Progreſſion, ad Infinitum, being each of them Affirmative z - 
ſo the Indices of the ſeveral Powers on the Left Hand of 
Unity, and decreaſing from Unity in the ſame manner 
as the Series on the Right Hand increaſes, will have for their 
Indices, or Exponents, a Series of Numbers, increaſing, 'in 
the ſame Order, from Unity towards the Left Hand, as the- 
Indices of Powers on the Right Side of Unity increaſed 
| _— ny 


cowards the Right Hand, var will be lt of «a Yeu, or 


leſs than nothing. 


Fon asthe Index of a n de der of E e 


inaſmuch as to leſſen the Index, and divide by a given Power, 


is the we thing, 15 has been already ſhewn. Moreover, lince 


Ir produces = or I, ſo the Sum of their reſpective In- 
dices wn produce o, the Index of Unity; and to take away 


the Poſitive Index 2, we muſt nnn of the 
fame Value; and, conſequently, the Index of =; ; muſt be — 5 


So that as 2 *, the ſecond Power removed from Unity 


towards the Right Hand in the Order of Powers, lids ＋ 2 


for its Index, ſo = the ſecond Power from Unity, in the 


the Order of N08 towards the Left Hand; and decreaſ ing 
in the ſame Proportion from Unity as the Power 4 in- 


creaſed, will have — 2 for its Index; and the ſame Law will 


| hold good in all Powers whatſoever that are removgd at * 
Diſtances from the Place of Unity. 


AND that this may the more evidently appear, let the'In- 
dices of the reciprocal Series be repreſented by the Letters 
b, c, d, e, Cc. and let the ities 4, 4, 4, Cc. be ſuppo- 
ſed to diminiſh in the ſame Ratio as the Quantitics &, , , 
increaſe; or, which is the ſame — on _—_ Quantities 


, 4, a", &c. be reſpectively equal to —, =» 7 Sr. then 
will the former Series be expreſſed chus, © 


Ge a, 4, 4 4. 4 a, . 4, &, fo, 4. Ce. ; 


Now becauſe from the Nature of Powers, and their Ex- 
ponents, or Indices, 2 + þ = 1 + 0 =1/; therefore b== 1 — 2, 
that is 6 ==1. In like manner, becauſe 3+c= i +0=1; 

there- 


. 


* 


ran conſequently, „ -. Again, 


z, =, n u nim, whence the former 
— r 2% b mar — 


more elegar 


cn 25 s 


wean eee 4, 87 Fes 474 29 2 075 
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A þ „ the ſpars of Dewers, if he Jpdex j 4 
1 to be extraficd,, or the . of Involutions ſupnoſad 
20 de contained in ihr given Power (for every Number, Whoſe 
Root ig required, is ſuppoſed to be made up of the ſame Num- 
ber wt Involucions, -tho' apy ct — * - Defect * 
way. of Notation, cannot be exactly not an 
SD Part of the ge of the e then ſuch Root 
vin be erpreſs d by a Fradtiotial? Number; as ir it were'requi- 


Cube Rot out of the fifth Power of 4, in- 


to 
n N 3, che Number of Involutions, of 


which a in this Caſe is ſuppoſed io be compounded of, is not 
an Aliquot Part of, or contained an even Number of Times in 
the Number 5, the given Index of the Power of à, the In- 
dex of the. Power after ſuch Extraction will be expreſs'd by a 
Fractienal Number after this manner a and ſignifics,: that 
this Expreſſion is meant the Qube Root of the fifth Power 
4 wharſocver be the Quantity repreſented by the Letter a and 
after" the ſame manner is any given Root, out of any given 
Power of apy hen the Indices are not multiple the 
one of the other expreſ#d. 

AND the ſame Law holds Wh the Indices are ne- 
gative; for 4 l expreſſes the Square Root of a Number, which. 


being multiplied into itſelf three rimes, will produce rhe Quan - 


tity 4 asf expreſſed the Square Noot of à Number ariſing 


from the Multi Ae of the Quantity 4 three times into it- 


felf 3 and the Lame will Held good in extracting any Root out 
3 4 Power, U the e have a negative or poſitive 
TAWT I | 8 AND. 
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fe 1 ＋ , therefore d = 1 —4, and d = 1. 
An after the ſamo manner 6 will be found equal to.— 4. 


— „ 
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An p hence ariſes the Uſe of the Kpoemdge Fractions 
looks Compoſition and Diſſolutiom of Powers, aud the man- 


ner of compornding acgarive be r 6 
ing to any Compoſition whatſoever,” + > =,» 


TAE Laws hitherto delivered relating to n Sema 
2 Indices, or Exponents, are expref9d by Numbers, will take 
Place when, the ſame Indices are expreſſed more generally by 
Letters of the Alphabet ſuch as m, n, p, g: Se. Thus if the 
Power 4 werd to be ſquared, the Power then ariſing would - 
be a, or. If che fame Bower were 80 1 7 4 
Reſult would be , of 4, And use, if 
Power 4 were to be raiſed to any given Power t, the: 
to be produced will be . Again, if the Ba yu the 


Power e were to be extrated, che Anfyrer would be e, or | 
lf the e rie bent — 
Sap eg , or 5. And, laftly; I the Root of 


the ſame Power were o be extrafed, the Reful would de 


An 8 | 4 Tt bn. Mae ei, 


4 5 Or 4. 1 "or! «., #4 yo ith * i 4 0 


AAN, if the Power 7 were to 10 "aaa 9 "the 
Power 4”, the Product would be the Power , and if the 
ſame Power 4* were to be divided by the ſame Power , the 
Quotient would be the PoꝰWw/ r . In like manner, if the 
Power & were to be multiplied by the!Power , the Product 
will be , and if che ſame bai irrer -F. n 
the Power &, aun 7 Wis pet 7 


ee 


| (Suns we are fully inſtructed in 8 Reaſon ofthe. 
Prafical Operations in Exponential Arichmerick. ad 
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I. TA r the Addition of the Indices js equivalent to the 
Multiplication of the Powers; as 4 Ru MA Ae 
X . | Y | 


U. Tal 
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As; in Ordinary Arichmerick, whep the Diviſor i is not n 
Aliquot Part of the Dividend; or any Nutnber, don 

ſidered as a Power, is # Surd or Irrational Number, the o- 

tient, or Root, may be found infinitely __ he HCY - 

different Fraftional Approximations, according Plca- 
ſure of the Artiſt. So in Specious Arithmetick, whih 

vidend is not an exact Multiple of the Diviſor, ot the 9 

tity, conſidered, as a Power, has not an exact Root, 

ent, or Root, in this Caſe, may be found, by different ſud 

Series of Terms, continually decreaſing; till at laſt — 

between the true Quotient, or Root, and the Sum of the ſeve- 

ral Approximating Terms, thus produced, will be infinitely 
ſmall, and, at laſt, vaniſh: and the Relnle in this Caſe are called 


Infinite Series, or Approximations. 

For Example, Suppoſe g fe. then y = — : 7 N 
And dividing v by 1 eee 
Diviſion of Algebra, in the owing operations 
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Ay.x=zg the ſame manner of Inveſtigation; tio Boot 14 
VTa £xx, oras + x x7, will be found to be f 
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26, 8637 1665 12% 2568 | 
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"AGAIN, ſuppoſe it were requinadi0 dus Cube Roctcr 
the ſame Quantity 1 — x x, or, which is the ſame thing, ſu 74 
„ = 1. — x &, and it were required to find the Value of 5. 

By extracting the Cube Root on each Side of the Equation by 
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the common Methods, after the manner following, weſhall have 
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AG A1N, if tlie hs Root of the fame Quantity were 
required,aahe Operation will be as follows: 3 
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Ax p by proceeding after te fame mene: n in the former: 
Fxanaples, they the”, 25 > 555 c. Root of the Infinite Multi. 
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AN p that theſe ar the true ow of the gives Powers, 
will be evident by the Powers themſelves from the 
Roots by the er n Rules of 6 as in the fol. 
lowing Exam ple- — 
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AGAIN, Suppoſe it were .A. loc the Cube Root of 
W e e Operttion will be as follows: 
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And der this manner may any Power « of any Rock be 
found. 


AGAIN by multiplying | t by the Diviſor, ar 
in ordinary. Arithmetick, the Dividend will — chus 
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And A the ame manner may any product be found. 


Læ x us now pol 1 to repreſent the Index of any Power, 
whether whole Number or Fraction, Poſitive or Negative, and 


the Quantity propoſed, whoſe Power is to be raiſed, 
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_-{Whence;by comparing the reſpective Terms on cach Side of 
the Equation together, we ſhall have 1 = A, alſo 
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o 
* 


— 
* 
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Space A BDC, and the Line a6, 40, the Parabolick Space 
BD aA. | | 4 os 
4701 becauſe it is as AB: AP :: BD“: a*, whereſoever 
the Point P be taken, the Curve A444 D will be a Parabola. 
Or, Ie while the Point B, by the uniform Motion of the 


Aa = a2 


Line B A aloi the Line Fu 


D deſcribes equal Spa- 
ces B &, bb, , Cc. in 
A deſcends 3 oj wh 
ces AP, AP, A 7 . 
which ſhalt be to each 
other in a"Subduplicate 
Ratio of the Spaces B &, 
Bb, Bb, Sc. the Curve 
deſcribed by this Com- 
pound Motion of the 
Point A, will be a Para- 
bola Convex towards | 
AB, and the Space ABD D 

is che Supplemental Part | 
wherein the Lines P, Pa, Pa, which, in the former Caſe, 
were the Abſciſſa, now become the Ordinates, and the Lines 
AP, AP, AP, which before were equal to the Ordinates, be- 
come now the Abſciſſa. But if inſtead of imagining the Line 
AB to be carried along the Line BD parallel to itſelf, we con- 
ceive the ſame Line AB to reyolve about the Point B, fixed as 
a Centre, whilſt the Point A moves in the Direction A B, from 
A towards B, as before; then the Point A, by theſe two Mo- 
tions, will deſcribe ſome one of the Radial or Spiral Curyes 
and as all Curves whatſoever ariſe from the different Velocities 
of one or both of the Points A and B, it will be eaſy for the Rea- 


der, from hence, to carry his Imagination ſo far as to conceive 


readily how any one, - or all, of the infinite Variety of Curves 
may be generated. | 


FROM 
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ER ON the Generation of Curves; thus explain'd, ths Nature 
of Fluxions will more evidently appear. 


ron let AP p D repreſent any given Curve, AB its Axis, | 


IS, RH P M, pm Ordinates ap- 
2 077 A plied, and draw the Lines 
5 | Pb, p b parallel to the 
a | Axis AB. Now inaſ- 
1 M much as the Points P 
and 6, p and 6 repreſent 
the 3 Poſitions of 
— I the Points A and Bin the 


/ R regular and orderly For- 
Q 


0 | ſo the Lines P &, 5 6, 

/| . Le 5 which repreſent the ſe- 
+3 veral Diſtances of theſe 

5 5 h | Points aſunder at thoſe 


| ſeveral Moments of 
Time, are very properly and ſignificantly called the ſeveral 
flowing Values of the Line A B; and as there is no imagina- 
ble Moment of Time wherein the Points A and B are ſuppo- 


ſed to be at Reſt, ſo there is no imaginable Point of Time 


wherein the Line AB continues of the ſame Length, but is 
conſtantly in a State of Change, and flowing into a new. Value; 
and, for the ſame Reaſon, the Ordinates P M, p mn, c. equal 
in Length to the Diſtances Bb, Bb, the Spaces run through 
by the Point B, being in a continual Flux and Change, are called 
the ſeveral flowing Values of the Baſe BD. 

IN the Generation or Formation of any Curve, if one of the 
Points B, for Example, move with an equable and uniform 
Motion, the other Point A muſt neceſſarily move with an ac- 
celerated Motion (according to ſuch Degrees of Acceleration 
as the Nature of the Curve required ; for if the Velocities of the 
generating Points were equable, the Path deſcribed would be a 


 fireight Line) and conſequently the Velocity of the generating 


Point A muſt be variable in every Point of the Curve. For 
| a 


N mation of We Curve, 


” vv 


— > 1 r 8 
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as the Motion df the Point A towards B is a continued unin- 
terrupted Motion; ſo being at the ſame time an accelerated 
one, the Acceleration itſelf muſt be without the leaſt Intermiſ- 
fion : and for the Acceleration to be without Intermiſſion, is to 
undergo infinite and indeterminate Variations. Again, if the un- 
equal Particles of the Curve P and p Q are generated in equal 
Particles of Time, there be infinice Variations of Velo- 
city of the generating Point A, between the Points P and p, as 
alſo between the Points p and Q: and as the Point B may be 
conceived to move with an accelerated Motion towards D, the 
Velocity of the Point B, in every conceivable Part of the Line 
BD, muſt be accelerated, and conſequently there muſt be in- 
finite Variations of Velocity between the Points p and R, and 
Qand r, while thoſe Increments p R, Q r, of the Ordinates pm, 
QN are generated. 4 | 
' INASMUCH therefore as an Infinite Variety of Velocities 
| are requiſite to the Production or Formation of any Increment 
Dor generated Quantity, ſuch as P p or p R, Sc. how ſmall 
ſoever, ſo, in order to compare theſe Increments together, it 
; is abſolutely neceſſary to conſider them in their ariſing State, 
or before they begin to be; and thoſe Velocities with which 
| they thus ariſe, or begin to be, are what are meant by their 
Fluxions: So that Fluxion are not therefore the Velocities of 
the Increments conſidered as actually generated, but as ariſing 
or beginning to be generated, and are accurately and exactly, in 
the firſt Ratio of the Increments, conſider'd as ariſing, or in 
the firſt Moment of their Generation. | 
. So that the genuine Senſe and Meaning of finding the 
Fluxions of flowing or determinate Quantities, is to find 
the Velocities with which they ariſe or begin to be generated 
in the firſt Moments of Formation, And the fame way of 
Reaſoning obtains, whether we conſider the firſt or laſt Ratios 
of the Velocities of the Incremental Parts; that is, whether 
we conſider them in their firſt Ratios, as ariſing or beginning 
to be, or whether we conſider them in their laſt Ratios, as va- 
niſhing and ceaſing to be. 
G 


FROM 
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FROM what has been ſaid it is manifeſt, that the Progreſ. 
ſion of Fluxions is without End, that is, is, that there are 
Fluxions of Fluxions, and F. luxions of Taria, Ge. ad 
Infinitum. | 

FoR as there is a continual Acceleration or perpetual Mu- 
tation of Velocity in every Part of the Figure, ſo the ſmall 
Increments do every where ariſe, or begin to be generated with 
variable and different Degrees of Velocity: and as theſe Mu- 
tations are without Bounds or Limits, it is very evident that 
the Series of Mutation itſelf muſt be infinite. 

THESE Conſiderations of the Velocities of the Incremen- 
tal Parts, as ariſing, &. or of the Decremental Parts, as va- 
niſhing, Sc. are not confin'd to Geometrical Quantities only, 
but may be extended in Arithmetick to Facts, Quotients, Roots, 
Sc. and to all Quantities in general ; which may be conſider- 
ed as Indeterminate and der and in a perperual Flux 
or Change. 

AND although Fluxions are, accurately ſpeaking, in the 
firſt Ratio of- their naſcent Augments, or in the laſt Ratio of 


their evaneſcent Decrements, yet there are certain Right Lines 


of a finite Length, to which they may be ſhewn to be Pro- 
portional, and by which they may be expounded. 

Tus the Fluxions of the Areas AB C, ABDG, deſcribed 
by the uniform Motion 
of the Ordinate B C, B D, 
along the Baſe A B. are 
to each other as the gene- 
rating or deſcribing Or- 
dinates BC, B D, and 
may be ed by 
them, inafmuch as theſe 
Ordinates are as their naf- 
cent Augments. 

LET us ſuppoſe the 
Ordinate BC to move out 
of its firſt Place BC, and 

0 to 
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to come into a new Place 6 c, and compleat the Parallelogram 
BCE 6, and let the Right Line VI H be drawn to touch the 
Curve in the Point C, and to cut the Right Lines BA and bc, 
produced in V and T7. | | | 510 

IN As Mx Uch therefore as the little Lines Bb, or C E, E 
and Cc, are the naſcent Augments of the Abſciſs A B, the 
Ordinate B C, and the Curve Line AC, and that the Sides of 
the Triangle CE I are, in the firſt Ratio of theſe naſcent Aug- 
ments, the Fluxions of AB, BC, and AC are as the Sides 
CE, ET and CT of the Triangle CET, and may therefore 
be expounded by them, or, which is the ſame thing, by the Sides 
of the Triangle V B C, which is ſimilar to it. 

AND the ſame Conſequence will follow, if the Fluxions 
are taken in the laſt Ratio of their evaneſcent Parts: For ha- 
ving drawn the Line Cc, and produced it to K, let the Right 
Line 6 c return back again into its former Place C B; then will 
the Points Cand c coincide, and the Right Line-C K coincide 
with the Tangent CH, and the Triangle CE c, in its evaneſcent 
Form, will become ſimilar to the Triangle CET: wherefore 
the Sides CE, Ec, and Cc, in their evaneſcent State, will 
be to each other as theSides CE, ET and CT of the Triangle 
Yeo that is, as the Fluxions of the Lines AB, B C, and 
AC. 404 | 

A exact Coincidence of the Points C and c, in order to ob- 

tain the ultimate Ratios of the Lines CE, Ec, and Cc, is of 

the greateſt Conſequence; for if the Diſtance between them 
be never ſo ſmall, the Right Line C K will be diſtant from 
the Tangent C H by a+ſmall Interval, and conſequently the 

Triangles formed thereby will ceaſe to be ſimilar. 

By the ſame Method of Reaſoning, if the Circle deſcribed 
about the Centre B, with the Radius B C, be carried with an 
uniform Motion along the Abſciſs A B, and at Right Angles 
to it, the Fluxion of the generated Solid A BC will be as the 
generating Circle, and the Fluxion of its Superficies, as the 
Circumference of the generating Circle, and the Huxion of 
the Curve conjunctiy: = in the ſame Time that the Solid 

G 2 ABC 
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ABC\ is generated by the Motion of the generating Circle 
along the Abſciſs A B, in the ſame Time the Superficies is 
generated by the Motion of the Perimeter of the ſame Circle 
along the Arch A C, as ſhall be explain'd more at large here- 
after. | | 


— * * 
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Of the Notation of FLUXIONS. 


FA ONSTANT or determinate Quantities, that is, ſuch 
as never increaſe or decreaſe, but perpetually remain the 
ſame, are uſually, for the ſake of Diſtinction, and to avoid 
Confuſion, denoted by the former Letters of the Alphaber 
ſuch as 4, 6, c, d, &c. oy 
INDETERMINATE or flowing Quantities, that is, ſuch 
\ Quantities as are conſtancly increaſing or decreafing by a per - 
petual and regular Flux or Motion, ares commonly expreſſed 
by the latter Letters of the Alphabet, ſuch as u, x, , ; and 
their Fluxions, or Celerities of Increaſe or Decreaſes by the 


fame Letters, with a Tittle over the Heads; thus v, x, y, & re- 
preſent the Fluxions of the Quantities v, x, y, . And in- 
aſmuch as theſe Flyxions may be conſider'd as Fluents, and 
_ conſequently have their Fluxtons of Celerity, and Increaſe or 
Decreaſe, theſe are uſually denoted by the ſame Letters with 


two Points, or Tittles, over the Head; thus v, , y, & are the 


* 


Fluxions of v, 75 2 ; and after the ſame manner the Fluxi- 
ons of theſe, conſidered as Fluents, are denoted by the ſame 
Letters with three Tittles, or Points, over their Heads, thus 


, , y, E, and the Fluxions of theſe with four' Points, or 


Tittles, thus, v, x, y, &, Cc. and theſe are called firſt, ſecond, 


third and fourth Flyxions. 
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| Tuvs v, x, y, 2 which are the firſt Fluxions of b, x, , 25 
are the ſecond Fluxions of v. 4, , and v, *,9, 2, Which 
are the firſt Fluxions of v, x, y, &, are the ſecond Fluxijons of 
v, 4. 5 45 and the third Fluxions of v, % , . In like man · 
ner v, x, , & are the firſt Flumioms of v, #, y, , the ſecond 


Fluxions of , x, 55 S, the third Flux ions. of V, N, , 85 and 
fourth Fluxions of v, x, y, 2, Cc. | 

AND the Fluxions of Fractions, as well as their ſecond, 
third, fourth, c. Fluxions, are denoted by 1, 2, 3 or 4, Cc. 
Points placed horizontally in the Break of the Line that ſepa- 
rates the Numerator from the Denominator. 


4 2 E 42 T2 2 42 L222 +35 


4 28 2 — 2 1 
are firſt, ſecond, third and fourth FHuxiont of the Quantity 
45S +&S 

4—2 


IN like manner if the Quantity a 5 + be a Root, 
or Surd Quantity, then its firſt, ſecond, third and fourth, Cc. 
Fluxion is expreſſed by one, two, three, four, Oc. Points in 
the Break of the Vinculum. | » 


Tavs, VZ TT, VAX TTT, YA ＋ 2 2 
e — b 
4 ＋ &, denote the firſt, ſecond, third and fourth 
; — — — — th 
Fluxions of the Quantity Yaz +22, ora T*: and 
after the ſame manner may the firſt, ſecond, third, fourth, &c. 


Fluxions of any other Quantity of the ſame Kind be ex- 
preſſed, 


As v,x, y, & are the Fluxions of 5. x, Ys 2, and theſe 
again.the F/uxjons of v, x, 5, & ; ſo theſe Quantitics v, *, , © 
may be conſidered as the Fluxians of a ſuperior Order of Quan- 
tities, Which (as the firſt Fluxjons are denoted by a Point, or 
Tittle, ſo theſe) are expreſſed by a Daſh over the Head, = 
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this manner, 1, , 55 ; and theſe again may be conſidered as 
the Fluxions of other Quantities, which are expreſſed by two 


little Daſhes over the Head, as. Us x, », S, and theſe again as 


the Fluxions of 1, *, ), &, denoted by three Strokes, Oc. 


and theſe again as the Fluxions of v, &, , &, 4d Iufni. 
tum, Neque enim novit Natura limitem. 

Ap as the Fluxions of Fractions, or Surd Quintities, are 

expreſſed by one, two, three, four, or more Points in the Break 

of the Line, or Vinculum, fo theſe Fluents are denoted by 

one, two, three, four, or more little Strokes or Lines in the 

ſame Break, or Vinculum. 


—ů — — — 
Tus, V4 ＋L2 S is the Fluent of V as + E, 


— — — 


— — 1 
* 25 L Z is the Fluent of a & + E and Y +22 
is the Fluent of y/ 2 +22, 2s V 2 E + E & is the Fluent 


of / az + , Ge. — — VET | 


— 
—. 


is the Fluxion of of N 22+ 2 E, as V az + 22 SZ is the Fluxion 


of V as. + 22, and vas ＋ 2 K is the Fluxion of 


* 4 * S 25 a5 L 2 2 is the Fluxion of 4 48 +=, 
e. g : 


Wu x cꝝ itcomes to paſs that, Sc. Sz Z, E, E, E; 2, S, E, 5 5, 


G. or, Ge. Fe. V4 "as +23, VITA NIA 
vVaz+ ＋ 2 E, 2 . VT 2 S, T 22S, VT 


28 ＋ A 4 ＋-. 82 
V az az +22 Vaz ＋ &c. 8 —.—— 


— 2 4 — & 

42 ＋ 2 2 4S+ SS az +223 42 + $2 48 +2S 
— 22 — 3 „ — — 
2 „%k „ „ 2 —z 2 — 2 


22 24. Ec. are each of them Series of Flu- 


cnts, 
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ents, or Fluxional Quantities, every Term being the Fluent 


as 
of the ſubſequent — — or Term immediately followin 
FP as it is the F of the Quantity that immediately precedes. 
as or is next removed above it in the Order of the Series, as is 
bs abundantly manifeſt from what has been ſaid, 
AND it is to be farther noted, that every prior Term in this 
Series is the Arca of a Curvilinear Figure, whoſe Ordinate 
is the Quantity imn immediately following, and the Abſciſs g. 
K Thus V + 2 Eis the Area of a Curve, whoſe Ordinate is 
Dy y ax +22, and Abſciſs =. 
he I 
1 * N ; ” 
7 SECT. V. 
n | el 
2 Of the Algorithm of FLUx1oNs. 
. PROPOSITION I. 
7 To find the Fluxions of Quantities added, or JO 
85 


SOLUTION. 


Pi the room of every Qu Quantity ſubſtitute irs Fluxion, and 
connect them with the Signs of their reſpective Aimee 
and the Sum will be the Fluxion required. 


DEMONSTRATION. 


BECAUSE, by the former Section, & is the Fluxion of x, 
and y the Fluxion of y, therefore x - y is the Fluxion of x +», 


asis x — y the Fluxion of x — y; for if while x increaſes, 


diminiſhes, and as the Fluxion of x js Poſitive, theFluxion of » - 
muſt 


* : CO" . o — * . 
Np bt th — — * 
as \ 
** * 
” 
g FR , 
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muſt be Negative; and for the ſame renſon the Fluxion of 


#—) + wilt be x — + x, andtheFluxion of a+ x +y +9 


will be x + y + ; for s being ſuppoſed, by the former way 
of Notation, to be a conſtant Quantity never ener nor dimi- 
niſhing, cannot undergo any Alteration of Change, and has there. 
fore no Fluxion, and conſequently vaniſhes in the Operation. 
In like manner the Fluxion of x + a + y +6 is 


x y—v0; and after the ſame manner may the Fluxion of 2 
A e whether Sum or Difference, be found. N. E. D 


PROPOSITION u. 


To find the Fluuiom: of the Produt? of any Number of Flew. 
ing Quantities, multiplied into one another. 


S8 Oo UT To x. 


MuLTIPLY the Fluxion of every particular Flowin 18 Quan» 

City by the Product of all the other Quantities, and add the ſe- 

veral together, and the Sum will be the Fluxion 
* a 


DxXMONS8TRATION, 


LET x y =v be a Quantity propoſed, and let © repreſent 
a Quantity infinitely ſmall z then if x y repreſent the Velo» 
cities of the Increments of the Flowing Quantity x and , 


x o and y © will repreſent the Increments themſelves, genera- 
ted in the firſt Moment of Time, and conſequently the Quan- 


tities themſelves x and , are become, after they began to flow, 

„ o, and y + rl ©, Theſe therefore being multiplied into 

"4 each other, will produce x y n v vo 
from which making away the he Original Equation  y = v, and 

dividing each of the remaining Terms by o, there will remain 


yx+ x3 +) £0=v. „ in- 
finitely 


7 * 
* 2 F * — 
os * les. * * 
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finitely diminiſhed, or, which is the ſame thing, the Quantity 
x y to return back again it to its ariſing State j then the Quan- 
tity x y ©, in this Caſe, into which o is multiplied, will va- 
nin; whence we ſhall hive x y + y x ='v for the Fluxion 
of the Quantity propoſed, | | 

AGAIN, Suppoſe it were required to find the Fluxion of 


the 7 . 2 * , put this eqal to v, and let o, as in the for- 
mer Caſe, repreſent an infinite ſmall Quantity, then will 


SO, xo and y © repreſent the naſcent Augments of the 
Quantities & & and y; and conſequently in the fame Time that 
& flow into or becomes & + & ©, & flows into or becomes 
+ x+x0gand y becomes y +03 theſe therefore multiplied ſucceſ 
AFely into each other, will produce 8x y + & yOu +&X0 y 
+y x08+£00xy+ x008y + yoo&x +000&xy 
= v + y ©z from which, as before, taking away the original 
Equation & x,y = v, and dividing the remaining Terms by o, 
we ſhall have &yx SN + yx&+ Zoxy+yozs 
+ x0&gy +0ogxy = v; but when * 2 * 7 
was ariſing, or beginning to be, the Quantity o no Place: 
And as the Fluxions themſelves are the Velocities with which 
the Quantities ariſe, or begin to be, ſoall the Terms into which 
the Quantity © is multiplied will vaniſh z whence we ſhall have 
de + x y & ſor the Fluxion of the Quan · 

ty S xy. | 

AFTER the ſame way of Reaſoning the Fluxion of v x y & 

will be found to be vx y & + Vn &y, VIS x + x y 2 U. of 
4 x», will beax ＋ 4; for the Quantity à being a 
conſtant or fix d Quantity, the Products that would ariſe fro 
the Multiplication, by the momentaneous Augment of 4, if i 
were a Fluent, will vaniſh. Q. E. D. 


H PRO. 


as in its ariſing State, had no Place, therefore the Term 


a i 2 
of v, we ſhall have V= —_—— * == 
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PROPOSITION m. 


* o find the Fluxions of * divided one by the 
other, or of Frattions. | 


SOLUTION. 


Multiply the Fluxion of the Numerator by the Denomina- 
tor, and from the Product ſubtract the Fluxion of the Deno- 
minator, multiplied into the Numerator; then divide the Re- 
mainder by the Square of the Denominator, and the laſt Quote, 


or Fraction, thence reſulting, will be the Fluxion of the Quan 


tity propoſed. 


e e 


FOR let — be the Fraction a and ſuppoſe © — = V; 


then will S xu, and $+0Sz=xv+v G L- 
+ 00x v; and becauſe 2 = x v, taking away this Equation 
from the aue we ſhall have o Oo + * © v+ oo, 
and dividing each Term by o, there will ariſe Z=vVx + xv 
+ ox v; but becauſe the infinite ſmall Quantity o, when 
S 


* 


0 * v vaniſhes, and conſequently — + x v; whence, 


by Reduciion, 2 = — . and ſubticuting = - in the room 


S X 


the Fluxion required,or becauſe theFluxion 2 r by the former 


Rule is = x v + Vx, whence æ v = 2 — v x, and conſe- 
quently 


n 


n 


| 
; 
: 
F 
2 
'v 


r 


. 


r 
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quently V = = 4 Putting be = in the room of D, 


S Sx 2 * 
we ſhall have v = x a „ 0 


* * * xX x X x 
before for the Fluxion of - 
AGAIN, Suppoſe it be required to find the Fluxion of 


1 i m_ win = CT ma = ou. "_ = 
N U _ PII. Þf. 2 = 
l - = o * 1 
— 753 r Ld oe 4 3 _— * ST. 


42 
0 x ' ow 1 W : 
5 r * 9 + vx 4 and con 
te, ſequently x =av+v x + xv, and by Tranſpoſition 
n. 1 „ -r 
rea uA, and by Diviſion v _— and put- 
J . . 
_ x 
ng F in the room of v. we ſhall have d = _" eg 
v; x DEEP ax + xX—xXx_ a x 
5 : Tx TT 4a +2ax+xx aaÞFiax+xx 
: ax x 
on for the Fluxion of the Quanti ro- 
b, i — a+xxa+x AE W * NF , 
% Lon 
en f AGAIN, Suppoſe the = be propoſed, put as 
m before - __ 1, then will 1 = v x, and ee 
” | * v, whence x = vx, and =vs 
_ 0 == Vx — v, = , U = 7 * 
1 * 
* putting e z in the room of v, we ſhall havey = —- 
ner * == 7 T for the Fluxion of = - ; after the ſame manner the 
ſe» "oo f 
tly Fluxion of - will be found to be. 2. E. D. 
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PROPOSITION 1V. 
To find the Fluxions of Powers. 


SOLUTION. 


Murr r the given Power by its Exponent; then leſſen 


the Index of the Power by Unity, and laſtly, multiply the 
Quantity thus produced by the Fluxion of the Root, and the 
laſt Product will be the Fluxion of the given Tower. 


DEMONSTRATION. 


LET x x be the Power propoſed, and ſuppoſe it equal tov; 
then by the ſecond Propoſition x x + Xx= v, that is 2.Xx = v. 
In like manner the Fluxion of * vwill be x x & TXT xxx, 
equal to 3 XXX, or 3x ; and for the ſame Reaſon the Fluxi- 
on of x* will be xx xx + xxxx+xxxxÞ+xxx x, equal 
to 4* X *, or 4 * x, where if m be put for the Index of 
the Power, we ſhall have m7 y xt x for the Fluxion re- 
quired, 

AGAIN, Suppoſe 1 be the. Power propoſed, put it 

equal to v, then will x* v, and x=vv; whence x = 2 vv, 


and v = _— ſubſtituting therefore xl in the room of V, we 
2 


ſhall have Ex = 4} & by Section the firſt. In like man- 


2Xa 


ner if x} be the Power propoſed, putting this equal to V, we 


ſhall have v x; whence 3 vv e &, and UV = 50 ſub- 
vv 
ſtituting therefore * in the room of vv, to which it is equal 


ow i * n ol, 
Og EE SET TT RO 


hand ac; 4 ht _ . & | * o 
r n 


E © © na. 


en 
he 


* 2 Ws 1 oO Ld = 


— 
a 
_— ie 3 


IE ASS r 


„„ BU TEES EY 


x 2 1 5 and V = 
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by Section the firſt, we ſhall have v = 10 = ia. 


by the ſame Section; and for the ſame Reaſon, if * v be 
the Power propoſed, we ſhall have x = *; whence 


5 1 
= —=7 (putting & in the 
n x n 


1 „ e 
room of v) equal to = xa" x, the Fluxion required. 
AGAIN, Suppoſe 3 it be required to find the Fluxion of 
x? ; putting this equal to v, there will ariſe x" = , and 
„ 2 
2xX=30* , whence v= 55 y ſubſtituting x* 


in the room of v', to which it is equal by Section the firſt; 
whence ==; x & = 4x=+ x, for the Fluxion of xt ; by 
the ſame way of Reaſoning the Fluxion of xt, will be z 1⁹⁰ ᷣ 
= 4 2 x—+ x, and the Fluxion of & will be xt x; and if we 


put = 2 for the Index of the Power of x, we ſhall have xn = wv, 


m -I 
and x® vg whence mx! x= nv v, and v e, 
21 


and putting x®, and ** in the room of v, we ſhall have 


. am Mm „ es: * 
UV = Eg * i 3 2. x, by the firſt Section 


for the Fluxion of xn, 5 
na _ Suppoſe it be required to find the Fluxion of 


*, or . aſſume it equal to v, then will 1 = v , and 


o=vx"+3x xv; whence v x = u, and 


er e 74 „ 


x x 7 ** 
by 
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by ſubſtituting = in the room of v; whence = gr x 


1 | 
will be the Fluxion of r*. 


/ 


AGAIN, Lect * * or 75 be the Quantity propoſed ſup- 


an —_— equal to v, then is 1 = v x}, and 
o = ol x v, and v = = —3 J * x0; whence 
no _ 1 5 * v 
in the room of v) will be the Fluxion required; and if inſtead 


2—3 = -*. l by putting x — 


a _» I 8 
of ; we put we ſhall have x , or =, whence 1 = vx« 


1 —— ct. 


. mn o ; | ; 
and o = v x = + — ** v, and by Tranſpoſition ' 
„ 2 ”m — u 2 0 
UN = —— Xx v, wHhence v2 * b i I 
1 nn x: n 


m 
— 1. 


=—Z x * x, by ſubſtituting x * in the Room of v for the 
. 


Fluxion of the Quantity x *, and uniyerſally let repreſent 
any Number, whether Poſitive or Negative, whole Number 

or Fraction, and put x == v. Let © repreſent a Quantity infi- 
nitely ſmall, then will ox and o v be the Increments of the 
Quantities æ and v generated in the ſame Moment of Time; 


and conſequently while x flows into, or becomes x O x, the 


Quantity x® flows into, or becomes x+ mg ; and 1 in the ſame 


: Time . x® becomes x+0x „ the Quantity V becomes 
v + Ow; 
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v+o0v: But by Section II. „Ter = x ＋Mπ⁰ x90 57 
* * 00xx += 2 TID 
Tc. Vo 5. Taking away therefore the original Equation 
x®"= v, and TOY each of the remaining — by o, we 
ſhall have WR * + non 4 ＋ = — wx — 


* -O &, G = v. But becauſe when the Quantities: 
x" and v were in their ariſing, or evaneſcent __ the Quan- 
Mmm — 


— K* x, 
Sc. into which it is multiplied, will vaniſh ; whence we ſhall 
have m x*— x v for the Fluxion of the Quantity *. 
A. E. D. | 

As there is ſcarce any Example can be propoſed, but what 
will fall under ſome one or other of the preceding Propoſiti- 
ons, ſo, from what has been ſaid, it will be eaſy to find the 
Fluxion of any Quantity propoſed, how ſoever complicated. 
Tn us the Fluxion x2" will be 2 x" x + x" -i, of 
*r, vibe. + *νπ⏑‚α S n x" x, 

of vn gn will be g x" 2 & m R N + * S1 K, | 


Sa x x - 
and of =, will be gan or 23 * : TSS 


g 
x*30 x?,. 


LY 
* 


tity o was nothing, therefore the Terms 


r 


* 3 
9 


1 


— WV 
Bog 


In like manner theFluxion of / 27x — x x x, or 2rx—x an, 


JJ OC ORE Ts wo, 22 


will be; ZT te X2PX—2XX= Zr zr 
. — 
x21 * 2* * = -z alſo the Fluxion of 


V2rx=—XX 
2 


— SA - xx 5 Tr 5 - 
＋ 38 


r 


n 


e 
= * . 
*. ö 
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+3085 —64) xx L x — 6.x" x, and the 
Fluxion of * 7 is 14 * be 1 FL 


2 x+2y 22 oe 3 
e | in” 


2 . * 27 in the former Example; lathe 
2 * 2799 


Fluxion of y/ x y + 77, is evident from Propoſition Il and I; 
for by Propoſi 7107 we the Fluxion of x y + y y, the Root is 


xy +. y x + 2 yy, and by the 1 the Fluxion 
of the 2 Power 2. * 1 +37 is f ſt by multiplying 


the Power c + 9? by the Index; whence ariſes; x7 +237 - 


"AND that < 


1 % 


Secondly, op as the my by Unity; whence: ariſes 


/ or Foy : and Thirdly, by multiplying 

of this Quantity by x _y +yx +275), che Fluxion of the 

Root before found ; whence we ſhall have Fat) N 
=. & 42 

f 7 . or by Seffion I. LEW the 


Marion V7 7 3 and by the ſame way of Reaſon- 


n 4 FX — XX 


ing we ſball haver * — XXX 27 a —axx or "F- 


for the Fluxion of Vr x — xx. But the Fluxions of any 
of the former Examples may be eaſily Inveſtigated, without 
having Recourſe to the general Rule for Powers. 


— 
Fon put N * +9 = v, then will x 5 +39 = %, 


* 1 ＋9 239 =2VV, by Propoſition IL. whence 
by 


2. Qh Uam » 


— 
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by baden e eee and fubſtiraing 
wy+byx +3253 
Wanne 


Bert 795 e ee 


for the Fluxion of 5 | 
' AGAIN, puty/2 Fax—XX = % then win ar -& 
= VV, and 27 x 2 xX=2vV) whence y# — x x =v v, 5 


ö 4 Fx „* „* 
2 xx and by Subfiitation, ban me 
V | h Vu. 


the Fluxion of y Tr x. 
—— , 
AGAIN, put * = v, then will x +0x xz +02 


. =v-+0v; but by Section II, ov + 0.x" ros 


m EO 
FF 


1 T == 3 00's 2 Ge. theſe being therefore multiplied 


jtocxchocher will produce * 2 þ 2 mA" 0 x+ any got 


— ” 
O 24 % e 2 


— 1 
oA 1 3 — 0022+ . 


; ww— * v.50 
OO 8 OO Ge. = v+0v; 


from which taking away the original Equation * D, and 
dividing the Remainder by o, and making the Terms after this 
Diviſion, in which o is found to vaniſh, we ſhall have 


0 rr d, for the Fluxion of the Quan- 
Q tity x" 2* propoſed. 

* An o byche ſame Method of Inveſtigation may the Fluzion © 
of any-other Quantity 4 Kind be found. 


1 N 1 * : 


Tars 


12 * * K as ft o 
LS. Saw \ 5 * "_ PE. * * 7 1 : n we WV a kn * * * — 5 a 1 e 
4 * - a >. 2 = 4 * 4 = : by = * [> * 
* WI I 2 + * * * > 4 * a l hs. + U T Ba, _ ddd bt a8 r 0 q I # = 
: - LT * = 1 : . 2 we. * b N he * y : * & * * * , Sha 
. "ug 4 9 = - 
. \ - 1 * * as - 
d - . 
* 2 
a = 9 


— 


Tus Independent Method of e he Fluxions of Quan · 
tities, howſoever complicated, is no leis InſtruQtive and Enter- 
taining to the Mind, than it is general and uſeful, and ought 
to be well underſtood by the Learner ; ſince it will not only 
make him very ready in all future Operations, but aſſiſt him in 
many Caſes where the narrow Compaſs of the Rule may ſeem 
to render it not quite ſo applicable. 1 
THz Fluxions of Surd, or irrational Quantities, may yet 
be more ſimply. expreſſed, and render d more fit for uſe; by 
ſubſtituting the actual Roots or Powers of the Surd tities 
 themſelyes, in the room of the Surd | 
cal Sign. Thus the Fluxion of 7 *, Which, by the — 


5 — — . A . £ . 6 
Expreſſion, is a & X x, will be ar * - 2xx, of 1 x, 


which is 3 Xr— x* X x, by ſquaring the Quantity r — &, will 
be — to be 3j r - xx + 3-x* &, and the Flusion of 
'r—X or V -&, which, by the former Expreſſion, is 


3 — © a 4 ; . — 6 
353 x* * by extracting the Square Root of 1 — x, which is 
3 5 : ; ' ' : , 8 P. 
J 1024-3. - "IXxXx 
JJ I tbe EP 09... "OO F8"> A ov : 3 | ,"IXX 
Ae IIA fen Tas ente 


= 


rx _nxx „ 3139 e 30% 
— —' —— — — 0 — — 
„ 719 417, 1671 
i 833 * ö 1 7 *- . * 1 f 7 * . 
F no * 94 
| — , Cc. 


- 


— art” 2564? © . 
Ap after the fame manner may the Fluxion of any other 


Irrational Quantity be expreſſed, as will appear mare fully in 


che Sequel of this Work. 
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Portions of the flowing 
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Of the Operations in Second, Third, Fourth, 


&c. FLUXIQNS. 


L THOU GH the Nature of Fluxions in general has been 
LN fufficiently explained in the third Section; yer, as we are 
now going to treat of the Operations in ſecond, third, Gc. 
Fluxions, it may not be amiſs, in ' this Place, to ſpeak of 
them in a more particular manner, that ſo the Reader may 
have à clear and diſtinct Conception of them, and thereby 
be better enabled to fre the Reaſon of every Step that is 
taken. * a "> 


* 


Nov in the Generation of the Flowing Line A B, if che 


generating Point A moves | 
with an uniform Velocity; A 5 e 0 'B 
that is, if it deſcribe equal — 1 


4 . 


Line A B, in equal Times, then this Velocity or Fluxion of 
the flowing Line AB, will be a conſtant Quantity, and the Line 
AB will have only a firſt Fluxion, and no ſecond Fluxi- 
on; and let this firſt Fluxion be repreſented by A &: But if, 
when the generating Point in flowing and arriving at ſome 
Place, ſuppoſe at 3j, it increaſes or decreaſes its Velocity, then 

that Increaſe or Decreaſe of Velocity is called a Fluxion of a 
Fluxion, or a ſecond Fluxion, and the Part A 6 of the Line 


A, which repreſents the firſt Fluxion, will now become a 


* 


flowing Quantity, and have a firſt Fluxion, which we will re- 
preſent by 6 c; whence: the flowing Line A B will have a firſt 
and ſecond Fluxion, but no third Fluxion, and 6 c will repre- 
ſent this ſecond Fluxion of the Line AB; and if when the ge- 
nerating Point A, in flowing, arrives at ſome other Place, ſup- 

ſe at c, it again alters or * its Velocity, the Alteration or 
. 1 | \ : 2 Change, 


Change, in this Caſe, is called a third Fluxion ; and 6 6, 
which before was a conſtant Quantity, and repreſented the ſe- 
cond Fluxion of A B, becomes now a flowing ty, and 
will have a firſt Fluxion, which we will repreſentby c 4; and 
conſequently in this Caſe c 4, which. is a firſt, Fluxion, of 60 
is a ſecond Fluxion of A &, afid a third Fluxion of A B, whence 


the flowing Line AB will have a firſt, a ſecond, * a third 
Fluxion, but no fourth Fluxion : And again,-if when the 7 


netating Point A ſhall arrive at a third Place, ſuppoſe at 
it ſhall again alter or change its Velocity, then this new Alts- 
ration or Change of its Velocity, is called a fourth Flu xion, 
that is, a firſt Fluxion of d, which now becomes a flowing 
| N a ſecond Fluxion of bc, a third Fluxion of A &, and 
ourth Fluxion of the flowing Line A B ſo that che flow - 
ing Line A B, in its preſent State, will have a firſt, a ſecond, - a 
third, and a fourth Fluxion, but no fifth Fluxion; and as che 
Velocity of the generating Point A may alter or change in every 
conceivable Point of the flowing Line A B, it. is abundantly 
| manifeſt, that the Progreſſion of Fluxions, is without End 
that is, there are fifth, ſixth, ſeventh, ehh, Ge. uxions, ad 
Infinitum: Wherefore 


As ſecond, third, fourth, Sc. Fluxions ariſe from the @me 


Cauſe, and are generated after the ſame manner as firſt Fluxi- 
ons are, ſo the Rules deliver'd in the former Section for find- 
ing the firſt Fluxions, will ſerve to find the ſecond, third 


and fourth, c. Fluxions ; ; ot, as the Inventor himſelf - 


tells us, to find the ſecond, third, fourth, We.” Fluxions, we 
Have nothing more to do than to repeat the Operations over 


again. 

ene 3 i the e of # and y the menen of, $, fo 
the Fluxion of * is x; and che Fluxion of y is y; hence 
x + 5 will be the Fluxion of & +3, or the fecond Fluxion'of 


x b+ 7. In Ike mannet, becauſe x is the Fluxion of &, as 7 is 
the nen of y; therefore x + 3; W 


9 0 | x +y 
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ene de bed Fluxidn of & + 5, and the third 
Flurion of x + 5, will x ++ 7, the Fluxion of x + y, be the 
fourth Fluxion of x .; and for the ſame Reaſon — + 2, 
which is the Fluxion of #* — ＋ &, will be the ſecond Fluxi- 


on of x — y\+ 2, as will x —y + , which is the ſecond 
Fluxion of x - + &, or firſt Fluxion of x — 5 + K, be 


the third Fluxion of 4 +33 alſo x — y + , which is 


the firſt Fluxion of 54 and the ſecond Fluxion of 


/+ 2, and the third Fluxion of #f — 7 + , be the 
Garth ee + Ss: And the ſame will hold good 


in finding the firſt, bond, thin: OB Fluxions of any Ag- 
gregate whatſoever. 

AGAIN, 38 K y +/ uke Fluxjon of x, x 3+7% 
is the Fluxion of PIT for aſſume xy = v, then will x, by 
flowing, become x + © x, as will y become y + 5 o, and v, 
v + vo, multiplying | therefore the two former | Quantities to- 
gcther, weſhallnavey # + H yo+00y * v+ov, 


taking away therefore the original Equation æ n = v, and di- 
viding the remaining Terms by o, and making thoſe after- 


ward to vaniſh, in which the Quantity o is found, we ſhall 
have y x + & for the Fluxion of the Fluxionary Quantity 
* , ot ſecond Fluxion ; and by the ſame way of Reaſoning 
25 2 ＋ 3 +5 il be the Fluxion of * y Es or ſe- 
cond Fluxion of that Quantity, of which x y S is the firſt 


Fluxion, as will x Y + x2) r be the Fluxionof x y S, 


| F of which x 5 & is the ſecond 
Uxion ü 


" Acarn, as 2 x xistheFinxion o xs, ſo by ſubſtituting 
2 +30xin the room of 2 #, and KO in the __ 
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of K, we ſhall haye 2 * K L 2 0 for the Fluxion of 244 x, 
or ſecond Fluxion of x x, and by putting x + oxinthe room 


of , and x +0 x inthePlace of i, and. E o f in the om of 


weſhall have 6xx-+2 & for the third Fluxion of ; and by the 
ſame Method of Inveſtigation we ſhall find that as 3 & is 
the firſt Fluxion of x*, ſo 6 xxx + 3 * will be the ſecond 


Fluxion, 16 5 *. + 6 K + 3 x* the third Fluxion, - Cc. 
Alſo as 4 * x is the firſt Fluxion of x, ſo 12 XXXX +4xxx x 


will be the ſecond, 24xxxx +36XxX x +4xxxx vill be 
the third, c. and univerſally if u repreſent-the Power of x, 


and v, 5, v, its firſt, ſecond, third, &c. Fluxion, then will 
n I be its firſt Fluxion unn T, 
its ſecond Fluxion 23 er eee 


Sx U its third, and * 6 +119 S 
76 18 Tia x” * ＋ 9 n 


A xx +nx— x =, Wee Ge. 
AGAIN, Ef the Fluxion of 2 g 


will be the Fluxion 612 ; for aſſuming 2 1 weſhall haye 


J=wxvandy=%v $761 mhence}'< 56 55, and 
as, and putting 4 in the room of v, we ſhall have 
* 


| 3 =, briths ſecond Fluxon er 2. 


AI like manger as D the Flaxioo 


| of 2 2.0 FSA bee Futon of *2 
for 


Se VL -BBOXTONs. " 
ce puning ls qu 9, wi ul have EF = 64 whencs | A 


Anne 
75 = 5 nd +35 =£V +20; WI . 


Lee 2 „ and ſubſticuring 2 


inthe room af c there will al ELSE = Sx 2 


— ＋ 2 eee 2d Flurion n 
Bs SS ͤ 


of which de Fiona e. After the ſame 


dot In eſti t % we alt tave K 


i es Bod Ea on 8D 3 * 


X X 
tr he Fnionof Ef, wn e et 
' | 
7 and 2 fer the Fluion of 7 Land for the Fluxion 


xX 


a 15 
8 | | 

AGAIN, as 3 K* 5 wihe Fluxion ef x?, ſo 3 x* vill bo 
che Fluxion of ** 3 for put x + ox in the room of &, then 

1 will x =x" ＋ 3* #0x+3x00xx $000xxx; 
taking away & from each Side of the Equation, dividing the 
Remainder by o, and making the Terms 3 N o xx andooxxx Be 
to yaniſh, we ſhall have 3 x x x for theFluxion of & ; and for | 8 
the ſame Reaſon 4 #' x will be the Fluxion of x*, as will 5.x* \; 1 
be che Fluxion of x* in like manner 1 WA x will be the Fluxi- 


0 on of xt, and g x x, the Flurion of x}, IN 7 
7 if be pur forthe Index, or Exponent, of — x, its 
4 Flurion will be n * x, 


AND. 


Ax the Law christ heſapercrOrders of Quantities; Thus 
cheFluxionof's S m1, of 2 lng" &, of &* is man's, 


eee 


5 — Hine ippotfþ EEE ==, 
| and of u , "0 0 


* UE 


Wurn we proceed to find ſecond; mud and. 1 


Fluxions, Sc. 1 antity in an Equation, ſuppoſe 
— uniformly for {any Qua — which is 12 


Quantity, put 1, for its ſecond, c. Fluxion o, then 
W the Fluxions Equation more ion pu expreſſed, 
ſome of its Terms being ſhortn , and others quite vaniſhing, 


Thus the Equation' & y* — &* + & = ©, whoſe firſt 
Fluxion is „. —45 & o, ſecond Fluxion 
2 ＋ +3895 +62) i -i 


and its third Fluxion 9 + 9 45 05 + 9599) +18 2799 
+ 329) +18 ST — 4 52 — 36 5258 


—242's = 0, by ſuppoſing e How en. will 
have its firſt Fluxion y' + 353.) — 42* 20, its ſecond 


Fluxion 6 y y* +383) +624 u, =0, and its 


 — 24 Y = 03. by which means the firſt Fluxion is more 
| ſimply expreſſed, two Terms yauld in the ſecond F lux ion, and 
Four in the third. 
- By a Quanticy foying unit uniformly, i bs been already 
we. are to underſtand — 
men, gracrated in equal Particles of are equal, or 


pave cf BO of Time, be ts 


« # 7 a 4 7 " 
. * . 5 FO "WY 4 5 
* g a , 7 a 4 
V + , 4 
. 1 * 
- . 4 * 
- if a 


7 PFTUN NS "Patt 


dhird Flurion 97% +1397 y+3 55 3) +18 29 99+ 629 


' 8 3 {- by _— 52a +. . a. 455 


8e 282 


V * 4 , _ 5 n j 

> ns i a. es 4 a. « tc tr * 
. ; * * - 3 * = C4 * 

1 3 vL IS . * * * 7 5 5 * F we 2 hy „ * ys * al N 

J 2 * . 2 g 1 Bs 
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- In Equations of the ſame kind with the former, we are to | 
-conceive that the Fluxions in each of the Terms are all of the 
ame Order; that is, all of the firſt Order, or firſt Fluxions, 
1 x, y, &, or all of the ſecond Order, 8 
or ReQtangles, or Squares of firſt Tluxions, as y, % £4," 

or al of the third 2 that is, third Fluxions, or thirds — 5 
Powers of firſt Fluxions, les of. ſecond Fluxions multi- 48. N 
plied into firſt Flurlons, or Squares of ſecond Flurlons into 
firſt Fluxions, as /, / % 0 % , J , , Gr. and when 
ine 8 they muſt be ſupplied 
by the Fluxions, or Powers of ſome Fluxion of a Quantity 
flowing uniformly. Thus in the laſt Equation 9 y y* +185" y 
+325 16875 +62) 248 =o, becauſe the 
Dee and the three middle 
ones of the third. To make them all of the ſame kind, let 1 
us ſuppoſe & to flow uniformly, then multiplying the firſt and 
ſecond Terms by &, and the laſt by S, we ſhall have a new | 
Equation p& yy + 185 5 + 3272 +183 33 +645 
— 24 &' &=©, compleat of the third Order. In like man- 
ner by multiplying the firſt Term of the ſecond Equation by S, 
and the laſt by ., we ſhall have 6 +3 355 ＋ 62 
— 12.5" 5 == ©, an Equation of the ſecond Order com. | 
pleat ; and by multiplying the firſt and laſt Terms of the firſt <> 
Equation by &, we ſhall have & 7 ＋ 3 & 7 4 o, an Equa- 
tion com ear of the firſt Order. 4 5 | 

As it is left at Diſcretion to ſuppoſe which of the flowing 
Quannties. we will to flow uniformly, ſo it is neceſſary, in or- 
der to reduce the Equation as low as poſſible, to chooſe that 
Quantity that will ſtrike ont moſt Terms, and that muſt be that 
2 whoſe ſecond or third Fluxions, &c. occur ofteneſt: 
Thus in the Equation of the third Order, becauſe the ſecond 
and third Fluxion of & arc found in four of the Terms. ; 


i = Tt &  &- BTW” 1 GW = 


* 7 
4 
P 


N / - UXI0 ws. Part L 


Iy we W. & to flow- uniformly, we ka. loſe four 
Terms, whereas if we ſhould pitch upon y, we ſhould loſe bur 
three, becauſe the inferior-Fluxions of Fare. found Nbg . 
of the Terme. 

lx a Quantity flow uniformly, its firſt Power will haves 
firſt Fluxion, and no ſecond Fluxions. its ſecond Power will 


have a firſt and ſecond. Fluxion, and no third Huxion; its + 


third Power. will have a firſt, ſecond and third Fluxion, and no 
fourth Fluxion; its fourth Power will haye a firſt, ſecond, 
third and fourth. Fluxion, and no fifth Fluxion, and ſo on in- 
finitely : And the Order of the ſtanding, or fix'd Fluxien,. will 
be of the ſame Denomination with. the Order. of the Power of 


the uniformly flowing Quantity. Thus, if x be ſuppoſed to 
flow uniformly, then will x = I, * = o, and x = 0; '< of 
Ir = v, and #= 1 then v x = 18, and 
U=nn—nx . , Oc. =1%1= 1-=0. It #= 2, then 
v AA, and v n— 1x xt + wants 
= 2 Ta x, and = w— 30) + 22003 x =2' — 3 
X 2 "+2X2 = 0, If-n = 3) then v = * = x? Xe. 


UzBI AD A x = 6 * + 3 * x. van 
TT + 2# 03 4 a 3 "xx n 


2 6 * + 18 1 + 3 * Hand v 6 118˙— 6% 
Sc. = 3. — 6 3*'+ 11'X3* — 6X 3, Ce. = 0; and the 
fame Conſequence will. Winne 


as you pleaſe. 
An d henee it will follow; that if the tity v be ſup- 


poſed to flow uniformly, that is, while & in 


x + 0, & becomes xx + U,, that the firſt, ſecond, third, fourth. 
Fluxions, We. of the Quantity * will be as the reſpective 
Terms of an infinite Series formed by raiſing of the anti 


x +0 to the ſame Power u. 
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Fox it has already been ſhewn, that the fi 
Cc. Fluxions of the Quantity A are ex 
,- +2000) of, that is, be- 
cauſe x, , , r. = #4, by the Terms „ , 7 — xn, 
n' — 38* Tae. 941 eee ee e 6h 


ries x--O V e e —.—0 ——— 
, We. and 


ntity, and the Powers 
of x the ſame in nos os, Terms on each Side, there- 
fore by comparing the Rat ant bars: together we ſhall 


Wan 0: 1 —.— K οοð: - 


— 39 28 
| 4868 10, IE N 


5 o 1, and the ſame will follow of the reſt of the Terms 


2 =: "JG 311 — 


ad infinitum. 
Ix all the preceding Operations about finding the Fluxions 
of flowing Quantities, we have fuppoſed.that while one of the 
flowi tities, ſu *, increaſes, that the Quantities 
5% Oe. increaſe alſo ; that is, that while x, fof Example, 
in flowing botontes x 4- 0.5% that & and , Ge. by flowing 


become & + o, and y + o, c. A 
while one of them, as ſuppoſe x, increaſes, the others, z and 


- — 


„ Ge. decreaſe; that is, by flowing become & — © 2, and 


2 o 5 ve muſt conſider the Fluxions of theſe as negative 
Quantities, in Com of the Fluxions-of thoſe which in- 
creaſe at the ſame time, and conſequently we muſt change the 
Signs of thoſe Terms wherein the negative Fluxions are found, 
Thus in taking che Fluxions, of this Product æ, y, &, if we 
ſuppoſe x to inereaſe, that is, becomes x + © 4, while y and 
. & decteaſe, or become) — * and 2 o &, the Fluxion of 

- XY , 


q Was. 9 t * 
7 1 * . F,7 0 9 4 
x 9 % 
* a vp * - 


a 6 


70 TUT M * ö 
457 which; in che Caſe of fuppoſing them all taceealfig, | 


would de y 5 x28) +9 & x, will, in this "Caſe, herome. 
72 * 2 „7. And the ſame muſt be obſerved: 


io ll thr Cale, aa) nen 9 


- 1 Pw 0 
Pe OR TO LR Ons — ; 
2 55 : 15 | | 
8 E C 1 1 Wa Is 
of the EI. Uxlonsof Exp iat nantities, 4 


that ts, of ſuch Quantities, or Powers, whoſe 
. Exponents We are rv. or as 


"NO 


* 
.- © 


HE Fluxions of Exponential Quantitics may readily and 
eaſily be found by the Help of the Logarithmick Se- 

ries; and to this End it is neceſlary to. premiſe, that the 
Fluxion of any Logarithm is equal to the — of the 
abſolute Number or whoſe Logarithm it is, divided 
by the ſame Number. Thus, if x + 1 repreſent any given 
Gaby: I ſay TOs LAI PERS TORINO 


| vill be em 


x+1 


DEMONSTRATION. 


Fon a the Logarithm of 1 3 
+3 — 2 x þ x", Sc. its will be 
renagt wx = Orb x—w Toa that hs, 2. ; 
ee Oc, e xX = 7. 


EDX © © »m no. 


2 


- 
ay "A * * 1 1 4 a 
* 1 er 8 >. 0 * wy b q * — 
* 9 Fr 3 n 1 f £4. "© | x 9 2 * * MP 5 PX - « * 
« * Aa $2.3 ” FLE 8 n 1 4 ar a. , C = - 
= * 4 F \ \ k 17 , 8 * Y * * 1 * 
| Ys „ ou ; > ww” P 29 9 E 4 7 1 » » 
* on = 


4 * 1 a * 6 » 
* 1 ye G v G 7 4 *® 
k , " o ** a 4 \ n * * ne 

* f = >, a8 N 7 oy \ L mY 9 A, ' * 

# FLY So 
= l % 4 
a; » . 
a * * 


4a vn. DTU 8. 3 


And tht 55s equal - to + + x" 5 4883 x"; 


wilt evidently appear by multiplying 1K T ws 
o | 
been ſulfictently ſhewn in the ſecond Section. N. E. D. es 
Had tie Fluxion of the Logarithm of * x + 5 9, which 


depend fer bh ante, Lr nine + 295 nd 


xx 71355 


the Fluzion of the Logidthin of . + , of L: 4 +8 


24x58 +3x8 x+3xx e 
S * Is and th Eluxion of the Lo- 0 4 
e gene = 
ad ra et EE 4 = is * La 5 
SH Eluxion oftheLogarithm of &* + 2", oc L. a + x” 
— 2 1 * 
* oqual to — e oy 


** 


— 2422. 
— 


5 . 2* + * = „ 

Av after the ſame w 
garichm of any Power 
mined, 

AGAIN, the Fluzions Ae ms are 
found after the manner taught in Section V, — the 
Fluxions of other Powers. Thus, if the Quantity 7 x were 
given, and it were required to find the Fluzion of the ws m Power 


of its 1 Lay, chat L: 4 ＋ & is mL: a +x 
CIs 
Xx = — for L: «+ x » the Power of the flowing Queiniry 


r ——- WH Y RT. 0 oo 


15 by Uniey, and «v1. 4+ is the ſame Quantity mul- mul. - 


Wann and becauſe the Fluxion of L: + 7 * 
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| the Root 4225 chis therefore riet by th Nh 


N 
Quantity n I hee X I, for 
the Fluxion of the mw Power er of the Logarithm of 6 4 x; 


m1 


alſo the Fluxion of Lei will be # bs 42 ＋ x 
Fa. 24 
«= for the Fluzion of Le 


* 25 and the Fluxion.of L: F ax 
a * | | 


nx 


* ö 
Nx 
IN Ike manner the Fluxion' of tho „ Power of the 


Logarithm of v be —- — 
| nx £/ gf," 
| = Der 2 . x 


' QzNc theFluxions of the Logarithms OL Powers of the 
fame Quantity are one to another, as the Exponents of thoſe 


re e 8 0 L: Ten 1. 
For L: T es 


1 T 
A 5 * Xx 1 


 WuBNCcE it follows, that the Fluxionsof che 


another 


as thoſe Logarithms 


1 


e r 6c a1 ww „ 0. a. A = w 


of any e n 


8 


1 


3 Same; - r i ads — IP WE IITY * 
* boi i SE bet i SCS. a . 
of 1 ”"y * F 4 Fu ® as * * ” __ 
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1 | G 


ect. VII. FLUX TON 79 


HRNcs che Fluxion of the of the Root is zthe | 
Fluxion of the Logarithm of the Square, and 3 of the Fluxi- 
on of the Logarithm of the Cube, 


Hence we are * fnd the Fluxionsof nere. 
nential ntities, that Quantities w xponents 
arc 14 ot towing Quantities, and theſe are of ſe- 
veral Orders or accor as the Exponents them · 
ſelves are more or leſs involved. If the Exponent 2 a ſimple 
5 . as 27, it is called an Exponential of the firſt or low: 

Degree z but when the Exponent itſelf is an Exponential of 
the firlt Degree, as &” , it is called an Exponential of the ſe- 


oond Degree. In like manner if the Er ieſelf be an Ex · 
ponential of the ſecond wa), it is called an Exponen- 
tial of the third 


TI things being oremiſed, let it be required to find 
the Fluxion of 4 where 4 is ſuppoſed to de a conſtant and 
determinate Quantity, 


Pur =, then will be equal to the Fluxion of 4, and 
becauſe * = y, Rnd Li mb; : yz but from the Nature 
of the Logari ms L. & L.: ” Ewe? . * 


and conſequently „LTL. Sb ”3 but L: 48180 
becauſe the Quantiry # h a conſtane Oni, ui ctrl. 
Fluxion nothing :; and L 522 therefore & L: 4 and 


I 
L: a4x=y=4L: 23. SAY 5 2, and conſe- 
quently * L: 4 x is the Fluxion of &*: 
AGAIN, if it be required to find che Fluxion'of &?, where 


is ſuppoſed to be a flowing Quantity. . 
Pur aft aan ee ochre S=L: v. 


whenceL: 45-5 L: SIL. :9 ;thatisL: £7 = — | 


N. 


3 


* 


* I "I 8 
# Ly 1 { 
: 4 "ER 4%, 9 21 
FA 


x TY 
| hf * 


% PUT 10 N bl 


ene 2 , „ " 35828 
| the Fluxion of 2&7, 5+ 7 


R 
pur * =v, then L: =L:v, and LE E. 1 


| and raking the Fluxion of exch, ve ſhall have F L. N 
1. 4 L. d, b the Fluxion of r. ae | 
T 3 alſo L: 5=5, andL: v2; vhereſotg ſub- | 
Nituting cheſe Values a he former kau, we ſhall have 


L: ra- + FISIm 1 


en D.o Hd KS <z 


1 


—- Phlog each Term by ?, ws ſhall have & rl 


+2L: zx + * + & = for the Fluzion of 
And by the ſame way of proceeding may the Fluxion of * 
e the ſame Kind be found. 


S 


- 


4 


th. 


— * 


8 ECT. VIII 
Of the Inverſe Method F FI. VXIONS. 


OW from given Fluxions to find the Fluents, or 

antities themſelves, is a Problem no leſs A ifculethas 
it is u and in ſome Caſes almoſt impoſſible; and could 
it be compleatly and univerſally folved, ir would, in a manner, 
render the Science 'of — and ſer Bounds. t 


Rn . 


eggs mom m=>S2 a gor 


3d. VIII. K U TI a5 9. 81 
H Author, in his Treatiſe of e een am, ad 

3 that in order — ae. Floepts, of gi 
Fluxions, we may allume. a, Fluept "and that this 7 
Aſſumption, Which mult be — 1 122 125 onſi gangeration f 
' the Nate & the Fluxiont nſelf,* mult Ve” Eorrefted by 
ting the Fluxlon of the aſſumed Fluent equal to che Fluzion 
ropoſed, and comparing the homologous Terms 
nd after you have found the Fluents df the giyen Fluxions 
(if you dou n it) collect the e of the Flu- 
oh found, and compare fi Go . . 0 ien at firſt giyen: 


come out equal Coneluſſon is 1 if not, yo 
4 oe your Fact, a8 to make their eee 
out equal to the Fluxions oral e 


luxions Quant! Fir 
by 1E 2 La by Lich t the 1 nie a W iq 


a Tittle or Point over them, ſo the Fluents of theſe are again 
reſtored, by ſetting them down-withour it. 


- AGAIN, oF, Nas of we Fluxion bx 4e ak S, will be 
bx 4 4. where, @ denotes 4 con Rpt 
1 alue, N taken at! 1 r 


1 0 K 9s a Fluen 


N, 


the ſe anda in —— out the Flugon by the 
direct Method, yaniſh and are loſt, their Fluxions'being equal to 
nothing, fo tis neceſſary that theFlaeni 4 de expreſſed afte 
ſuch a general manner, thax it may r 5 ja indifferently any of 
all thoſe various conſtant 15 with Which the flowing 
Quantities themſelyes might have been compounded, unleſs it be 
known for certain that there are no ſuch Quantities to be con- 
nected, and then the Fluent df the former Fluxlon will · be 
ſimply e A j nd in either Caſe; if the Fluxions 
of theſe Fluent be taken by che direct Method, we ſhall have 
the . ſhews that the 
nner n N that 
| Tr Tos AGAIN, - 


BY TEUR » 8.7m 
Aer, it were to find the Fluent of this 


fon x x eng wal to A's 4 = 
nor ter A i 8 iy, tit 4 40 


Method the Fluxian of Los 4 * SG 4% %% x; 


ſhall find A == 1, whence . y is the Fluent required. 
Ae A 1, Suppoſe the Fluxionary Expreſſion'x y s 4 yur 


S were ven by aſſuming A x ys « for its Flyers, and 
IA 2 bad 26g i former denne, Fea fund A r 


this Rule the Fluents of Flux 
where the Fluxion 0 each particular flowing Quantity is 


multiplied into the ee En ek 


_ | 


* 


| . C) 
Jv WK 64s wg os 


SUBSTITUTE inftead of each Fluxion its reſpective 
ig Quantity, and adding all the Terms together, divide that 
- by the Number of gra and the Quote vill give the 
Fluent. 
Urnen the Fluent of MILES v mobo 5; 
will be found to be v, dy ſubſtituting vx &in the 


e 24 be relþeftive Tete, and dividing the 
um of the 19 he ann v. 
or 4,49, & b um ems and after the fame 
N the 1 went of any ſuch Flunſonary SO be 
un 

Ada, Suppoſe the Fluxionary Quantity, whoſe Fluent 
1 requltech were 4 nat?” xaflunc A at» gd Om 
Eluent itſelf, then will 10 Fluxion, by the dice Method, be 
+ nA . Put thizequal to the given.Fluzion,. and we 


anz A1 * ub 


and comparing this with the Fluxion n 1 


ar 


et pp will th Flvent r Juixed 3 and hence grit: 


583834 ggg. 


Cc 


aa w ET U 55 


ae fn + 8 As md , 
A=2= = T3 "whence the Fluent will be 4 - and. 


\ : * 


ae the Fluent of 4 - will be 


found to be . , and by com "theſe Fluents 
with theit reſpectice Fluxions,. we may in ral Rule 
for finding the Pluents o 1 


5 that ins 


volve ſome Power of the flowing Quantity. | 
1 Divide che given Fluxion by ws Fin f he Rove. 
u. Mokiply che Quorient by the lost alf | | 
III. Divide ain thus produced by the Index this 


if 


increaſed. 
Or, which ie he fame the reje@ the Fluxion of the Root, 
and mereaſe the Index of the Power by Unity, and divide 


| | the Quantity husclevated by Bl lh thus increaſed, and 
| ET OAT ET Err e way wil be the Fluen 


— —— — — 7 4 


Tu voi the Fluxion Wann 1, y di- 
viding firſt by the Sluxtor of the Root, or, is the 
thing, by rejecting the Fluxion of the Root, we ſhall have 

nxt", red multiplying this Quantity by x, the Root 

tſelf, or, which is the fame thing, by increaſing the Inder of 
the Power b Unity, there will ariſe * x, or + n x**, 
and by dividing this 1 tity, thus elevdted-by tlie 
new, or increaſed Index, we WF” for the Ftnent of 


the given Fluxion, - 

AN by com tes ns re fit, 
with the Methods for finding, the Fluxiong from given Fluents, 
it will-appear, that the Pluonts of ſimple — . ſuch as 
are not involved under a Vinculum, are obtained by Operati- 
ons juſt retrograde, or contrary to thoſe whereby the Fluxions 
e brought out from their Fluents ; ſo that Multiplication 


L 2 depreſſing 


8 UX TO Faak 


| loptefling er powers of flowing Quantities, and 
onary Letters in the direct Operation, are, in — Ope- 


* 


Fluri- 


ration, to be anſwetr'd by Diviſion, by the ſame 2 as 
the Multiplication was made, hy the Bleyation of the 

ante juſt as much as they were depteſſed, and by Jeavitg 
out-the, ſame Fluxiqnary Letters as were in the former Opeta- 


tions put in; and hence the Fluent. of 2 * x will be found to 
be x, of 4 * x to be x*, of && to be f of x robe , 
of fr & to be xl, of ax} x to be ol, of ; xl x to be x), 

ap \ a2 x 
of ee Xo” x, orf. ieee * 


of n + 71 Y to be x of a wn; x wt = io 


n 
8 
be x of — nx" to bexmor 2: of * e 
- 1 þ "18 
apo tor, | 


1 1 


e nm I” 
Lag 7 1 1 7 


of ra; rhe $76 


-» 2 K* "x 1 * D. u — . . 9277 b 
2271 or n LL, N of ex Px 
IF Tawengo pe Of 
* XX a x, or ebe 


„ 2197! 


Ap the ams Rules will hold 14 g60d in finding hs Fluent 
of or Expreſſions however 'compounded,- where the Terms con- 
fiſt of certain Powers of e e Irrer e into 
fr bee ron 


9 
„ 


. # # (34 24 
- 12 4 a 
Ty * * N J uv 
l * 


ts 
„ 
0 


Sec. VIII. FLUX IDN. 


Tue de Fluent ef che Expreliond v4 f £4)" 7 | 
+r 2; will be 5 6 v. e * ＋ 14% +378. + oof 
the Expreſſion m 7 * 1 A . e. vill be x*/2* | 


14 of che Expreſſion ZI DD DIM or 


1 ee ee. en g 
will be 4% * Ve 


AS AN if the Fluxipnal: . be aſocteu with a 
Vinculum, that is, if there be ſome Compound Surd Quantity 
multiptted into 4 Eluxion, yet if the Fl Wn ſtanding before the 


Radical Sign be the Fluxion of the Quantity contain'd under 
the Radical Sign, the Fluent, in this Caſe, may be found by the 
general Rules for Powers already given 

TH us, for Example, if the F lux ion propoſed be a N — 
ot N Le, becauſe the Fluxion 4 x ſtanding before 
the Radical Sign, is the Flux ion of 4 , the Quantity 


ſtanding under it, we muſt” raiſe” the Quantity 42* — 4 wry to 
ax. I 4 bowef whole Expo nent is \preater- by Unity, and 


6 1 * 12 
divide the Quantity aa, thus; elevated.) by 4, the Index 
— — 5 
chus bees b nd de Quotient $96 g, 2 - 
n — — . : y = $:2t1 1:48 1391; 
Xax—4a, or 347 — 2 «a v/ax— n de its Fluxion ; 


F} $11" = 


or by putting · in dhe room of 4 X—— , the Surd Part of the 
fluxionary Quantity given, We ſhall have 4x 44 2 , 


d f whence 4 Ne a e, land con- 

litany 4119 — — — | 
ſequently= 342 X 44, o 2 2 12 
(ir he e 6f heres fte the ſame as Was before 


AFTER 


- 


8 TUI N — 


Ar n ſhall find the 
1 — — + 
kent of - LED or re *r D 'be 
17 | Foie 1 


| "OL Ws ee. 


- 4 
- 
— hs 
— 
= 
- * 
—— 4 
<4 
- 
= . 


ts 


2 1 , or Var = ins N 2 


or x * + e e be 5 Te” or 


ax x 4 . 
e 1 of 2 * to be 


f * Le, or- . af. . vb 4 0 be | 


1 \ 14 \ 82S 


1 „ 


„ — ; 
aFzx ©, and te et Fw” SHIRE. to 


an + = . 


" —— jet ; Ge, La Sette f 15 N 


Au p although the ae ede without the Vin- 
culum be not the Fluxions of the Quantity contained under the 
Vinculum, yet if it has a given Ratio to it, tl. _— 
notwithſtanding, be had in finite Terms. | 


Trvs, if r reg 2 
ven, where x x, the Fluxion without the Vinculum, is to the | 
Quantity contained under the Vineulum as 1 to 2. If we put 6: 


1 we ſhall have & A + 4 4 and by the 1 
direct Method 2SS=2XX3 whence SS XX, and 


2 B Ta, and conſequently 5 185 the flowing i 
Value ef =, will be equal (by fubſticating x #6 wie 


+. 
room of & &. and aw +4. in the room of 2) to f * * 
T. ANNA, the Fluent of the given Fluxion. ner 


. 
Ix like manner, to end the Fluent of an" „, 
. where the Fluxion i x, without the Vinculum, is to 


* 
* 
17 


. ; : ” 
$&&.VIIL FLU N TON 8; 
% ; 5 ” | . : 


| che Fluxion . an of d Quantity under the Vitculum, 
eee, . . e ve ſhall 


have 3 @ = #1 and b the dued Mabed 5 4, 
whence e 1 2 ES, and 
" 


bk) 


required. 
5 Bor eee e eee 
| Fluxton of the Quantiry contained under it, nor bears any Pro- 


ion to it, yet e 
"the Fluent may be had if ite Terms. 
Tv — tn 8 x” were the Expreflioa 


propoſed, IF tho Exponete been agu, the Flaene of the 
Expreſſion may be had in finite Terms. | 


Fox por's teu -e, — 


alſo 28 v and v whencex"x@ + x = &S—'4 


S 2*; bus by theLaw of Infinite Series 2 — — 


Cc. 8 
the Rules em xiveny will nb FIT. EEE 


2 | umm —nm 
CEL EE 2 
r] x 2 2 


8 De 


_ | 
7 1 
| <þ 


A 68 UK Tos. et a 


Da EI 
22 K 1 — made VR | 
5 I «ey 
113 19 0 LES 1 ps bo, —— +2 
joke —— bop. | | LI 
77 x ar Budd 277 Tj + 
1 ny Ie y multi & 1 
4 Ce. w which Series wi i mi Sik 
comes: pa — 185 ex of * Powe! 


1 
4 
N 
| 
| 
T 
| 
1 
1 
| 


tun” — 32 b+/2/t 90-1 uma +"; * Ft > 
45 c. W — J 


Ton eee eee, 
by fubiticuring # + f in the ro: om. of S. Ne all find che Flu 


T7, wv % of 1 1131 
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way, 8 of the Subrangentiin the Terms of the 
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the Power of BD, then 2.4 —x . conſequent- 


MS » 1 "4 ha? 38K: 


. — e 2. 


— 


mx 24—X a- „ Xa" 


- 


and rnd 2 ng 2 1 


— 


„ * —X24—X. * 


Mbit mr — 5 — — ü by 


—_ — 


oY WA XIE = WXEG—X * 


e 2 


„ 


2 . Xx :- a+ 
x 


„ TEN — xXx! 
ning again by 7 i > — 


WX24 — X - 
multiplying 13 8/== x by *, we ſhall have BV = ft = 


10 -M 

NA N 147 * * AV BV- 3A. minX a -x 

N 11 - x = AX | m XT A- -I, 
— 


#YX 2 2max—mex+21 — 
e For BV== 
N i- 22 - „ 


er reren 


AVA 2 = ay bas, 


N 3 whence 


IE 


jcularto E F, where this LineF V cuts the Axis of the 
liptical Subtangent, or the Point to which, if a Line be drawn 


' Point, which was the thing to be done. And univerſally if m re- 
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the Tranſvetſe Diameter and this being the Centre of the op- 
poſite Hyperbolas, it follows, that the Aſymptotes of — 
mon oppoſite ede incerſe each Nin ene common 


Point the Centre. 
AND. becauſe the general icbaioh Wn Chex IF + * 


(where 6 is put for the Parameter) when ＋ becomes infinite 
and 4 vaniſhes, will be = xx ants, we ſhall 


have 60 # = 62" +3; andconſequently.y/ K @F* = x 
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za Semb-right Angle, and therefore 2 2 eſs 
Angles to each other, wt we apo = N carla WORE au 
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the Curve 40 158 whoſe 
Abſciſſe A Bis a Curve, 


fromanyPoint ofwhich n 
Curve G the La- 5 84 
of drawing Tangents is 
known, | 


Pur the Arch AB 
=&X,BC= y, then 


by Propoſition I. 1 # 

pin BT, forthe ; 
Triangles C T B and © 
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be ch chan 4, it will be the protracted Cyeloide. 
17 b be leſs than 4, It will be the contracted Cycloide. 


"Tytxzgont wege nj mens x=%L=y, 


CB AB=BT; whencethe Point T. and the 

Poſition. of the Tangent C T, is determi 4.4 
Bur in the fi imple Cycloide, becauſe C B BT, 82 
gle BCT is equal to the Angle C T B, and the external An- 
28 Q 2 T CQ. but the Angle A'B Q is equal to the 
AT: wherefore the Ang! gle ABQ i: qual ro the Ao 

15 C. and conſequently C T is parallel t 
Wurx cx to draw a Tangent to any Alok 2 In the com. 


mon Cycloide, having drawn the Ordinate CB, join the Points 


B and A by the Chord Line B A, and draw the Line C T N 
parallel to A B, and the thing is done, ahd the Line CT Nis 
the Thngmterroquired to . 3 | 
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any Diameter ABN, the Relation between A M, A B, AN, 
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Tangent Line I M to touch the Curve in the Point M. | 

HavinG om—_——— AN, meeting the 
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3 21 whence tie, Value of AT, the Subtangent, will be ere. 
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and from the ſame Point F let the indefinite Right Line FREC 


. 
- 
* 
1 | 


id fy re 2. e re, 
erage the Tangent fs Jud by the Help of 5 


Fe: 


* 3 wy, F *Y 
r 
. * 
e . 
* 
, 
* 
* 


— 


Point F, and at the Game 


I W 7 n 5 PR 
8 I" , $ = PTR 1 * * b N , wal . * 18 : 9 1 Yu £ - 5 4 #4 
* 7. „ * 8 N * 1 an * * e 91 y 5 4 * 
R th o 1 Ly * 5 F * 
- Py 1." ». x ö o l 


\ * 
n 


a1s FEUTT ON NU 
if Ibu imagine the Line BBE C to revolve about the fixed © 


. 1 a) 


' LEY * x . i a 5 IP 0 94 N 
: $ 43; +/+ f * MN 18 7] T8 #3 Van 
” 4 V, . 
* A0 an 


| + * #3 {+ 3 4 * 
0 o = 
: * N 1 ry / » # 
ba * , - % 
' * * 24 4 G 
, . 
g , 
. N 

| 7 a Fo 

- MO - . a „ 

3 

: G45 7 4 o 
tt ALE IVTRA 0 nennen 
0 , it 4 a8 U . 
: PX L FRET 14 5 4 v " b \ ESP . Z 
f 1 we 4 . 

* | . 5 " 4 7 Ss 9 . * ry : , = . 9 
(et F. * 


„ 211 ee 


ume the Plane B C A to move parallel 
to itſelf along the infinite Wan Right Le D V. 40 that 
the DiſtanceB A may be always the lame,” it is manifeſt that the 
continual Inter ſection C of the Curve Line A C, and the Right 
Line FC, by this Motion, will deſcribea Curve 18 K Aud 
let it be required to draw from the given'PointC, in c<ils Curve, 


a Right Lige CV to touch the Cutve in that Teint. 
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point F ite Pole. 
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| ting the Values of & and, ydeduced ere pets x 
the Nature of the Curvein the general Equation 2228. 


L 
Example: * 
ly the Curve A B'O be aCircls, and F its Centre it la el. 
dent that the T 
the Subtangent F VI that le, # will become _ 4, ſince, 
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Spaces I GQF, and A B N E (the Point T being a fixed Polm fe 
in EI, and IF being. parallel vo A P), be always the ſatue, a 
let it be required to draw ve Fom che Point C the right Line CY, th 
a Tangent to the Curve C L in the Point C. : 

Pur AB = GCS BC=AG= 4 ſti 
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C and N deſcribe the naſcent Atches CR, NS, and 


the Perpendicular 5g to be drawn. Nom apprling 4 
GK = 6, then vil Re = G g hea, Sa &1 dba 
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nals ORE ICE * L 


nate, or a Meximuan, 1h 0 
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the Place DE, and after 
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Ordinate D E in this Caſe 
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or a Minimum” © 1 
AND how. to deter- A ——— ; 
mine the greateſt 5 5 5 77 * 
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ceding Section, to which, I refer che Reader, that the Fluzi- 
on of the Ordinate BC, is to the Fluxion 2 Abſc iſſe 
AB, as the Ordinate BC is to the Subtangent 0 K 
us now ſuppoſe the Ordinate BC (See Fig) © the Bt, 
flowing State, moving according to the Dir! AP. it is mani- 


feſt that the nearer the OrdinateBC approaches the Ordinate DE, 


the greater will be the Subtangent BV, *ill when the Ordinate 


B C arrives at, or is coincident with the r 
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gent HEI to the Point E, will be parallel to che Axis 
Conſequently, the Subtangent BV will become infinite, in re- 
ſpect to the Ordinate D E, and the Fluxion bag 19708 
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WHENCE to find the Value of the correſpondent Abo 
in this Caſe, let the Fluxionary Value of the Ordinate — — 
from the Equation, expreſſing 47 Nature of the Curve, be 
t equal to o, or Nothing « by Which means all thoſe Mem- 
* of the Equation in which it is found will vaniſh, and l 
that remain will determine the Place of the Maximum. 
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lowing Figure to move according to the Direction X D, it is 
fikewife manifeſt that the nearer the Point B approaches to the 
Point D, that the leſſer will be the Subtangent B V 3 ill a 
laſt when the Point B —_— 

oint 


rg e dan © __. 


G een 0 ©” 


dan NDL Taue WY 


the Sabrangege BY will yaniſh, and the Fluxion k 
will become in- Utz, Nel "Kt" 'T 


finite. 

"Wines ina the Tale 
of the Abſcille. in this: Caſe, . 
let the Fluxionary Value of 


CESS * 
Infinite, te- of 
iy ſmall Terms yanifh, andthe A * Wc 
. — 
te Equation ofthe Curr 2 poſe y ee to itchy 
ef an ſuppoſed A B x, and 


22g) e =, which being put equalto an 


infinite Quantity, we ſhall. have 3 707 = o (for the Nume- 


rator — 2. "PE in this Caſe vaniſhes) whence a — x= ©, and 
4 = x, that is, AB = x becomes equal to A D, whence AD is 
the ndent Abſciſſe. 

AND we ate taught a direct Method to determine the 
Maximum or Minimum in _ * N Let it 
n TEL l 3 


EXAMPLE I. * 
7. 


To o find a Number, from which Nader if you take its 
Square, there ſhall remain the greateſt Difference. 
pour for the Number ſought, then will X—XX be the 
greateſt Difference, ot a Maximum 3 whence X—2x#X=0, 
andaxx= x; conſequently, a x=1, and xy = +, - 

Now if inſtead of x -* we put x — x 2+, which isa ge- 
neral Equation for all Queſtions..of this kind whatſoever, we 
ſhall have a —_ tn a Maximun, whence » * . 


Fu 1 J = 03 conſequently, Tur —＋·ͤ!ĩ[ = 
.Qqz nx 


- 
* 
* — 
* 
. 
_- 
4 


N . 


F.IU L 3 


RAe : Amy an d 7 70 3.7 9772 o& 


eee. 


| wan 5 ; Io 5 : 
IT 2 45d = 1, then he Gres vill be a 2 
preſled, ren = Maximum, and —— 1 j 2 


; Ir = a and m2, then the Queſtion vn Mü 
—— —— = 1 


eV e. K 1 | 
i = X A My TY "Þ | E ee 


m 
10 divide the Right Lins AP in the voint D. Þ that the 
Product of the Square of one of its Parts AD; multiptied into 
the other Part DP, may be the greateſt of all the Products made 
of the Square of any one part of the Line AP multiplied into the 
other Part. 2 


Let à repreſent the whole Line A P. & the Part Part AD, D, chen 


will 2 — x be the other Part; then muſt A—XXXx = 
4 x x — x x x be the 
greateſt Rectangle that 
can be made of the 
Square of one of the 
Parts of the given Line | 
multiplied into cle o- 
- ther, toy * 

LET an {5 SPI 
ſent a Curve, whoſe ' ; — 
Ordinate BC put equal ＋ P B FEST 
W en Par of the Duma An g 


- 


: 
* " 


* 7 \ * 2 1 b 
* 7 r y 0 4 FX. ” . * F þ 7 * 2 9 , 
o . 4 y s 
. mc} FE * <4 y 4 » * ; 982 * * : 1% \ — & - 
Ss \ , Is 1 — a» 4 * : * \ 
: $ : 5 7 . ** 9 — . 1 el * - k 
$a * LS * . py 4 7 , I . 9 94 
* - = * 8 y. 4 
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let the Relation of | . Tag 2 Diameter 
„„ eee e vi 
Sb . A 
= — an by a e 
7 | 0 ** 9 44 RAW UO 2 ; 
caxb prin 0; nd's 4 , . * | 
_ AT CL 2 6 2 . _ l. * ns N | 4 — 2 As. 8 
Au p unive r — * t k 


general Equati for all Probleme 2 this kind: then ma | 


Xa -. es ; ind'Uividing by r 
we ſhall have mx * 4 x x nx" =; and by Abiding 
again by * x, we mall have n= n %,, whence 


equal to AD. 


urn. 85 * = 


ma 
n 
IF = d r, then 


m 
* * vn be equal * 


. 1. ' aue fame as in ook N Example." | _— 
. 5 | 1 1 


Ir „1 1 and: n = — — r, ben —— 4 ul W 


— 22. and the Problem may be thos expreſſed,.. 


having produced AP tö D, 10 chit the Wee 755 5 may 
be the 7 aut is poſſible; the the Equation of the Curve 
will be — — - = 75 *whetein if we ſuppoſe a, then the Ordi- 


il dr 


nate BC, wick becomes equal to r, will be equal 10 « or 


to 12 3 and ſuppoſing * infinite, we hal have Sins — is, 
the TI will be infinite alſo, „ M. 


4 * 1 * * 1 OY 8 2 9 < 9 5 - ä 6a M8) 1 * A 4 
* n * Long * 1 1 9 3 
; 104 2 va : 4 5% EL 1 N | f hn 1 
, K = 1 4 K 4. - 
, 4 
CY 
. 1 by " 
- 
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Wan n * J. 1 Wea 17 . tles th hosten FAY wy * 


LIT ACFDA repreſent a erer. and. ler je be ro; 
quired to find the greateſt Ordinate E hn ” Sev 27 4 
pur BC=y, ABE. 45 Ww N75 

then will, BD'== 2.6 — 3. and. de 
cauſe from the Nature of the Circle 


24 X=X . therefore 2 24x B 
2, Whence 6 4 . and 
— 


L NN 2 0 wherefore thr, mY 


e 


4 4 
* 
Ne 


0 


* 
and. = 4 = A EI that is, when A B ö 
flowing becomes equal to A E, BC 5 
n mths | nn o 
greateſt Q dinate, | thy <4 $1 1. „. v4 unge 
©, ut If 
. WIE EEE RY | 


EXAMPLE IV. 


Lir ACEFD repreſent a Semi-Ellipſis, and let it be be. 
quired to find the grenteſt Ordinate ſup= 
poſe E F. 1 164 87. 

Pur EF=b, BC=y, AD=2s, 
ABS, then will BD = 2g —x; and 
becauſe from the Nature of the Ellipfis | 


44: % 1 we ſhall 2 
.66 
baregy 2 ee eee q 
VT Blk 4s, r „ 


r „ 
N N So; and e , As e ISAp. 


the Semi: Conjugate Diameter will be the greateſt Ordinate 
N Lag to the ſame. r e en 


A 
* 4 


1 rh EXAM- 


PF. am. *y . * 
F * * py 
© - v = _ n * 
* 


* * _ - 2 . a £ 
= de - 
as 4 <7 


" <0. NT e e conmfted Idnl-Oycloid, whoſe Bal 
FlisleG than Al the Semi-Circumference Der 


PLUXTOWS. "Ry 


0 BIN 1 1 1 or ND n A 0c! L to 28614 


| TAMA ESI, . * 1 


118: 5) 0 2 — — — — & 4 17 21 3 


ting Circle, and whoſe Center 

is Q Let it be required to 

find the Point D in the Diame- 

ter AI, ſo that DE ſhall be 

the greateſt Ordinate that can 

Ee d n AL” Hare. 
HAVING drawn the Ordi- | | 

nate BC interſecting the ge- 8 

nerating Circle in O, put 1 n 

AO =&, the Semi-diameter . "*n X 1 

AQ = 4, the Semi · circumfe - 

rence AOIl c, and the Baſe FI 

= bz and becauſe from the 1 wh 


AO:OC, chat le, av c:6::5: oc, whence y + © 22 


=BC, and + will be the Fluxion of the Ordinate 


BC, , 
Aix, hin the Triangles BO and OB V are ſimi- 
lar, it will be as QO: Q:: VO: OB; but (by the 1ſt Pro- 


poſition, of Sec. the iſ, of Parr the 3d) as VO: OB:: 3 
therefore (0Q=) a:( (Ohe: 8 5 whence 75 — 
. y in the former 
Yalne af che Ordinate BC, viz. y + — we ſhall have 


4 8 We | —cx2 b 
22 2 75 == —ç —5 + - „ for the Fluxi- 


on n of the Ordinate BC ; but when the Point B flows into _ 
P 
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| Place of D, then BC will become equilcoD E the greateſt or 


- Cinate: ; Whence « . — | Conſequently, er} 


ac 
baba; and execs + by whence a -a; 4 
will be the Value of the Abſcille AD, whoſe as FA 
and Ordinate DE will be the OO be W 
Axis AI. Wi 


AAN, becauſe AD—AQ=QD, werder CDs 


— = 2 whence QD xc 24 l, conſequently it will be u 


c 4:6: whereſore if QD be taken a fourth Proportional 
to the Circumference A Ol, the Baſe F I, and the Radius O 
then D will be the Point in the Axis, whoſe Ne A 
will be the greateſt, 


i 


EXAMPLE VI. 


LET ACE repreſent a Parabola, and Pa given Point in the 
Axis AP, and let it be required to 

A find the Point E in the Curve Line 
ACE, fo that a tight Line, as PE, 
drawn from the Point P to the Point 
E, may be the ſhorteſt Line that can 
be drawn from the ſame Point to 
the Curve Line Ac Kk. 
Put AB =x., Bc. PC 
= . AP =, then BP = dx 
and becauſe the Triangle BP C is 
Right-angled at B, we ſhall have 
PC' = BC' + PB", that ls, 288 
STA, whence 
265 = 2) —=24x + 2#x, and 3 8 =yy — 


= 
warns ty c.c:co©=ts So wes 


D Gong tes dw 


innen 


8 = 2B 


2 
- 


— IS OY OS Uo WD 5 ti 


9 ""_ 1 p * 4 4 n = rey” 4 Ss Th V D 
* + 1 2 EY 4 4 4 * % 4. 4 * * mY 7 * 7 4 
— * 2 X I * * e L \ ov FY > n . _ 

„ * PF * y \ us | ©. EP \ * 1 FEI 4 15 7 * 5 N 

| | , \ 

a . A. \ * £4 * 4 "— "'s 
% * » = * A p 4 * # FX 
l 
* 


« 
= 
©. 


a rium ay 


f 2 42 h 7 gies 
IDs , bo few . tur when an by lowing l 


al 10 Ap, then.he Nolde Garg 3 E will coingide, and PC 
villbeooms equalto PB, and A 212 o; hence 


„ An os "which ”Y a end Equation for all 


Problemsor Queſtions of this kind, wherein if we ſubſtitute in 
he mani js (ve: Valgs: ariſing from the Nature of the 
have an Ertan whereby the Value of the 
Abd ADowilh be found. | 
No becauſe from the Nature of the Parabola ax =) ; 
therefore a 29 and 4 4% = ubſtituting therefore 74 * 


inthe room fg. jin the former Equation, gy — a we 
ſhall bao daiuireebacte XxX — 24 ＋ i a 2: 

Whence ada o, and 2 * =: Conſequently 
= 1e, will be che Value of the Abſciſſe A D. But AP—AD 


D: Sep eee 4 =4 8 the Parameter, 1 


it follow, 3 

Tua r if. from the give Point P you ſet off half the 
Parameter to D, and draw dent Ordinate D E, the 
Line P E drawn from the given Point P, to the Point found 
E, will be the ſhorteſt Line that can be drawn from the ſame 
Point P, to the given Curve A CE. 

Hime we are taught how to draw d Tangent to any 
Point E in the Parabola : For ſince, PE i; che ſhorteſt Line: that 


ein de dran from the Point pP to the Curve Line A CE, it 


* be perpendicular to the Tangent to the Curve in the Point 
E, and con becomes the Subnormal ; wherefore if 
half the Parameter be ſet off from D, the Place where the or: 
dinate drawn from the Point E cuts the Axis; and a Line; 

PE be drawn, if another Line, as F E be drawn at Right * 


gles, to it, * wlll be a Tang 2 the Curve in the Point E. 


AGAIN; if PA be 
A Circle deſcribed on the 


, or the Parameter, then 
ener, yrs Radius P A, will 
touch 


— 
SA % 
O " —_ 
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tovch the Parabola in the Vertex A, and be — wichn 
the Parabola; for in this Caſe the Points E and A will coin. 
cide, and PE, which now becomes P A, will be the ſhorteſt 
Line that can de drawn from the” DIR Polnt P en Curve 


þ 98 4. et * . U % * J » A — 9 5 . 3 , * 
= © 


+x5=0z there will ariſe In Kl 


7 


=. \ : 


- 


| EXAMPLE VII. 1 
Lr Ac EF be an Ellipſis, and let it be required to find 


the Toint E in the Curve ine ACE F, ſo that a Right 


Line PE drawn from a given Point 
P in the tranſverſe Axis A E, may be the 
ſhorteſt of all Lines that can be drawn 


Line A CEF. 

þ PurAB=wx, BC=", the tran 
8 — verſe Axis A F 24; and the Patame- 
ter equal to 6; then becauſe from the 
Nature of the Ellipſes 2 25 4 
— bx x, we hall have 445) br 


—2bxxand aayy=abr—bxsi 


_— KS... 
* 
— 


-ÞL whence 5e — 7 


ſtituting this in the room of yy in the general Equation, -A. 


abx—bxx 


_ «bx—bxx— 224 2 2 3 


* 1 1 ek and 205—br=zad—aby . 
4b —db - | 


and,conſequenily, PD=2—x= = 3 


1 e ee 53d cl et Wb 
Center, then becauſe 2:4 y — x x== 7 y from the Nature of the 


from the ſame Point. P ro the Curve | 


FSU. Pra. 


=0; whence ax A, and 4 d, and, conſequently, AD 
vill become equal to A Q, the Semi- diameter, the Point P will 
e and E in any Part of the Circumference. 


6 ” "EXAMPLE vn. 


244 40k be n een required 
the Point E in the Curve en © fad 


Line ACE, ſo that a right 
Line PE, drawn from a | 
given Point P in the Axis 
AP, may be the ſhorteſt of 
all Eines that can be drawn 
from the fame Point th 2 
the Curve. 5 
Por ABas £, BC=9, | 
the tranverſe Axis AF K·· 
24, and the Parameter, 
b; and becauſe from tho 
Nature of the Curve 249 y 
Sb x, we | 


have gay e 1 0 


abtinxing this * GN in | the general ue, + 


| aby+buxx 
ue, in the tom of 7, we ſhall have 22 


dies eee eee. ads 


2 e = 


— 


— 1 dx=0 Wh 


n FLUXIONS gh 
Curve we hall have 27 24 575 415 fob a 


ſubſtituting this laſt Quantity in the general Equation y y—dx 
+ x #==0intheroom oy 3, there will ariſe gx=—xx—dr+xx 


nog 


| and mulciphiog by 3% conſequently 3x + 


gents to Curves / for inaſmuch as P E 


. I _ 
Nene 4; 


VT = * * l * = * a 

1 428 42 9 2 * * e 

vy ts = 0 y p 4 5 * 11 
* 2 r 1 * by 2 SJ 
- | K os - I'Y 
* 1 
v 3 7, 11 4 8 4 
dy \ * 


. 2 1 * . 2 
= e 1 > _ 4 
g / 4 ## i l * 
8 eee ee 
” * f 


1 f 5 | 2 „ 
: | 8 
\ - 
IJ 2 * N Y ' | | 2 
©; * 4 * 3 4 ; T , | i 


=0, and 25 +bx 2 2 Ada o, by dividing; dy 
bu a a, 

0s Ws B's ab+46 _ 
and x = "LLP" hence DP e 
1 DAA 108 8 b+ db- 125 N e 5 
No w becauſe P D f = {p70 by ged. 


. 
: 


— 41 


| | 1 5 1 + | [INS 643-1 F< "570 , Q 8 Writ ' 
cing the Equation to a Proportion, we ſhall have 2 +6: 65:: 


#+4:PD; and by Diviſion it will be 24:6: 4244-7 
: PD; wherefore (if Qbe the Center of the Hy perbola, becauſe 
a+d=QP) it will be as 2 4: C Q — Þ Daz) QD:: PD; 


that is, as the tranſverie Diameter AF, is to the Parameter, ſo is. 


D; to DP, whence PD may be had by Conſtruction. 
AGAIN (by the preceding Example) becauſe in the Ellipſis 


ab—db 4 


DP is equal to A = Tang i teducing theEgua 


2 


tion to an Analogy; it will be as. 2:46—6:6:1:9-diDP; 


wherefore by Compoſition 2 4: U:: -A- DP: D now 

if Q be the Center of the Ellipſis, then 4 — 4 ) whence: 

24:6::(QP+DP=) OD: DP; hat is, as the tranſyerſe 

Diameter to the Parameter, ſo is QD to DP, whence DP 

may be had by Conſtructidn. — Try fit 1 . tte 0189 by 
Now if we ſuppaſe AP d equal to half the 

| 1 46440 


5 


— 


46 — 


| 2 4 — 'will 0 0 
246 ee aha yy * ati ts cea ne ik be ie 
N 5 =F == + ; whence P D will be equal to AP. Conſe- 


44—2 


246 +bd oh ; 
Taka ; b, and in the Ellipſis 


ently the Points E and A will (coincide, and a Cirele de- 


Aided on the Center P, with the Radius PA, or PE, will 

touch the Hyperbola or Ellipſes in the Vertex A, and be alto- 
gether within them. 4 2 Hl | 2 

AN d hetice we have a general Method for drawing Tan- 

the Subnormal, as be» 

i 0 ing 


ry » 
2 


21 ä 
i 
} ? 


uno +»at tn 


oO nt ods sr 


Taiji Horn 


9 
* - 
* 


Sec H. NHD Fo wn. 
ing the ſhorreſ Line dus can be drawn from the given Point 
p to che Curve, if the Value of PD from the Equation, ex- 
prefling the Nature of the Curve be determined, the font P 
will be dined alſo ; whencea-Line drawn through E, the 
Extremity Of the Ordinate D E at right Angles to P E, will be a 
Tangent to the Curve in che Point E. Nr Ba e en 


26＋— 2 ———u—-2,7ĩ —AE 


: % IT # 7 * 7 8 bY 
W ö 07 7 
U 8 Y o hey 
" 4 * 4 & 9 rn l wo EY ; - * 
Y * * < = * - 
- o 4 . Ws b f * — 
0 . 4 - 5 
* 
- 


De p_ —— — —ͤ—— — 
* 
1 


544 . L 
: N . — d » Ger + * * — 
« . . I „ * 2 4 & x 
4 ? 6, 7 : 4 + - _ F 4 
a2 adobe Koi dP DIL: 
* 4 J 


Lex it be required to find the Point P in the right Line 
M D, lying in the ſame Plane with the Points R und A, that a 
Particle of Light, in going from R to P, wich a given Velo- 
city v, and from P to A, with a given Velocity c, ſhall travel 
from R by P to A in the ſhorteſt Time. 
LI IP be the Point required, and from the Points R and A 
having e eee eee 
Lines RS, A E per- i WT a 
pendicular to MPD, | nnn "I 
put RSA, AEz2b, _ þ 721 | 
SE = 4,SP =x3; g n 221 


* 1 
$13 14 f: - 


a= RP= In 
44+ xx and Ap OI 


bb+dd — 24x a Og | n 1 
1 * POL ene IN ; 

own W$ Ot — p 1 
Motion, if a Body; __ Nen, e ee e 
move from R to ? with the Velocity v, and from P to A 
with the Veloclty c, if the Velocities are equal, then the 
Times will be as the Spaces deſcribed P R and F A, and if the 
Spaces RP and P A are equal, and the Velocities unequal, the 
Times will be reciprocally as the Velocities, Wherefore if 
the Spaces deſcribed, and the Velocities are both unequal, then 
the Times will be in a Ratio compounded of the direct Ratio 
of the Spaces, and the reciprocal of the Velocities, and 


RR. 
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conſequently che Time that a article of Light will take > 20 mor 


fromRwoP, with be Veloce v, will berepreſentedby as CET 2 


404 de Ne there Ain Pant nl tb 1 | 
fromP to A with oO Velocity c, will be ee! 


L | 2 | 


7 3 and conſequently their Sum 


2 E or K 5 xe, agar 
z ET” 1 e, og It 


NI Je will be the ſhorteſt NPE that a Particle 
of Light will require to move from R by P to A, with the re- 
huts A 2 6 


| ſpedtive Velocities v and c; 'wherefore = + 


] ” 7 2344 F 


pF, | I2 


2b 24 
( — oo. 2 e 464 by dividing by 3, ex 


260 + 44-4 Ver | 
puiging <,anbſituring PR. in the room of 44 + & Fa 


em —— — — 44 


PA in the room ot 77 e. ve hal have 
cx dy—-vx | 
Ph 

Lr us 3 PR PA, for the Refragtion is the 
ſame” in e "Point P; whether the Ray PA be longer or 
ſhorter ; then-wilt cx = dv —v x: Confequently by re. 
ducing the Equation to an Analogy, we ſhall have v. : 
4— „ that la, V1 :: SP: TBZ. 
No if PR equal to PA be conſidered as the B Radius of « 
Circle, SP will be the Sine of the Angle $ RP equal tothe 
Angle KPC, the Angle of Incidence, and PE equal to BA 
the Sine of the Angle of Refraction ByA. Whence it follows 
that the Sines of the Angles of Ineidence and Refraction are di- 
realy as the Velocities v and c of the Particle of Light, in its 
nd the different Mediums, 


AND 


TFN SS 


am 


2 


» 4 


, - "LO" 0 5 * j : a ' 9 7 
2 — a *, of 7 eins N 7 pe 4 * * 
Nera 71 : 1 0 —— e * 
W N A C440 4 * - 4 — q ; ——_— ! ©. 
* * * * * Ly * . 7 * 


1 


AN p becauſe the Velocities of Bodies moving through dif- | 

ferent Mediums are retiprocally-proportional to the Denſities 
of the reſpective Mediums; it follows, that the Siries of the 
L cs / ER and a 2 article of Light 

through different ums, are reciprocally proportio- 

* to the-Denſiries f;thoſe Mediums ; and this is the funda» - 
mental Law upon which the Science of. Dioptricks is founded. 
No if. the Particle of Light in moving from R to A by 
p, when it arrives at P, of being refracted towards A, 
it be reflected towards Q in the right Line Qt in this Caſe 
the Medium being ſtill the ſame, the Velocities u and e will 
be equal: Wherefore putting RS =4, QD=6, SD=0d 


SP=x ; whence PD = 4—x, we ſhall have PR a@+xx, 


1 


; — — 1 | 4 | | 
and = bb +442 d + xx Wherefore g +x# - i 
+bb+dd—2 dx + xx, will give the ſhorret Time con- 
| 2 xx. 1 | xx—dx 4 x x | | .f 
aunty = þ LES =p. 4 


xx—dx 


+ ZEZZ = 0; and ſuppoſing PR and PQto be equal 
(for the Reflexion is the ſame in whatſoever part of the Line 


PQ, the Point Q be taken, we ſhall have x * + xx» —dx== 0; 
whence 2 * d, and x = 44; that is, S P will be equal to PO; 
and becauſe P R is equal to PQ: by the Hypotheſes, and the 
Angles at $ and D tight Angles 3; therefore the Triangles RSP 
and PD Q will be mutually equal: Wherefore the Angle & RP 
will be equal to PO, and becauſe ' CP. 1s perpendicular 
to the Line $:D, in the Point of Incidence, P; therefore the 


Angles GPR, SRP, POD and CP; Q. are, equal to each 
other, whence the Angle C R the Angle of Incidence is equal 
to CP che Angle of Reflexion; and this is the fundamental 
Law upon which the Science of Catoptricks is ſounded. 


EX AM. 


ts another given Point in che 


'A K, 5 and imagin 


En 


886 


«3th; gy rtl mY Wenay I, 8 % 291; enn itte ern 


CCCP 
AS 
il e 6 


9 7 "Is - 
a 9 1 J « "2 A 


aht Gibs eatoleden had bee e 
or the Natute of a Cut ve in 1 by 
the Force of its own Gravity, all movr train one given Point 
Time, Ox in leb Tin 
than in any other Line p een thoſe Points. 
LIT ADE F repreſent che Curve, AK the Axis, D and 
F two Points diven by Poſition, and let it be required to 
find the — N15 ee 6 0 de dew 


+ 3 15 0 * j 
Yo 6 14 : [ 74 1 COS 2 4 


# þ 2 1 „ * 


ag'thieti, when it Way at the Pine Dy fol 
pom ae Point” to any other Point, ſuppoſe F, 
rreſt Time man ates leſs Timo chan Ulough/any 
Curve whatever. 50 15 1 | 
5 ou the FlheD and F, tor ge g. 15 
drawn icular, and t to | 
of e the Ordinate DI in u flowing Stute to 
move till it come into the Place G E, which is ſuuated in ſuch 
'a'Poſition chat the Segment RE may e 
FC of che Ordinate F H, cut off by the Line EQ 
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Situation of the intermediate, Point E, that will anſwer the 
F C, theſe will alſo be fixed or 


1s "TY" IP # 2ha * FY 8 
E * 3 * 
1 o , 
1 \ 


ä 1 ” 4 

* y i k PITT - 2 
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wp 
penibel the Points D and F are fixed Points, 


the Ordinates FH, DI, in this Caſe, are conſtant Quantities, 
and ſo is the Ordinate G E; inaſmuch as there can be but one 


Condition; and becauſe RE is ſuppoſed to be always equal to 

pra (nome as will be 
the Line D'S, conſequentlythe Arches D E, FE, and the Lines 
DR, EC, will be variable, or * antities. Put 
therefore E G , FH=b,DS =6 R Eu Cz==CS = d, 
DR=&, EC = v, then will DS = == & + v, and the 


Twabur' in its naſcent or ariſing Form, will be equal to 


T7 ) * weary Enn 


| robes. 


Now fince the Velocities that hetly Bodies acquire in their 
Deſcent, are in a Subduplicate Ratio of the Altitudes the 
fell from, the Velocity of the heavy Body in the Point 


vn be V i und the Velocity of the ſame Body in the Point 


„ will be VT and becauſe the Times are reciprocally as 
i Velocitls, the Time in which the Body willdelcend from 


£2 +dd* 
| be Wiles e. as will the Time of the De- 


ſcent through E F, as — and ſince theſe Velocities, 


in their ariſing State, areas the Arches D E and E F, deſcribed 
in the ſame infinitely ſmall Particle of Time; and ſince the 
Time of the Deſcent from D to — is the ſhorteſt poſſible (by 150 


poſi therefore — 432 muſt ber. 


N 4 1 0 
| | 2 10 4 25 8. 
a — * e | 


oz and becauſe 2 4 V == , a fixed or conſtant Quantity, 
S thete- 
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the Fluxions of the Curve Lines AD, A E, generated ih the 
fame very ſmall Particle of Time; whence it follows, chat the 


ſuppoſed, will be increaſed in a Subduplicate Ratio 


4 - 6 * . l 
A wm 
2 


= 


os #7 FF a 18 . AF; 5% Fu 
abs —= = 0 whence — 
Voxvurde "Þ  viexar+dd" 
a Cee RRC 

0 VIV | | 1 
* ni T whence vv T 5 


| is © tte — 
and XV $xXVv + dd N 


5 ya: 8 N 7. that ie, as E F. E D : EGxEC | 


:VHEFxDR3 fo that ſuppoſing the Curve to commence at 
the Point A, A G, AH will be Abſciſſes, G E, H F-Ordinates 
rightly applied, ard D R, E C, will be as the Fluxions of the 
Abſcifſes A G, A H, as will the Lines RE, C F, be as the 
Fluxions of the Ordinates GE, H F, and the Arehes D E, E E, as 


Property of the Curve of ſwifteſt Deſcent is, that he Fluxions 
of rhe Curve are in the Ratio compounded of the direct Ratio 


of the Fluxions of the Abſciſſes; and the reciprocal Subdu. 


plicate Ratio of the Ordinates; and this being the Property of 


the common Cycloid, it follows, that the Curve of ſwifteſt 


Deſcent is an inverted Cycloid. 1 
| £$CHOLEIDM - 


Ir à Ray of Light fall upon a Medium, - whoſe Rarity in- 
creaſes in a Subduplicate Ratio of its Depth, the Ray in its 
Paſſage through ſuch a Medium, will deſcribe the ſame Track 


Deſcent of a heavy Body, the Veloeities are in the Subdupli- 


_ cate Ratio of the perpendicular Depths or Deſcents, and like- 


wiſe the Velocity of a Particle of Light is ever proportional 
to the Rarity of the Medium it No Ed 
the Velocity of a Ray of Light, in ſuch a Medium as is here 

of its per · 


pendicular 
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. 1739 
pendicular t, and conſequent!y the Curve of Refrafti- 
on, in this Caſe, bs che ame wich the Curve of ce lr 


beten, tac is, a Cycloid. Fer 
1 EXAMPLE „ . 


f 
Let 1 e e te Brod cho Curve | 
DK, ner ann Axis A IE Rey 


. 4 TL; 
>» 


F 4 5 1 <4 * 


the Surface of a Solid, which 3 in a Fluid whoſe par- 


ticles are at reſt, according ta the Direction M A, from M to- 
wards A, ſhall be leſs reſiſted by the Fluid: than Any other 
1555 generated xk Aa Pu me "Axl A/M, 


is 10 and aa lame Points P and K, given: 
oſition. 


Lr 


Fe? 14 1421 N 5 I _—_ N 
N £ be * In 12 8 of 4 "Y 4 
4 i a aq 74 g 4 7 E N 
& # + 


- 


Lr (Hg. a.) C NP repreſent a ſmall Portion of 4 Curve 


and let RN be drawn parallel to the Axis, cutting the Curve 
NP in the Point N, and perpendicular to it draw the Lines 
toy and C F, as alſo C E perpendicular to the Curve in the 
oint C. ö b | | . 
Now if the right Line C E, and the Portion of the Qurve 


N, be ſuppoſed to move in the Direction of the Axis MA, 


from M towards A, it is evident, that the Force of Reſiſtance 
of the Fluid, in this Caſe, is equal to the Action of the Fluid 
moving with the ſame Velocity, and in a direct contrary Di- 
rection from A towards M, on the Line GF, and the ſmall 


Portion of the Curve Line CN ſuppoſed at reſt. Wherefore draw 


FS ndicular to N C, and 8 H parallel to RF, or M A. 

ow if F Nrepreſent the Force of a Particle of the Fluid, 
= Q NV, in the Direction A M, or from A towards M, 
then F'S will the Force of the ſame Particle of the 
Fluid againſt CN; according to the Direction C E, or from C 
towards E. And again, if F S repreſent the Force of the ſame 
Particle of the Fluid againſt CN, in the Direction C E, or 
from C towards E, then 8 H will repreſent the Force of the 
ſame Particle of the Fluid againſt CN, in the Direction A M, 
or from A towards M: Wherefore becauſe the Triangles E BC, 
CEN, FNS, and FS Hare fimilar, it will be as FN: FS:: 


FPS: SH; conſequenily from the Nature of continued Pro- 


portionals, as FN: FS:: FN! :S H', and ſo l C E' to EB“, 
tors FN: FS:: CEE BZ. 

No w ſuppoſing the Points P, C, and the Line R E, given 
by Poſition, to lye in the ſame Plane wich the Axis B M, we 
are to find the Point N in the Cute Line CP; fo that the 
Surface generated by the Revolution of the naſcent Augment 
of the Curve C N, may eng the naſcent Augment of a 
Surface that ſhall meet with a leſſer Reſiſtance than any other 
Surfkce geherated from the ſame Data, 
"A Þ foraſmuch 'as the Quantities CF, CB, N PR, 
in the preſent Caſe, arc fixed or conſtant Quantities, Li 
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Line, NQ, CB, 'Ordinares rightly applied to the Aue A M, 


£20 22> ss gases nl ern 


> 


Ses = 


= wy 
' 


F FI ll 


ww »w 1 ob tet v6. tt_g 
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* 
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$&l FELUKNIONSE 14: 
NR rn CFazs; CB, 
PRs NQans, FN my, NR hence CN 

= aa+v%, ed NS ee Now ſuppoſing 

to repreſent the Reſiſtance of a Particle of the Fluid againſt the 

Body moving in the DireQion'M A, or from M towards A, or, 
which is the fame; the Velocity. of a Particle of the Fluid 

moving in a contrary Direction, or from A to M. and ſtriking 
againſt the Body ſuppoſed at reſt. then will the Force of the 
fame Fluid, upon the Plane deſcribed by the Line C F, te- 
volving about the Axis B M at the Diſtance of B C, oppoſed 
to the Motion of the Fluid, be as the Surface deſcribed multi- 

lied into the Velocity, that is, / ix J. Whenee to find the 


* 


of the Fluid moving in the Direction A M, or from A 
towards M, againſt the Surface generated by the Part of the 


t NP, revolved about the 
„ 
th, will be, conſequently 
„ , 1rES 


radab” e 1 Ai 
= will be 2 Minimum j\ | whence 


„ . a» . OT N. i 0. | * a 5 
24aabvy 2cccdts 4 244 2 22. 


22 99 "oy * e chan! 
bur becauſe v & RF, a conſtant Quantity, therefore 


+504 whence v = — , and conſequently === 
7 | p NN dad. x4 | 44 ＋ 
be = 2 = a I: Wheretore if the right Line AG,(Fig.3.) drawn 
petpendicular to the Axis A M, be made“ equal to 7, and from 
the Poltit G the Line G O be drawn parallel to the Tangent to 
the Cutve in the Point N. It will be as 4A CA O: TO 


::G 


* 


SY 142 


3 1 GO: B C; for-becauſe the Triangles C N and-GA Of ate 
fmilar, it will de as C F: FN G A: AO, dat 0 
9 1 * 


1 „ee t; 8 


40, winFC: N. 0K s 
IP 6 5 i Furs 
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What” MEA an” 2 
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9 


—_— 
6; 
— 


1 


whence pe == 
hen 0 "dave 


AGAIN, if from the ſame Point G 8 Li. be 


drawn parallel to the Tangent to the Curve in the Point P, it 


will be a 4 GA X AD: GD :: GD, N for herauſe'tle 
Tiixnghts een „K | Bela BA: RN 


1: AG: AD; that is, ere AD. und again 


1 


1 PR EN 693 that is) 0 6: © 04M PF. 
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"EE. ates AN leger 4 DIES. Ty 


=> and conſequentiy = — C 2 


| 8 . ; "ins 
5 which is the ſame with the general Equatiòn fore Ta 


(Fe. t.) which being revolved about its Axls AM generates th 
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1 veer = TE = 


Ms bi" 


Wü c it is evident, that the Nature of the Curve. D K, 


Qu t ww + a i<« * 


TO AMY>HN Oa=noc wa 
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+ 
gel 
to 


dong et iesg Refiftaner, ir Sch, Wet drawing AT, perpridi 1 


chlat to che Axis A M, and taking & 5 , and drawing B ö 
parallel to the Tangent to the Curve in the Point K, then it 


vill away be 1 T B NAP: BI; 37 BÞs 930 Odd 
date paſſing through the Point N. 

1 Xo x i oker 20-aeS ahe. Crre, let 41 be dꝗn | 
als © pry le and make A B equal to r, and | W y 
Ak = el, and toughthe Point E let ths Logarithmeti- 9 
cal Curve E N be dtawn, and let A L be the Aſymptote, and 

the ubtangent equal to * 7 then taking A Poef any Length, 

draw P N parallel wAL, till it meet the Logarithmerical 

5 in N; then putting A P &, ane AL equal to 


2 7+ 5,0 Ke EE + fer E7 + PN, 
Ny v3 ay A E, but 1 e Ar be len than 
AE, and compleat the Parallelogram ACK L: I ſay, the 
Noint K, wherein'C K an lnterſect, vil by > Poms in 
the Curve. 1.37 E. Nl W 15 

For AP being equal to 2, if AC be put ww) to x, and 
CK equal to y, then, by the Property of the Curve, AL or 
2 2 + 2 8 


CK my = Tre and conſequently y = = 


+ Cn and becauſe B P's parallel to the Tan- 
gent in the Point K, therefore the Triangle A BP is ſimilar 


to the naſcent Triangle at the Point Kz and conſequently as 
r: TINT 2 EE 1 LF whence the 


Fuen AC = 25 25; LSE, bur by the Property 


of the Logaritmetcal Curve, Lat, whence 
4s 
4 an 4 | + 
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+ rn, mee ace Ef fein: 


a 2 Quantity EX? 7 and conſequently when PN vaniſhes, 


then AC will vaniſh 40 therefore D K is the required Curve. 

WHENCE it is evident, that the Curve D K cannot ap- 
proach nearer the Axis A M then in the Point D, where it in. 
terſects the Perpendicular A L; and that afterwards, when 
AP is leſs than A E, the Portion of the Curve D K will be 
deſcribed Convex towards the Axis A M: So that the Surface 
of the Solid of leaſt Reſiſtance may be Convex as well as 8 Con: 
cave towards the Axis. | 


Sera 


Of the Uſe of FLUXIONSs in 241 Invention of 
Points of Inflexion and Retrogreſſion. 


N the Formation of a Curye 
Line A C E H, if the ge- V 
. nerating Point, after it has 
deſcribed a Portion of it AC 
Concave towards the Axis AD, 
ſhall begin to move by a Law 'T 
different from what it firſt ſer 
out with, ſo as todeſcribe the A 
Part E H Convex towards the 
ſame right Line A D, the 
Point E, where the genera- 
ting Point received rhe new 
Direction, which divides the 
Concave from the Convex D 
Part, and conſequently is at | 
the End of one, and at the 
Beginning of the other, is called the Point of Inflexion, as 


&. 


long 


hf e eee one  AACSDnmHO 


a == & © @E=&& 
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as long as the Curve, being continued in E, keeps its DireCti- 
on the ſame : But it is called the Point of Retrogreſſion, when 
it inflects back again towards that Part or Side from whence it 
took its Original. , 

Tuxs E Things being premiſed, from E, the ſuppoſed Point 
of Inflexion, let the Ordinate D E be drawn, and the Tangent 

E V to meet the Diameter A D produced in V. Again, rom C, 
ſome other Point of the Curve, ſituated between E, the Point 
of Inflexion, and the Vertex of the Curve A, let another 
Ordinate B C, be drawn parallel to the former Ordigate D E, 
and TC a Tangent to the Point C, to cut the fame Diameter 
AD produced in T. This being done, it is evident (ſuppo- 
ſing the Ordinate BC in a flowing State) that the nearer it ap- 

ches the Ordinate D E, the greater will be the Diſtance 
AT, intercepted between the Vertex of the Curve A, and the 
Interſection Tot the Tangent, with the Diameter prolonged, 
till at laſt, when the Ordinate BC arrives at, and coincides 
with the Ordinate D E, the Point T. will coincide with the 
Point V, and conſequently the Diſtance V A, between A the 
Vertex, and the Interſection V of the Tangent VE with 
the Diameter A D produced, will, in this Caſe, become a 
Maximum. 1 
WHEREFORE putting AD = x, DE=y, it will be 


by Propoſition I. of Part II. Seck. 1) wy * ::9 > Tr 


DV from whencetaking x= A D, we ſhall AV E 
« Maximum ; conſequently (fuppoſng x a conſtant Quantity) 
its hear = o, or Nothing, by the pre- 
ending e: whincs EZ. 0, condd 

*. 10 pA. TRL Mg] | | 
quently, I o. Whence = ) # = ©, and y=0. 
* ral: © vi And 
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And hence we have a general Rule to find the Point of In- 
flexion or Retrogreſſion in any Curve; for the Equation of 
the Curve being given, if we find the Value of y in x, and 
again, find the Fluxion of that Value (ſuppoſing x to be a 
conſtant Quantity) we ſhall have the Value of y in x x, which 
being put equal to Nothing, or Infinity, as the Caſe requires, 
we ſhall have ſuch a Value of A D, that its correſpondent Or- 
dinate D E ſhall interſe& the Curve ACE in the Point of In 
flexion or Retrogreſſion, as will more evidently appear from 
the following Examples. | 


EXAMPLE I. 


LIT AEF be a protracted Semi-cycloid, whoſe Baſle is 
longer than the Circumference of the generating Circle AHB, 
whoſe Centre is C; tis required to find the Point D in the Di- 
ameter A B, fo that the Ordinate Applicate D E ſhall cut. the 
Semi cycloid in E, the Point of contraty Flexion. 

PuTBF =6b, AB ar, the Arch of the generating Se 
| | mi-circle, AH B; c, AD=x, 


A DH SD , the Arch AH =», 
and DE = y; becaule, from the 
C Nature of the Curve y = + 2 1 
B | F from the Nature of the Circle, 
we ſhall hve S= 27 x —x x 
6 | , * ö , — 
conſequently & — 3 and d N ＋ 88 = 
ren ene 
17 * . —— a . « _ do &> K - WP CO EW | __ 
. Wherefore ſubſtituting in the rbom of and v 
27X—X x e 


in 
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in the Equation. = = : & 1 — 2 teſpectiye 2 and 


7 2 -e EXE N = XX 


248 2 274 
whoſe Fluxion ſuppoſing . 
CXIFK —=x at ( # a con 


ſtant Quantity) isy= 


i —— 


br x — 5 * * 


21x = X XN Kö T A 


c 


whenceb r x =err—brrXxx=0, and & - - 
N x x) en and 


Aba vr 7. whence AD - AC = = CD =>: 


Whence it is manifeſt, that to have a Point of contrary Flexi- 
on, the Baſe BF muſt be greater than the Semi-circumference 
AHB of the generatin ng Circle; for if it be leſs, then CD 


would be greater than 
E X AMPLE II. 


Lz r it be required to find the Point B of contrary Flexion 
in the Conchoid AB F of Nicbomedes. 


LET C be the Pole of the Choncoid, D E the Aſymptote, 
and ſince, from the Nature of the Curve, the Segments AD, 
BN, of the Lines CA, CB, drawn from the Pole C to the 
Points A and B in the Curve Line, cut off by the Aſymptote 
D E, are equal amongſt themſelves, and to a given right Line. 
Having drawn CD lw to the Aſymptote, and B H 
parallel to it, and N P parallel to D H, put D A=NB=5, 
CD=6b, DH, HB =, then will PB = 4, 
and CH 214 # and. becauſe the Triangles CH B and 
NP Bare ſimilar, En. Ea 

5 a 
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1 4 — 4 
is, 190: = A ee 2 H 3 
| Hx+aoby | 
| Nx — f / 
20 þ —aax —364bxxxXxx © | 8 $ 
aaxxx—X" Xaam xx * es x 
A to be a conſtant Quantity, 


was Whence 2 4 6 — aa x 
| — 344b8KxX= 0, and 
H P 8 dividing by 4 4, we ſhall 


. have 244 — , c K* 
l 36 xx=0=x*+ 3bxx 


— 2446 o, and one 


=; and conſequently y = 


5 % of the Values of the 
* a 22 5 x will be equal to D 
2 | Ip CD=DA, then 
6 = &, and the Equation 
C will bexx x + 3 ax x— 


| 2444 o, Which being 
divided by x + 4, the Quotient xx + 24x —=2 48=0, 


poo 1 cots 


and conſequently x = — 4 + 344 
EXAMPLE I. 


SUPPOSE the Property of the Conchoid A BF (See the 
precedim Figure) to be ſuch, that if a right Line, as C B, be 
drawn from the Pole C to any Point B in the Curve, interſe@t- 
ing the Aſymptote D E in N, that the Rectangle C NX NB 
may be always equal to a conſtant Rectangle CD x D A, and 
let it be required to find the Point of Inflexion B. - 
Pur CD=6, DAS 4&4 DH =x, HB == y, then will 
'CNXNB = 46; and becauſe the Lines D.N and H E are 
parallel as CNXNB:CDxXDH::CB ;CH; that is 

| | — 


a —— ͤ —— — — —— — — 


8 d = a 


xa ſtanding Quantity) y = 2 @ XxX x x + 72 
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aw 4b:bx:ibb+2bx+xx+y3i bbdabx+ 
whence bbx+2 b x . yy Bd, — 1 ＋4 x — 

4 6b b2abxt+axx—bbx—2bxxa—xxx 
JJ Er : x , 
$ x — 


a= x bx a= x 
= =—_z 
* 2 x , 


whoſe Fluxion will be y = <= K: icon 


2 * XA U 
344b—aax—44bxXxx 


44 XX=—=4XXXXAX— XXx* 


= © (ſuppoſing x a conſtant Quantity); whence 3 444 
e euh o, and hy 44 QA 34, whence 
1 


and y = b6+xX 


ſequently its ſecond Fluxion y = 


EXAMPLE IV. 


LeTr AEK be a given Curve Line, A B its Diameter, and 
ſuppoſing the Relation of the C F 
Ordinate y, to its Abſciſſe x, — 
be expreſſed by this Equation 
axx=Xxy + 449, let it 
be required to find the Value 
of A D, fo that its correſpon- 
dent Ordinate D E may inter- 
ſect the Curve AE K in the TR 
Point of contrary Flexion, A D- B 

Tus Equation of the Curve is aXx=xXXy +443, 

4 xx 244 * 


and y = —_ and (ſuppoſing 


1 2 


n 


\ 
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84 ** X aa — 
- 84's 2 = 0z whence 24 e | 
x x + 44 


8 * x X xXxXX +48 =0, and dividing by n= xx 


xxx +48 „ and multiplying by x x + 44 , we ſhall have 
x x + 6 4— 4X X o, whence 3 x x =44, an 
=&4XyY 3 | 
Ir we ſubſtirure * 3 14 a in the room of XX) in the Equation 
A N 34 
of the Curve T then y= 1 =} 4 = CD. 
So that we may determine the Point of Inflexion E, without 
| ſuppoſing the Curve to be deſcribed. 
Ir AC be drawn parallel to the Ordinate D E, and equal 
to the given Line 4, and if CF be drawn parallel to AB, it 
will be an Aſymptote to the Curve AE K for if x be ſuppo- 


ſed to be infinite, than the Equation of the Curve y = I 
_aa+ax 
x K* 


will become y = — = 8. $0 that the Ordinate DE ofthe 


Curve cannot be equal to AC, before the Abſciſſe A D be 
infinite, 


EXAMPLE V. 


Lar AEK be a Curve, whoſe Axis is the right Line AB, 
and let the Nature of it be ſuch, that any Tangent, E B, þcing 
drawn, mecting A B in the Point B, the intercepted Part AB 
will be always to the Tangent B E, ina given Ratio, as ton, 
it is required to determine the Point of Retrogreſſion E. Put 


AD=x,DE= y, then D B wil be equi — , and 
os 


E B *., D Now from the Nature of the Curve 
| AD 


. eee 


8 2 


— 
— 
— * 
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An 


E. : 
AB: B E:: :; | | 
Hs H a K 

A RR | 


Therefore X Xx 5 — nxy — 2 x, and the Fluxion 


of this laſt Quantity (ſuppoſing æ a conſtant Quantity) will 


e 22 2 NHL, whence we 
xx+35* | I Jy 


full have} = LZ xn +15 » Which being 


myyy - NK 35 
equal to Infinity, the Numerator will vaniſh,conſequently myy , 


e ont fel =O, and my y = nxxXxx+yy 


and xx + yy LY = = 92 ® from the Equation 


of the Curve; 8 x = 1 — „ng and 
ſquaring both Sides of the Equation ) 52 =NNXX xx +39, 


ve ſhall have x = = 2 xm mY) - mx mz, 
nx | nnxy 


and conſequently „* un. - = x, from whence we 
have the following Conſtruction. 

ON the — * AC = deſcribe a Semi-circle A H C, 
and take the Chord AH == u, and draw the Line A H. This 
produced, will interſect the Curve AEK in E, the Point of - 
Retrogreflion, * - 

FoRif H be drawn perpendicular to AB, becauſe of the 
imiler Triangles CH A, f PR, EDA,CH: HA: HP: PA 


% FLUXIONS Nan 


E P: D A; that is, 1 5 there fote 
5 29 „ 

Ir is manifeſt, that B E is parallel to C H, becauſe as AB 

BE: AC: CH; whence the Angle A E B will bea right 
Angle, and ſo the Lines A B, BE and BD are contimul 


Proportional, 


EXAMPLE VI. 


Lir A BC be an Arch of a Circle, and A its Centre, and 
let the Property of the Curve 
Line A E K be ſuch, that draw. 
ing any Ray D E B, at Pleaſute, 
the Square of BE be equal tothe 
Rectangle comprehended under 
the Arch A B, and a given Line 

4, tis required to find the Point 
E of contrary Flexion. 

Pur the Radius AD Sr, 
the Ordinate DE == y, the Arch 
of the Circle AB = , and the Portion of the Curve Line 

AE x, then will BE = r g; and becauſe, by the Pro- 

perty of the Curve ABXa4 BE,, we ſhall have a S 


—2ry +I) and 5 = 2 277, and ion much en ce 
Triangles DA B and D AE, in their naſcent Form, are ſimilar, 
it will be as : : 8 * whence r x = 


239 —=2197 and += 2195 =2115, and (ſuppoſing x 
«conſtant Gate we 4 ex 27 ＋ 


—2 3.5 = = 8 conſequently y y = 2 222 Now 


if 


2 * —_—_— — 4 * 4 ad 
„ 
— 


N | # 
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if we ſubſtitute theſe Values of & x andy y, in che general 
Theorem y,y = & x +159, there will ariſe this Equation 


r= 219 S412 I=81 3 2) þ 4179239 +7 1400) 
yew ee 4477 ; 
which, by the Reduction, will give 4 y' — 12ry*+ray xy? 
=arrryyJ+3rr1aay—2r'a44=0, and one of the 
Values of the Root y will be equal to D E. 

IT is manifeſt that the Curve A E K. which may be cal- 
led a Parabolical Spiral, muſt have a Point of Inflexion E; 
for becauſe the Circumference of the Circle A B C does not 
at firſt ſenſibly differ from the Tangent in A, it follows, from 
he Nature of the. Parabola, that it muſt at firſt be Concave 
awards the Tangent, and afterwards, when the Curvature of 
the Circumference becomes ſenſible about that Centre, it muſt 
become Concave towards the ſaid Curve. | 


— — — ——. 


” 4 . 


8 —— E . Co N T. 7 I * . p 
* . % C1 ” * * : . R 
* 4 +4 " * E * — 


Of the Uſe of Fl vx loxs in /mding the Eyoluta 
/ @ given Curve, - | 


DEFINITION: 


ET ABCD repreſent a given Curve, and ſuppoſing the 
Point D fixed; let the Curve be imagined to unbend it- 
ſelf uniformly, beginning at the Point A, and conceive the 
Point A, at the ſame time to move according to the Directi - 
on A G, in ſuch a manner, that the ſeveral Diſtances E B, 
FC, GD of the Point A from the Curve AB CD may 
be always equal to the reſpective Portions AB, AC, AD 
ol the ſame Curve intercepted between the Points B, C, D, 
and the Point A; then the Curve Line A E F G is called 
che Involute Curve, or _ of Evolutie , as is the Curve 
n V br AB 
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AB C D, firſt given, called the E voluta, or Evolute of the 


Curve A E F G. | 
| Tas Lined BE, CF, which 

* are always equal to the intere 
Portions BA, CE of the Evoly- 
ta, are call'd the Radii of the Cur - 
vature of the Inyolute Curve in 
Points E, F; and conſequently e- 
very Ray of the Evolute, as C 
is equal to CBA, the Portion of 
the Curve evolyed ; whence it fol. 


CF, DG, become Tangents to 
the Evoluta in the ſeveral Points 
B, C, D, and Perpendiculars to the 
ſeycral Points E, F, G, in the invo- 
lute Curve A E F G, where they 
interſect it, as is evident from the 
Generation of the Curve of E- 


volution. 7 1 14 | 

Secondly, THAT the Ray D G, the Tangent to the Evo 
luta in the Extreme Point of it, D is equal to the whole Curve 

Line ABCD. LIL | Edirne 
Thirdly, A N Þ becauſe the Curyature of Circles are in a 
| reciprocal Ratio of their reſpective Rays, it follows, that the 
Curvature of the involute Curve A E FG, in the Point E, is 
to the Curvature of the ſame Curve in the Point F reciprocally 
as the Ray B E to the Ray C F, or as the Ray CF is to the Ray 

BE: whenge it is evident, that the nearer the Point F (ſu 

poſing it in a State of lowing) approaches the Point G, the leſſer 
will be the Curvature of the Curve A F E G, 'till at laſt, when 
the Point F coincides with the Point G, it will be leaſt of all, 
and conſequently a Minimum. Again, the nearer the Point F 
(ſuppoſing it ſtill in a State of flowing) approaches to the 
Point A, the greater will be the Curvature, till at laſt, when 
the Point F arrives at or coincides with the Point A, the Cur- 
| at ended ene ca 
I 


[ 


lows : Firſt, That theſe Radii BE, 


X . — 
83S FF SSS Serge on mo 
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yature of the inyolute Curye A E FG will be the greateſt, or 
a Maximum. | 

Ho from any Curve AEFG, conſi dered as an involute 
Curve ſuppoſed to be known or given, to find its Evoluta 


ABCD, ſhall be fully exemplified in the Courſe of this 
Kection. 


| PROBLEM I. 

THz Nature of the Curve A C F being given, together 
with the Poſition of a Perpendicular C H in the Point C, to 
find the Length of the Ray CH of the Eyolute Curve. 

LET AD de 
the Axis of the RE 
Curve ACE, CB © C 
an Ordinate at right 
Angles to it : from 
H, the Extremity of 
the Ray CH, draw 
H E parallel to the 


Axis AB D, to meet 5 | B 

the Ordinate C3 1 | * 
uced in E, chen N | % 

will the Triangles E 

VB C and CE H 

be ſimilar (for the Angles at B and E are right Angles, and 

the Angles E C H and CV are equal to each other) where- 


fore putting AB= x, BC=y, the Arch AC v, and 
(E= it will be (by Prog. II. of Seck. I. Part IL) as 


x:v::BY:VC::CE:CH; but v +9 (by 
Prop. III. of Se#?. I. of Part. ul.) wherefore & : xx +77) 


— f 


8: RISES CH; whence ſuppoſing x a condtan 


Quantity) S* TY . nag 
— = 


JA 
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2 7 yy 
v8 TN Kory 5 dnided by #, that 


in 8 Sxx + 251 


XXX x + Jy en 
— 472 OW (by putting y in the room of &) ; but 


becauſe as Y: U:: CE: CH (by t the preceding Part of the | 
Demonſtration } if we ſubſtitute x.» ＋ Ti in the roam of v, 


and 22 h the room of CE (o which it has been 
— 


proved to be equal) we ſhall have x ixx +55 * yy, 
— -2 17 
De, forthe Ry 


— xy ' —_—Xy 
of the Eualuta of the Curve A C >. 5:7 ; 
Bur if the Ordinate 

BC iſſue from the ſame 
Point H, draw H E perpen- 
dicular toC B, and let Ch e 
repreſent the naſcent or fluxi- 
onary Triangle, which, be- 
cauſe of the Equal of the 

' Angles C, and EB CH, 
C and CEH, will be 
ſimilar to the Triangle CEH, 
and putting CE = , CB 
, then will Ce be equal 


— 
„ 
oy 2 fot as CG: Lei. 

E H 


4 1 
= 
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E H; and becanſe 8 Ch: Ce:: EC: CH, it will be a8 


he War 7 


4 7 128: rr mr 1 ; 


whence v +exinrdry 1255 = xa 


3 divided by x, ſuppoſed to be a conſtane Quan- 
ww x + 


2 x ＋ +2939 


* tity, will give —— T = 0:4" whence = 

. XXXX +9 ile 

8 £x* +27), bot j: 2 * 2, tent; 

— 

| wherefore & = Sit £55 FL, 

5 #7 "FI 

7 conſequently — 2 y + Sxx +& 3) =5x Y, and 

6 28 L Now if we ſuppoſe the Ordinate y to be 
| * 9 =) 

* infinite, the Terms x x and y Jy will vaniſh, and this laſt Form 

10 will coincide with the preceding F 


AG A1N,'becauſe of the Similitude of the Friangles C6 c, 
CEH, we ſhall have sC6: Cn CE: CH that is, it will 


dere eee 
xx +yy—yJy XX = 
the Value of the Ray CH: whence it follows, That one 


he Curve can have but one Evoluta, becauſe the Value of 
H, CE or CH is but one and the ſame, 
CB 


Ir the Value of CE = x x — yy (in the firſt Caſe where 
* 
the Ordinates are . parallel) ee (in the 


” a 


„ 


8 1 EY b "eu » 9 * 1 | N * od 4 N , * 6 | F , P . v & 2 * N * 1. * 
k bs , | v 
* % ; ' | 1-8 
* . ' 1": i 
* y , 1 1 


ſecond Caſe, where they are ſuppoſed to ive from. 
be poſitive, we muſt — the Polat E on the ſame Side . 


the Axis A D, or the Polnt B, as has been ſuppoſed in the pte. 
cedling Inveſtigation, Whence it is alſo evident, that the 
Curve will be Concave toward the ſame Point or Axl, but 
if the Value of C E be negative, the Polnt E muſt be taken 
on the Side. of the Curve oppoſite to the Axis A D, and 
— 7 Curve will be Convex towards the Axit AD, ot 
Point 
Now if the Nature of the Curve be given, we may get 
the Values of  y and yin * x, or of y wand yiny , Which 
being ſubſtituted In the preceding Forms, there will ariſe an 
Expreſſion for C E freed from Fluxlonsz and then draw» 
ing E H perpendicular to C E, it will cut CH, the Perpen- 
dicular to the Curve, in the Point H z whence the Length of 
o_ Ray 2 obey ape wp * 
ow if we ſuppoſe A C er the following Figure) to 
be a Curve of 2 — whoſe Axis AD is wn Ho. _— 
to the Tangent in the Point A, and it be required to find 
1 R, wherein the ſaid Axis touches the Evolnts 
Ir the Point C be ſuppoſed to be'infinitely near the Vertex 
A, it is manifeſt, that the Perpendicular CQ will interſect 
the Axis in the required Point R; whence if you would find 


the Value in general of B R in x or y, and afterwards 
x 


you make x or y = ©, we may determine the Point B, which 
is to coincide with A, and the Point which coincides with 
the Point R required ; that is, B Q will then become equal to 
3 — as will be more fully explained in the Sequel of this 
ve 108, 


OP 


E X A M- 


| e E 


7 
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EXAMPLE I. 


Lit ACK be a Para» F 
bola, AD L Ax and 
poſing g the Line H 
1 drawn perpendicular 
to the Curve In the Point C, 
let it be required to deter- 
mine the Polnt H in the 
Kvoluta of the Parabola, | 
Put A B, B C2, V 
the Parameter 4, then 


will 2 == y , from the 
Nature of the Curve, and 


A. 


E JP 


gl 


= —— (by putting ã x x in the room of y, to which it is 
equal)andraking again theFluxion of this laſt Expreſlion,we ſhall 


haye (ſuppoſing a a conſtant Quantity) 5 2 


= =< T8 and ſubſtituting an Vun in tie e bs 
1 * 


vnd y, in the groen Equation 2. we ſhall have 


— 
d 2.2 . Whence we 


have the following Conſtruction. 


FROM the Point V, in which the Tangent c V cuts * 
Axis, draw V E parallel to CH, I fay, it will 1 the 
Line CB produced in * the Point required for the I 1. 

BY 


* bs " P wy 
- A * of p * 4 I "- 
* — . 
7 % - * 
. 


160 FLUXTONS. Part II. 
B V and C VE, being right Angles, as CB: BV:: VB: 
B E; chat is, as T: 2 K :: an: BE + 7. | 


7 ' 


(for = 1 ) and conſequentiy C B 


„ * 


3 


+ BE=CE=7x +4*X4x, 


| | a 
AGAIN, becauſe the Triangles CB Q and CE H are ſimi. 
lar, as B C: B Q:: CE: EH; that is, as @ : 14124 


— t 
— — EH SBD SIT 2; and conſequently 


Q D is equal to 2 x. From whence we get this new Con- 
ſtruction ; Take QD, the Double of AB, or (which is the 
ſame) take BD = VQ, and draw D H parallel to C E, cht 
will meet the Perpendicular C H in the Point H, which will 
be in the Evoluta R H. ; 
Now to find the Point R, where the Axis AD touches 


the Evolute R H, we have B T and ſince this 


Quantity is invariable, the Subnormal R Q will always be the 
ſame, whatever Point of the Curve C is in ; and conſequent- 
ly when C coincides with A, then B will coincide with A, 
and Q will coincide with R, and A R will be equal to s = 
B Q; that is, the Vertex of the Evolute RH is diſtant from 
the. Vane: of the Parabola 4 of the Parameter of the Pa- 
a, 

AND to inveſtigate the Nature of the Evoiute R H, put 

the intercepted Diameter RD == , the Ordinate BE or D H 


v whence DH = v = N, and A B +B Dm 
ARS 2 3 x,and conſequently 3 ] and ſubſtituting 
+ z in the room of x, in the Equation, v , we 


Sec IV. F EN 
ſhall have 27 4 VV =: 16.8" which « A E == 4, oF 
expreſſes the e Relation 6 N b * 
D H, and ſhews that R H, 5 
Evoluta of the Parabola, is a Cu- 
bical Paraboloid, whoſe Parameter is 
is of the Parameter of 2 Para- 

bola. 

Ir is evident, that if the Curve. 
of Evolution CA C be a whole | 
Parabola, as in the adjacent Figure, ir | (.. 
the Evoluta H R H will conſiſt * 
of two Parts H R, H RI havin 
contrary Convexities, ſo that R 
be the Point of ns \ 


161 


t 
. I e 
. 


AH n. 


Lz T os Curve of Evolution be- an Hyperbola 
within its Aſym 1 and let it be required to deter- 
mine the Point in the Evoluts. ( See the following 


Figure.) 


LitCAC repreſent an Hyperbola A D, AM its Aſymp - 
totes, C H the Ray of the ZVoluta. 


Pur ABS, BC=y, and the Parameter =z 43 and be- 
cauſe, eee the Cutye 8 4 = x y, We ſhall have 


x = 7. and x = _ and oppoſing x a conſtant Quan= 
try, the Fluxion = laſt Quit 21 E; 2 


=0: Whence = 4 +3 445 = Oz 10 6 
=445* y; and diyiding * Part by 4 45, We ſhall have 
of 
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| sb 045 = 222 ng piring tk Vine in the 


4 ; 
i / _ « 4 # * 1 « 
i . 1 . a \ 1 #3 - S ' : 15 1 | " 
; 40s © . 118744 | 


-+ 


Hr ws, «a ww 


A 4A 


| ' 
© \ \ Ll * 3 = * 
* 
} * 
* ' 
i | 7 ' 0 F 4 1 
| - ] f ( Y 1 . ' 
, i | i i ' 


f . 4.3 | | P 4 U 30.0011 J 1 
| > A Pe 
room of in the genera en +25, wel tha hare the 
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. cn And betauſe 
i — 293 = T 1-23 y 


the Triangles C B Quand EC Ris nl, it deck 05 wha 
B.: CE: EH, . ax 3 5 


=157 e 


as uk _ = EH or B K z and wy «riſer che followlg Con- 
frudtion. N 1 

THR oven the point V, where ha Tangent C V cuts the 
Afymptote AM, draw VP parallel to CH, until it interſect 
C B produced in P; take C E equal to half CP, on the oppo- 
ſite Side of the Curve, in reſpect 1 the Aſymptote A M, which 
is inſtead of an Axis, becauſe the Value of C E is negative; 
or take BK =4Q on the ſame. Side of the Ordinate with 
V: I ay, f EH be grawn parallel to X M, ot K H be drawn 

perpendicular to A M, either of them will interſect the Ray 


en in H, the Point required; for it is evident, that V Q 
=! + Fo becauſe a x: $91 beg V, and x iy 


ty 70 e- becauſe C B 


a ard 4 03: „ -( 0 :CV:VP 


= 2%, whine C B T BP = LEES. on» AJ 806 


Y.v 
CE 


FAOM an Inſpecion of the Figure of the Wee Ag 
CR Cir vill appear that the Eve/nze HL NH will 
Point of Retrogreſſion L, in like manner as the El ue of 
the Parabola, | 


X 2 Now 
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No w to determine the Point L, the Vertex of the E voluta, 


or the Point of Retrogreſſion, it -muſt-be obſerved that 4 | 


** of the Evoluta R L'is the ſhorteſt! whence ir — 


—— 5 
— . XXTI) = TIS, 


will be equal to o, 4 conſequently ſuppoſ ing x a * 
ri r * 

— . 7 + 2 
xx) : XY il 

whence — 3x# +) eee, 2 

and dividing by x x + y y » we fhall, have 

— . e und Eriding vin b 

| x 


x, . will ariſe — 377 14 * (Xx AA pas _ Py which 
Equation will ſerve to find A he Value of the Abſcifs 
So that drawing the Ordinate R F, = the Ray of the Evo- 
uta R L, the Point L will be the Point of Rerrogreſſion. 


o, 


Quantity = 


a K 
Tavs in the preſent Example 2 "= * andi J= 2 

; \ ob | 3 * 3 6 44 * 
and 19 95 = and S FE —, and ſubſtirocin 


theſe Quantities in the Equation * 3 ＋ 9 — 3.7 * 0, 
—_— 6 124" x 
we ſhall have — 1 fx. . 2g; Vie 
multiplying by *, and dividing by 4 4 x*, we ſhall hate 
— 6 x — 0 + nero; tath,s x =6 &*; that 
is, 4 , conſequently 4 = x = AF; whenceit follows, 
that the Point R is the Vertex of the Hyperbola, and chat t 
Lines AR, RL, make but one ſtraight Line AL, which is 
the Atis of the Hyperbola, and the Point of Retrogreſſion L 
is in the ſaid Axis, and may be determined by the foregoing 


general ConſtruQion. 
EX AM. 


. NRO is; 


f 1 4b er ets at ae N 
| %- -"ASNES 2 UE + 
Leer che general Equation x* = - expreſs the Nature of 
all ſorts of Paraboloids, when the Exponent m is a poſitive 
Number, whole or broken, and alt forts of Hyperboloides, 
when m repreſents a negative Number and let it be required 
to find a general Theorem expreſſing the Value of the Ray of 
the Curvature of all ſuch Curves. e 
BECAUSE # = , therefore x ] and finding 
again the Fluxion of this Fluxion (ſuppoſing x a conſtanr 
Quantity) we ſhall have m. mn . = o, 
2 dividing by m Y**; there will ariſe — ) — = = 


' IH memes [| 7 
, and 


2 03 whence— y = m—1 Py, and y 


ſubſtituting this Valuc in the general Equation 2 wo 


* 


hall have 2 eL 


n, m — 1X 
and conſequently E H = 2+ == 3; Whenee a- 
r 
riſes this general Conſtruction. | 
| THROUGH the Point Y (See the Figure to Example 1.): 
in which. the Tangent C V cuts the Axis; draw V E parallel 


to CH until it interſect CB produced in E, and then take 


= CEx: 


8 1 5 
CE = EXT of the Diſtance, between this Interſection 
and the Point C (which, if n be negative, or a Fraction, 
will be negative) or take B D 8 VQ; then it is evi- 
dent, that if through the Point E we draw. a Line parallel to 


the Axis AD, or through the Point D we draw-a Perpendicular 
tothe ſame Axis A D, they will interſect the Ray CH in the 


Point 


166 'FLUXIONS. - Part 
Point H, the required Poigt, 7 the Evoluta for CS is equal 
co 4 x e therefore —— 19 0 1 ee 


* N 


er 


11 EXAMPLE IV. * 


Lr . Curve AC be an Hyperbola, « or an Elli 
whoſe Axis, or tranſverſe Diameter A E, is equal to a, and 
Parameter equal to & and let it be required- to find the Ray 
CH of the Evoluta R H. 


BECAUSE the 'Equation, expreſſing the Nature of the 


4 b * FT bx x 
_ =" 


abxF2bxx ht ai e e 
CC XXXcDNX=x, | | amera 
acabxFabxx* purting y eg Wr - 


„ ve ſhall have 5 equal © 
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and 7 equal co the Denowinarey =, mag = e 

| . $93 \ Davabbux Gr 
Far TAN 4252 P A 

2 and g the Values) and {ubſticuting th — laſt Quantity 3 in the- 


prong x — XX 2 — 2 =CH, 


RIS 1 F bn wag o 
I # 7ibbFaabbeTabbaxTaaabxFaabs 
| A CH= en 
xX24bb F 4aabx+4bbxx +4446 x F br A 
| 244406. Dt 1 git it 
becauſe 0 xx +5, — cab bEaabrebabbent 1 
* 2 4 


TY” 


lowing Couſtrudtion, 


F up a, fourth continual Proportional to the denial 65 


nd the- Perpendicular C Q, by making 6, CQ. oY —-, 78 
continued Proportionals, and multiplying the laſt N 


bo 
= FF b 4. we ſhall Nye HE ='C H, forthe Ray of the 


Bevkiw's whence H is'a Point in the Exoluta to be found. 
Whence it follows : 


Firſt, Ir X be put equal to o, then the Radius of the Cur- 
vatute A R will be 2 6, or the Parameter; and in the Ellipſis, 
if we ſuppoſt v = 1, the Tranſverſe Axis; then the Radius 


"4 
of the Cut vature D H will be = equal to half the Pa- 


i | 
2 ) T, 'whence ariſes the fol- 


<nodue rameter 


FN 


4 Gs 3 
E \ 
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rameter of the ſhorteſt, or Conjugate Diameter; whence i it 
is evident in the Ellipfi g, that the Evolata R H tetminates 
in the Point H in the ſhorteſt Axis D Oz) bu but in the Parabola 
and Hy perbola, it 8 infinitely... — — 


nN Ken TT 


Secondly, kad Ellipſe, if a ==; rf then c 1 2 tanz 


conſtant Quantity; hence it follows, that all the Rays of 
the Evoluta are equal between themſelves, which conſequent. 
ly can be but a fi ngle Point; that is, the Ellipſis, in ſuch a 
Caſe, degenerates into a ee "whole . is its 
Centre. — = ] I nts 


EXAMPLE v. 


LET ACD be. the common” 3 Cutve, the 
Nature whereof is ſuch, 

„„ that drawing (from any 
. Point in the Curve C) the 

D Line CB. perpendicular to 
theAſymptote KQand CV, 
touching the Curve in the 
Point O, and interſecting 
| the Aſymptote in V, the 
| — Subtangent B V will be 
. P ” een 
e N. = 

Now becauſe as y: * 2: (putting. the Ordinate 
B C = = (by Prop. I. elt. I. Part IL 0 therefore B V=4= 


22, whene . el and = yx . — ſubſtituting 
F., 


2 x in the room of Js and ſuppoſing x a conſtant Quad 


| but C E is equal — by the general Equation ;' 


whence 


SSS 839202 22.8. 


Sec IV. FLUXTONS wg "| 
whence CE = — by ſubſtituting LLEE LEE inthe | | 


room of y. and in the room of, and conſequently, | | 


becauſe as VB: BC BC: 0, thats 50:9: 7 2 | 


=BQz and as CB: ds CE: Ri thr, mg — | 


to EH 4 whence we have — Pee Conſtrudtion, 
TAKE BK = QL, on the fame Side of the Ordinate 
with the Point V (becauſe its Value is negative) and draw 
K F parallel to B C, until it interſect ; Perpendicular 
to the Curve CH in H, a Point in the Zvolura: For VB 


= 4, and BQ = 2, and conſequently VQ is equal to 


442 4 57% 
4 * 
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LET ACK be 
the Logarithme- 
tick Spiral Linc, 

__ and let it be re- 
quired to inveſti- 
gate the Value of 
the Ray CH of 
the Evoluta. 

INASM UCH as V ** 
the Nature of the 
ſaid Curve is 
ſuch, that draws 


% 
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ing from any Point of the Curve, as C, the right Line 
CA to the Centre A, and the Tangent C V, the Angle A Cv 
will always be the ſame. 

Ax Þ becauſe the Angle AC V is 4 conſtant Quantity, the 
Ratio of the Fluxion of the Ordinate, to the Fluxion of the 
Abſcifs, will be a conſtant Ratio (Prop. I. See. I. of Part. Il.) 


and conſequently 2 = © z whence y ( ſuppoſing * A con- 
ſtant Quantity) will be equal to nothing, and conſequently the 


general Equation? 22 — +227 ra=CE will become ZA 
* * * ＋ 
ince the Quantity y 3 will vaniſh) and this being divided by 


x x + y 5 the Quotient y will be the Value of CE; that is 
CE will be equal to C A; from whence we have the follow- 
ing Conſtruction. 

DRAW A H perpendicular to A Co and C H perpendiculer 
to the Curve in * Point C, then the mutual Interſection of 
theſe two Lines will give che Point H a Point in the Evoluta; 
whence it follows: 

Firſt, THAT the Angles ACV and A H C are equal; for 
each is the Complement of the Angle A C H. Therefore 
the Evoluta A H G is alfo aL ogarithmic Spiral Line, and the 
Curves ACK and A H G differ only in Poſition. 

Secondly, I'F a Point H in the Evoluta A H G be given, and 
it be required to find the Length of the Ray CH equal to the 
Buy of the Curve AH (which makes an infinite Number 
of Revolutions before it terminates in the Centre) draw A C 
perpendicular to AH, until it interſe& the Tangent HC in 
C; then is HC cqual to AH, the Portion of the Spiral 
evolved; and if A V be drawn perpendicular to AC, then is 
the Tangent CV oy to the Portion AC of the given mw 


BxAK 


DnB CAR 6 


> 


GEV. FLUXIONS. 


EXAMPLE vn. 


LzT ACD ba ooy of th infrt Sore of Spc Lins 
formed ia the Sector of a Ci - 


171 


cle I let it Lk ＋ 
uired to e Length o ) 
Ray of the Evolute CH. 
pur the whole Arch PBD Hd. 


the Equation, expreſſing the Na- 
ture of the Spiral Line A C D, 


we nic hen inn 5 V 


= =, btw AC:AB:is:5, becauſe the Arches are in 
the ſame Ratio with their reſpective Rays; wherefore as 
y 1 21 15 conſequently 2 = ZZ, which being ſubſtitu- 
ted in the you * in the Nedes Equation, ve ſhall have 


17 2 and the Fluxion of the Equation (ſuppo- 
fing * a conſtant Quantity) is mmy"""3 u 5 03 
whence wy y +5 y = ©, by dividing by mg" 3 whence 


— =" and conſ uentl oB is 
75 75. eq 7 9 


ä (by ſabſtirutiog v, y v inthe room of 
x x+ 11 ＋ 9 


= , PB=&'AP=AB - C 
= 4, and AC =; and let 82 
PL 


4 hu to which neu) Oy CE; whence we have 


R "Y 2 THROUGH 


192 FLUXIONS.  Patlh 
Tuxoven the Centre A draw the right Line V A Q'per- 


pendicular to A C, and interſeQing the Tangent C V in v. 
and the ; Perpendicular to the Curve Q C in Q then ſay, as 


VA+m+1AQ:VQ::CA:CE." Ia, E H drawn pa- 
rallel to V iT interlect the enen ads H, the 
Point in the i voluta required. | 


Fon (becauſe the Line C G is parallel, to aQ ko 
=* XY 4s, and as I: 42.22 + *: 


LT AG vd; Ac CES 22339, 
+#FLAQ: VQ:: , r 


EXAMPLE VIII. 


Ir the Curye A CD be a ſimple Cycloid, who Baſe D y 
is equal to the Se- 
A mi mference of 
the generating Cir- 
cle A E P, let it be 
| uired to find the 
K Value of the Ray of 
B the Evoluts H C. 
Put AB = 
| BC, the Arch 
P AE. = 2, and A? 
2 2 and becauſe, 
from the Nature of 
the Circle, B E is | 


equal to a 8x—xx* 
and, from the Na- 
ture of the Cycloid, 
BC= y= ET 


N YETI: 
theres 


— — +. * 


** 


2 


'G 


— * — = = KN 
1 ** -* a 


. 


| [3 4 "& 4 4 * 
eie but = =. there» - 
= | SITS, 


* 77 — 


A 2 


= xx 24= — y viding by 2 4 — # ); whence (ſup- 
* 


NN 
* raconſlan antity ky —— 
V = KK = N 
and ſubſtituting this Value in * general Equation, 


L toy 2X3) —.— ve ſhall have (becauſe 
mY . 


Fg 24— t . XIX TN 
5 * — — 2 — 


| 2 2 a * F 
2 „ö N ert If — 
1 1 een 


e- c= Gx FFT em 


= 2 CG, becauſe CH, perpendicular to the Curve in the 
— C, is parallel to the Chord P E. From whence it 
lows t: 


Firſt, Is x be ſuppoſed equal to Nothing, then is A N 


=21X 77 = 4 4 equal to the Ray of the Evoluta on the 
Vertex, And if we ſuppoſe x = 24, then C H ls equal to 


ie = ©; that is, the Ray of the Euoluta 
in D is equal ro Nothing, and in A it is equal to twice the 


. and hence it is evident, 
chat 
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that the E voluia begins in D, ant gad nN. r PNis 


equal to P A. 
Secondly, THE g- DH N f Sm 1 
to the Senilcycloidd A Compleat the Sele 1. 


and on the Diameter 8 Abe the Semicirele "Fr IS, 2 
draw the Lines DI, CH, EP parallel ta each other, then js 
the Angle P DI equal to the Angle EP P, and coniſequently 
the Arches Dl and P E are r but E P = CG = GH, 
therefore GH = DI; and if IH be drawn, it will be 
and parallel to DG. Now, by the Nature of the Cycloid, 
DG is equal to the Arch E p, equal to the Arch DI, and 
conſequently the Evoluta D H N is a Semicycloid, whoſe 
Baſe is S N, equal to half the Circumference of the gene 
rating Circle DIS ; that is, the Evoluta is equal to the 
ow Cycloid, andthe fame with i, only AE N 
oſition. " 


' Thirdly, Taz Length of the Curve of the cyciod DHN 
is equal to twice AP, . equal to twice the Diameter of the 
generating Circle ; and any Portion of 57 Cycloid, as DH is 
equal to twice H G, equal to twice D I, equal to twice the 
correſponding nr in the generating Ciide 

Bur the Length of the Ray of the Evolura on 
may be determined, without wy "CONES, after this 
manner: 

IMAGINE the Perpendicular CH, to the Curve ACD, in 
the Point C, to be in a flowing State, and move into the 
Place Ch, in which Time the Line C E will become ce, 
and the Chords PE and AE will become P e and A e; then 
will the naſcent Triangles G Lg and EQ e be ſimilar and 
equal; for the naſtent Augments G g and E are equal 
{becauſe PG = E'C is equal to the AE) and L 2 
— C62 Ee, or Pe- PE, n * 


I ͤœ ůͤücprññ;ñ;w . I RI Re ES at 


2 * 


Tea KLB 


Angle CHEP, becauſe the Per 


" BB &' 2 


Gre AG BN, 


SV. PLOXIONS wy 
| ars C H, 4 h, 
are parallel to the-Chords P B, Pe, and the Arches GL,EQ, 
the Meaſures of "thoſe equal Angles are alſo equal, in- 
iſmuck s ey ate . the ſame ſmall Particle of 
Time; therefore their Rays HG and P E are alſo equal, and 


- conſequently the” Rey bf che Booſurs' CH is equal to twice 


1 hAOPOSTTLON, 
70 fade, Nowberof inseln A c. BN, FO, e 


given Evolute B FH 

Ir is manifeſt, that while the given Line H F B A revolves 
about the fixed Point H, that the Points A, B, F will deſcribe 
the Curves AC, B N, F O, to which the given Curve B FH 
is the common Evoluta; but becauſe the Curve FO is de- 
ſcribed by the Evolution of the Part H F, it does not begin 
in the Point F; and in order to find where it does begin, 
the Part B P muſt be taken as the Evolute, the Point B being 


the fixed Centre, and beginning at F, the Part K F of the 
Inyolute K F O muſt be deſcri which begins in K, and 
is the Involute to the whole oh B FH. Whence it 
follows: 4 3 

Firſt, Tear the Involute 0 
Curves A C, B N, F O differ 
very much from each other as 
to their Nature, ſince in the 
Vertex A of the Curve AC, the 
Radius of the Eyolution is equal 1 
to A B, whereas that of the 
Curve B N is nothing, It is © 
likewiſe: evident, from the Fi- | 
gure of the Carve K F ©, that biet 1 
it differs very much ftom the 


N * had 4 "II 
: =Y + / N 
- WING iv e & 
4 l P * 
vw * 
* „ y 
* 71 * * 
1 — * 
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Secondly, THAT the Cutves A C, BN, KFO, are Geo- 
metrical Curves only, when the given Euoluta B F H is a Ge- 
ometrical Curve, and zeftifiable-: For if the Curve B F H be 
not a Geometrical Curve, When B E is aſſumed for an Abſcifs, 
the Ordinate EH cannot be determined Geometrically ; and 
if it be not rectiſiable, when the Tangent 
the Points C, N, O, cannot be determined in the Curves AC, 
BN, K F O, becauſe ſtraight Lines cannot be found equal to 
che Curve BF H, and its Parts BF, FH. 

Ir the Evolute B A N M has a Point of Taflexion in A, 
then from the Evolution of the Part BA D, beginning at the 


Point D, there will be formed the Part DE! of the Inyo- 


| % 
| LiF 
/ * N 
0 - * Y 1 f 
* 


H 


lute, and from the Evolution of the Part D M will be gene- 
rated the remaining Part D G of the Involute. So that the 
whole Involute Curve, formed from the Evolution of the Curve 
B A M, will be FE DG; whence it is apparent, that this 
Curve has two Points, D and E, of Retrogteſſion, with this 


— that at D che Parts D E, D G haye oppoſite Con- 
yexities, 


HC is drawn, . 


| 
] 
| 
\ 


AF F 


40 W. FLUZION® 197 


vexitics, and at E the Concavities — — und E.F lie iy th in the 
ſame way. And in order to e Point ot Re 
which may Cel a Point 12 eon eget 
Kind. 

FROM any point C, in the Curve D E, draw C N. a Per- 
pendicular to it in the Point C; and from che Point N, where 
che Ray touches the Evolute D A B, draw a Pergen iculac 
NH, and imagine the Lines H N and N C to flow into the 
places H ꝝ and a c; then will the naſcent Sectors C N c and 
NH be ſimilar, becauſe the Angles C Ne and NH are 

equal, therefore isNs: Cc::NH:NC. Now in the Point 
A A of Inflexion the Ray H N becomes infinite, or vaniſhes, and 
the Ray C N, which becomes A E, continues finite ; there- 
fore in the Point E of Retrogreſſion of the ſecond Kind, the 
Ratio of _the Fluxions of the Ray of Evolution CN, and of 
the Curve D E, which are as the naſcent Augments N n, C c, 
will vaniſh, or e infinite: And 2 the Fluxion of — 


Ray C N is equal to — 1x1) ** IA . + > 
+ 
and the en K che. Curyc D E is x* EL 9 


2 8 Expreflion dm 


| Point of Retrogreſſion of the ſecond Kind. 


Now if an Involute DEF, or HDEFG, (See the 
following Figure) has a Point of Retrogreſſion of the ſecond 
Kind, the Evolute B 8 may have a Point of Retrogreſſion 
of the ſecond Kind aps o that the ſecond Point A of Re- 
trogreſſion anſwers to ha > ſecond Point E ; that is, both lic in 
the Ray of Evolution iſſuing from the Point E. Now ia this 
Suppoſition it is evident, 92 the Ray of Evolution E A will 


aways be a Maximum or a pup: and therefore nn 


a FLUXIONS. ban 


eber the general Expreſſion for the Rays dt EW 


"A 


lution will vaniſh, or become infinite; whence the ſame ge- 
neral Expreſſion is obtained, as before, and which muſt be 
N inveſtigate the Points of Retrogteſſion of the ſecond 
n I | : * 5 * | 


— 
» — 


SEC: T. „ ns 

Containing the Uſe of Fru xioxs in finding le 
Gaal Cores „ Rel 

Lr ACD repreſent a Curve, K C a Perpendicular to 


the Tangent to the Point C, BC an Incident Ray iſſuing 
from the luminous Body B, C F the ſame Ray reflected ** 
| ; | the 


— 


a 


— Gl . $4.4 I 4 


the Point C, and F the Fo- 

cal Point. Now if the ex- C 
creme Point C.of the Ry — 
B C be carried along the | 
Curve A CD, and che An- 
gle, F CK, formed by the, 
reflected Ray F.C, and the | 
lat to the Curve in the Point: 
C, be in every Point of the 
Curve AC D equal to the S f 
Angle BC K, formed by 
the ſame Perpendicular KC, \- 
and the Incident Ray BC, the I | 
Point F will, by\this'means, I * B 
generate the Curve Line . . 
FH, which is called the Catacauſtick Curve, or Cauſtick 
Curve by Reflection. f | | 


In the following 1 * let H A be produced to I, ſo that 
AI AB; and if the Cauſtick H F N be evolved, and the 
Curve, deſcribed by ſuch Evolution, begin in the Point I, the 
Curve I L'G will be deſcribed, and the Tangent F L will al- 
ways be equal to the Portion of the Cauſtick F H, encreaſed 
by the right Line HI | 1 

_ IMAGINE the Incident Ray B C, and the reflected Ray 
CF in a flowing State, then will the naſcent Triangtes © O P 
and CEP be ſimilar; for the Angle OCP is equal to the 
Angle E CD, equal to the Angle E CP, and the Hypothenuſe 
CP is common to both, therefore the Sides OC, E P, are 
equal between themſelves, Now OP and C E are as the 
Fluxions of L C and B C generated in the ſame very ſmall 
Particle of Time, and conſequently their Fluent will be equal 
amongſt themſelves, Wherefore CL IAS AH THF 
—CF (equal to the Fluent) = BC - BA; e | 

S's + HF 
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ni 

4 | y 

Hr (che Portion of the Cauſtick H F Nis equal to BC—BA . 
+ CF— AH Wbhence it follows, ; C 


Firſt, Ir on the Centre B the Arch AR bedeſcribed; it is 
evident that R C is equal to C B AB; and if we ſuppoſe 
the luminous Point B to be at an infinite Diſtance from the 
Curve A C D, the Rays of Incidence B A, B C, will become 
parallel, and the Arch A R will become & ſtraight Line, cut- 
ting the faid Rays at right Angle. 
_ Secondly, 1r we imagine the Figure B A CD to be reverted 
on the ſame. Plane, ſo that the Point B falls on the Point I, 
and that the Line touching the Curve A CD in A, touch the 
ſame in the reverted Poſition in the fame Point; and if we 
imagine the Curve A CD immoveable, and that the. reverted 
Curve 3 CA revolves on the ſame, ſo that the Portions A C, 
4 C, be always equal between themſelves: I ſay, the Point 
B or I, by ſuch a Motion, will deſcribe a ſort of a Cycloid 
ILG, whoſe Evoluta is the Cauſtick H F N. 


FoR 
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Fo, from the Geniſis of the Curve it is evident, Firſt, that 
he Line L C, drawn from the deſcribing Point L to the Point 
of Contact C, is icular to the Curve I L G. Second 
h, La=1A =BA, and L C equal to B C. Thirdy, the 
Angles made by the right Lines C E and the 3 
in C (co mon to both urdes) ue ql, ry do: wes conſequently 
iC Lbe petpendicular to F, 8 F will be tis reflected 
Ray of kn Ray of Inci BC; whende it is evident, 
thar the Petj dicular LF — Cauſtick H FN, and 


becauſe this holds good ih in whiteyer-Potfit of the Curve I G, 
the Point L be taken, it! TL G is ge- 


Hows; that the 
„ the Evolution of the Cauſtick H FN +HL 

Thitdy, An p hence it appears, that the Portion FH, or 
FL - HI, is equal toBC+CF— BA—AH, as has al- 
ready been ee! 

Fourtbly, Ir the Tangent D N be dra wil infinitely near 
the Tangent C F, the Points of Contact N, E, and the Point of 
Interſection V, will coincide ; ſo that to find the Point E, 
where the Ray C F touches the Cauſtick HEN, is the ſame 
thing as to find the Point V, in which the r 
CF, 2 near each other, coneur. 


PROPOSITION L 


TIE Nature of the Curve A CK, the ORE Point B, 
and the Ray of Incidence B C being given, to find in the 
reflected Ray CF, given by Poſition, the Point F where it 
touches the Cauſtick. 

Hayrns found the Length of the Ray CH of the Evo- 
luta to the Point C, ſuppoſe the ſame Ray C H to flow uni- 
formly into the Place H c, and draw the right Lines B c, H c, 
t; on the Centres B and F deſcribe the ſmall Arches CD, CO, 
and draw the Perpendicular HE, He, HG, Hg, to the Rays 
r and put B CS, and C E or 

= 4. 
TAHER 
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ke: "kd T HEN it is e- 


Vuident that the Tri- 
angles Ce, Cos, 
are ſimilar and e- 
qual, and conſe- 
quently C D is e- 
qual to C O, and 
becauſe the Angles 
of Incidence and 


qual, and, conſe. 
- quently, therefore 
HE is equal to 
H G, and H e= 

. Hyg, and conſe- 
a quently HR —He 
| =EQis equal to 

2 G5; and becauſe the Triangles B CD, 
O, FG are ſimilar, it will be as BC-+BE 


H G — Hy 
BEQ,F 


: BC: CD+EQ=CO+GS:CD=CO::CG:t, 


| Wherefore BC+BE:BC::CG:CE;. char is as 29 


4 
—4:y::a: "Tp ear wha Whence it follows: 


Firſt, Ir the luminous Point B fall on the other Side of the - 
Point E, in reſpect of C, or (which is the ſame thing) if the 
Curve Line A CK be convex towards the luminous Point $ 


then y, inſtead of being poſitive, will become negative; 
| — 0: EF 


conſequently C F will be equal to — * 3 277 T2 


Secondly, Ir we ſuppoſe y to become infinite, that is to ſay, 
if the luminous Point B be at an infinite Diſtanoe from the 


Curve ACK, the Rays of 8 will be r amongſt 


themſelyes, and C F equal to ——— 7 „ WII 4 4, be- 
cauſe @ is equal to nothing in refpen of y. 
5 Third). 


Reflection are e. 
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Tbiraly, THz Curve A C K can have but one Canſtick by 4 
Reflection H FN; for one and the fame Curve can have but 


one Evoluta, and the Ray or Tangent thereof enters into the 
Value C F; Lig there can be but one Value of CF. 4 


Fourthly, WHEN A CK is a Geometrical Curve, it is cvi- 
dent that its Evoluta is a Geometrical Curve alſo (becauſe 
in that Caſe we can find the Relation between the Abſciſſa 
and Ordinate of the Evoluta) that is, all the Points H 
may be determined Geometrically; whence it is manifeſt, 
this all the Points F of its Cauſtick may alſo be determined 
Geometrically ; that is, the Cauſtick HF N will be a Geome- 
trical Curve. 


Fiftbh, Ir the Curve ACK be convex towards the luminous 
Point B, the value of C F Kae, 22 2 Vill be al wayspoſitive, and 


conſequently we mult take the Point 1 on the ſame Side of the 
Curve with the Point H, in teſpect of C, as has been ſuppoſed 
in the preceding Calculation; whence it is evident, that che 
Rays of Reflection, infinirely near one another, diverge. 


Sixthly, Ir the Curve A CK be convex towards the lumi- 


nous Point B, the Value of CF = = — - will bepoſit tive when 


r: whence it is manifeſt, a if a "Circle be deſcribed, 
whoſe Diameter is 2 CH, the Ray of the Evaluta, then, if 
the luminous Point B be without the Circumference of the ſaid 
Circle, the reflecting Rays will converge; if within, they will 
diverge; and if the ſaid Point happen to be in the Circumfe- 
rences they will be all parallel one to the other. 

Seventhly, Ir the Ray of Incidence B C touch the Curve 
ACK in the Point C, then is CE = 4 = ©, and conſequently 
CE So; becauſe the teſtacted Ray is in the ſame Direction with 
the Ray of Incidence; and the Nature of the Cauſtick being 
ſuch, that it touches all the reflected Rays, it follows, that it 
muſt alſo touch the Ray of Incidence B Cin C that i is, BC 
vill be a Tangent to both Curves in the Point C. 

| bp Eighthly, 


- _— _- yp _—_— 
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Eight E the of te Feaſts. 
A 4 ow, CE Ke to 29th e CES 


l the Cette | ke 1 man 2 

an c an n 

nas: | to bo W Angle of In ens "has f 
Ninthly, 1x 11 214 of the gt bop 

PE fs Ce will be a ſtraight L . 


= (becauſe CE, or 4, being infinie, 9 will yaniſh) 


will be equal to FT 9; and if the luminqus Point B be on the 
ſame Side with the Point H, then the Value of C5 will be 
negative, and conſequently the reflected Rays will divetge; 

and if the luminous Point B be on the contrary Side of the 


Curve, with reſpect to H, the Value of CF will be poſitive; 


that is, the Point F will be on the ſame Side of the Curve _ 
the Point H, and conſequently the reflected Rays will 1 * 
this Caſe, diverge; whence it is manifeſt, that Rays i 

from any luminous Point, and reflected by any plain Surfer 
will, after Reflection, diverge. * 

Tenthly, Ir any two of the three Points B, H, F, be gi 
ven, the thifd may be found: For Example, if the Curve 
ACK. be a Parabola, and the luminous Point R in the Fo- 
cus, it is evident, that all che reflected Rays will be paral- 

lel to the Axis, and conſequent- 


= ly, becauſe the Point F, where 

8 8 two Rays of Reflection inter- 

- ſect each other, is at an infinite 

/ N Diſtance, C F will be infinite, 
Of ———— F where Om" be taken 3 but CF 


| N — equalto Infinity ; there 
A . 
X 9 RS whence if CE be taken equal to 
' 2 CB, and the Perpendicular E H 
| be drawn, it will cut C H, the Per- 


Ppendicular 


- 


Kar 0 2 09-7 8-Y 2 ETD 


9 * i 
* 1 ; 1 3 7 
4 7 « o * % F 
8 n e 9 \ 
* * s = v * L 
* P 


* 


a FI 0 NS abs 


co e Curie: io Hy which will de in is Funlua of 


the 


AAN, E the Curve A C K be an Elliphs, and the lumi- 
nous Point be in one of the Foci, it is manifeſt, that all the 
reflected Rays will meet in the other Focus F whence if C F 
be ſuppoled qual to &, the = i, N 
b and con- iff 

iequentiy CE ran 4 


E 22S, 1 but if the 


Curve A © * be an Hyper- 

bola, then the Focus F will 
be in the oppoſite Section, or | 
on the other Side of the Curve, the reflected Rays themſelves 
will diverge. ; but being produced they will unite in the Fo- 
cus of the " oppoſite Seckion; therefore E C will be negative, 


4 . e 
1 — == 2 ; that iy CEA 1 


— 4 
_ which gives the following Conſtruction for the Ellipſis. 

Ir CE be taken four th Proportional to half the tranſverſe 
Axis, the Ruy of Incidence, and the re lected Ray, and the 
Perpendicular E H be drawn, it will cut C H, che Perpendicu- 


* eee, in H, the Point in tlie Evolata. 
'E * A M * L E I. 


2613 ** 13147439 


Lear ADCE be + pain Sure, er right Lins, (Fee the 
follrwing Figure) and let B be a luminous Point, and let it be 
—_—_ to find the Canſtick by Reſfection. 

Ir the right Line AE be imagined to be a, Carve Line 
concave towards the luminous Body B, whoſe Centre E is re- 
moved at an infinite Diſtance, then 4 will vanifh, and C F 


equal to TED will bone . y, equal to BC; | 
A wherc- 


| 


'! 
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vherefore benz drown Bb perpendiculir w AE ig BD 
- Mii: =,» :: > +1 2. ins 


| DFequal'to BD, 

then will the re. 
* 0 flected Riy' C 
6, produced to- 


3 N 8 wards F, con- 
+ verge tothe Point 


A ST +, Fe ED ad 
| IN Ba and: al,where- 
| . fore B is equal 

| to CF. Whenc 


it follows: 


Fir, THrar as the Evoluta of the Circle is contratted 
into t e Centre, ſo the Cauſtick, by Reflection of a "ny Line, 
is contracted into the Point F. 15 


Secondly, T HA r ſince if the Eyebe wade any IRE in the 
reflected: Ray CG, ſuppoſe at G. it receiyes the Rays as iſſuing from 
the Point F, it is manifeft, that the * at B wil appear 
ro the Eye as placed in the Point F. 


Thirdly, Ax p becauſe the Ray of 3 is, the refleded 
Ray tot reflected Ray, conſidered as a Ray of Incidence, it 
is evident, that the Rays of Incidence G C, Ge. converging 
to the Point E, will be reflected to the Point B; that is, if the 
Rays of Incidence canverge to a Point F, beyond the Surface 

AE, the reflected Rays will converge to 4 Point on the ſame 
Side with the Rays of Incidence. | 


Fourthly, Ir AE be a plain Speculum, Kick horizontal 
Poſition; then it is evident, that the Image of B will be in F, 


and that of 6 in 7, and confequently the Image will pern 
an inyerted Poſition, of uplics doõ wn. 
* Hf, 


, 
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0, Ir Ba: be a radiating Plane, then it is - manifeſt, 
2 4 made by a plain e is ſimilar and 
equal to its — tion. 
aides Becaust OB is equal to C E, therefore G C 
+CF is equal to GC CB that is, the Diſtance. of the 
Image from the Eye is equal to the Sum of the Rays of Inci- 
e. e | 


E KA IL 


Lzr A.DC-be an Arch of a Circle, and B a laminous 
Point, and let it be required to find the 

Point F in the reflected Ray in which © rr 
vill touch the Cauſtick K FC. 5 | 


THROUGH! the hirhinous Point B, aT 
the Centre of the Arch E, draw the richt 
Line B ED perpendicular to the Arch in 
D; then it is manifeſt; that all the Rays of a 
the Evoluta of the Circle are equal among 
demſelyes, and chat the, fad Euelus D 
is he Centre E; whence HC = 4, and 8 f 


F 


BCS, and conſequent the Value of FC is equal ro 


4 3 Wherefore having produced C Bro O, ſo chat C O be 


17 — a? 
qual 10.2 y — 4, then fay, as 25 - 4: :: 4: CF; that is, 
2s O C: B C:: HC: CE, chen the Point F will couch the 
Curye in the point F. Whience i it follows: 


Firſt, Ir the Poine 0 be infinitely near the Point D,then 
C= will be equal to B D, and H'C = will be equal to 
ED, and the Point K, in which che reflected Ray touches the 
Cauſtick KF by Reflection, is found by faying as 2 BD—E D 
9 E D: DE, and by Diviſion, as BE: B D:: EK 


2 


Aa 2 1 Secondly 
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Secondiy, H ener it is evident, that if ADC bea ſphe⸗ 


rical Glaſs, and E the Centte, and B the luminous Point, an 
the Rays B C falling on che concave Surface of the Glas near 


the Point D (che Vertex of the Glaſt) and being tefleced, will 
converge to the Point K ncariy. Od os Les 1 29 ＋ 


Thirdly, Ab if the Radiant point B be at an nite Di. 
ſtance — the Glaſs, then the Point K, to Which the Rays 
parallel and ncar the Axis BD converge after their Reflection, 

is the middle m_ I TE and'D; for in that Caſe, CF 


_ am <4 + a kw oo ws 


or D Roque! e tut, 
=$ED. £, 
Fourt \ Ip EK be equal to D K, 3 Aling y 
from the oint K, will be reflected by the ICE Concavc 
Glaſs; parallel to the Axis DE B. 1.4124 fads to 1 - 
_ Fifthly. Ir the Diftance of the Radiant Point 5 from D, 0 
in tne Vertex of the Glaſs, be leſs than a 
5 trol dhe Diameter of the Lens, then [ 
4 the reflected Rays: will diverge, and b 
| the Focus K will be: on the oppoſite fi 
n Side of the Glaſs, in reſpe& of the | 
A. radiant Point B, for CK. (fu uppoſng ſn 
| C at an infinite ſmalt Diſtance * 
i „ W-1 - the Veer D) on DE i quit» Q 
= and becauſe B D or y, b | f 
ſuppoſed lefs than 2 4, therefore | 
JT 8 is negative, and conſequently the reflected Rays C x 
diverge, and the Focus K may be found, by laying, as ED 
— 25D is to BD, Oo is D to DK; and by Compoſition, PC 
as E B is to BD, fois EK toD K. 1 
6 


Sixthly, 


rc 


D 
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Spethly, Hs NR if Rays converging'to a given Focus K 


be reflected by a ſpherical Concave Glaſs, the Focus F, to which 
the reflected Rays converge, may be found. 


Seventhly, Ir the Convex Surface of the Glaſs A D C be 
towards the radiant Point B, N | 
then the Focus of the re- 
flected Rays will'be on the 
Concave Side of the Glaſs; ; 
that is, the reflected Rays | 
will diverge; for in that 
Caſe y is negative, and oon 
ſequently C E or D K is e- 


Fa — 65 
50 ro LET = 


7 22 uy ; and becauſe Bo 
or BD is equal to , when the Point C is infinitely near DO, 
and the Ray of the Evoluta a conſtant Quantity, and C F or 
DE= 42 or EC; in this Caſe, the Focus may be determined, 
by ſay ing as 2 BDT DE: B D:: DE: DER; and by Divi- 
ſion, as B E: BD :: EK: DK. 


Eighröy, LF an infinite Number of Rays N c. falling on 
the Spherical Convex, Surface of 2 Glaſs, converge to a Focus 
K, whoſe Diſtance D K from the. Vertex is leſs than one 
Quarter of the whole Diameter of the Glaſs, then the Fo- 
2 to which the reflected W converge, may be 


4s K X AMPLE UI. a 
Lr Ne Gn ck t nes Parabola, and ſu ip 


pole the Rays of Incidence B C to be Een to t 


Axis AB, and let it be, Trey to 


the Cauſtick by 
Reflection. 0 


1 f f 


4) > vu; : * an C OY OT G U * * * FI _ 
9 F > : e * 
9 5 e 
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L +7 ue Ra ofthe Boots c- rn an peependic 


Fi ; 
A 1  * 
« . \ * 
2 
. * 
\ ” — * 


lar to the reflected Ray, the Line HG, it is manifeſt that uo F= 
CGS 4: For having drawn C N parallel to the 450 A 
and the right Line C L to the Focus L, the Angles L C B and 
F C N will be equal {becauſe L CQ is equal to QC N and BCQ 
equal to Q C Ney Hypotheſis). "Now if to each you add the 
Angle B CF, then the Angle 1x will be equal to B C N, 
equal to a right Angle; and becauſe the Perpendicular L P bi- 
ſetsCH in P, and LP is equal to, C G, therefore if C F be 
drawn equal and parallel to L P, it will be the reflected Ray to 
the Ray of Incidence C B, and i it will touch the Cauſtick A F 
at the Point F. 

Ax p to draw the greateſt Ordinate FR that can be applied 
to the Cauſtick A F G, it is evident, that when the reflected 


Ray CFG runs parallel the Axis AB, then the Ordinate 45 
5 W 


F 2 5 8 GEG 


— . ba. 
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will be the greateſt, and in that Caſe the Angle C B Q will be 
equal to B CO. and B C equal to CQ; therefore in that 


Point x will be equal to 7. 
Now let ene of the Curve 


(bypucting 


ACK, i thak, 5 n= 
2) 22 * 7 


ax in the room of y) = x + (becauſe yis ſuppoſed equal tox) 


therefore 4 x = 2 ax xx, and conſequently @ = 2 X 7 
where x = 4; which ſhews, that when the Ray of Reflecti- 
on CF runs parallel to the Axis A B, and touches the Cauſtick 
in the ſupreme Point, then A B is equal to 4 of the Parame- 
ter of the Curve ACK ==; that is, the Point B will fall 
in the Focus of the Parabola, when the reflected Ray CF is 
parallel to the Axis, and then C B coincides with CL, LP with 
QL, and C F with CN; whence it is evident, that in that 
Caſe CF is equal to C L, "and that if FR be drawn pe 
dicular to the Axis A R, AL + CF will be equal to 3 4. and 
in this Caſe the Portion of the Cauſtick AF is equal to B C CF, 
equal to the Parameter vf the Curve A C K. 

AND becauſe the Cauſtick by Reflection AFG may be 
infinitely produced. beyond G, let it be required to inveſti- 
gate the Point G in the Axis A O, where the Cauſtick inter- 
ſets the ſame. 

Ir is evident, that in this Caſe C F becomes equal to C O, 
therefore the Value of CO muſt be inveſtigated, and made 
equal to CF. Let therefore the unknown Quantity C O be 
put equal to x; and becauſe the Angle B C O is biſected by 
the Line C Q, it will be as CB: CQ:: BQ: Q; chat is, 


278172. -d. e equal to 
＋ 


24 e ts enn 0e and dividing both 
x 


Sides 


, p 1 8 i: re a 
eme W.. 
1 * 3 
$1 "4 7 
* | , 1 * 0 
} * . * *1 
on . * 
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: i bnd ir 11 FJ 
Sides of the Equation bye jon have I === 
+ H. ne 
Er WO! 


| T — 5 
—_— „ hen 22. . and conſe wee 
ag ib + 9 22 err 1 141 


A +355; whence S 
＋ 2 *. and & = LEES LT OM * 5 


& * Jv | 
142 , ee . * =# 


2.0 

— — and dividing by v +55, wie ſhall have— 253 : 
=Xx — 5; thatis, 1 — 29 J= & x, which is a getic- f. 
ral Theorem to find the Point B ſo that drawing the Ray of 
Incidence B C, and the reflected Ray C E, the ſame will touch 7 
the Cauſtick in the Point I, where it incenſe the Axis A B. p 

Tus in the Parabola, becauſe y = os, andy = i x x, | 
and (ſuppoſing x a conſtant Quantity) j = — {xt x x, and . 7 
ſubſtituting theſe Values in the preceding Theorem 
— 2, there will ariſe xx = {33 xx + 2x x x, and way 
by Diviſion and Multiplication 8 x e 6x; whenceAB = x 10 
is equal to 4 of the Parameter of the Curve. 

Lx it now be required to inveſtigate the. Nature of the ba 
Cauſtick A F G; that is, to find an Equation which expreſſes | 
the Relation between the Abſciſs A R, and the Ordinate R F; 
and put A R equal to 2, R F equal to & then, becauſe CO 1 

e maler BO == TO = will bee i «6 
Equ 
gual to Ex =33 a0 v); obſ 


becauſe 
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becauſe che Triangles CB O and C SF are ſimilar, it will be 


wCO:CF::CB: 0s, that is, 82. . 
* = — 25 
25 ½ ; but 3 C B : CS:: BO S FS PR; that is, 


299 222 s DC- & 8; 
* 9 — 


and now we have two Equations & = =; +22 L „ and 


i= x + 255 which by the Help of the Equation expreſ- 


ſing the Wee of the given Curve, will ſerve to find a new 
Equation (cleared of the flowing Quantities x and y) expreſ- 
ſing the Relation of AR to FR, or of s to >. 

For Example, if the Curve A C F be a Parabola, then 


= and y = i x, andy - * x (ſup- 
poſing * a conſtant Quantity) therefore the Equation z = y 


— * s a | 6 yr — . 
D JZ, becomes 2 = x} + xXx xx 
inn ' : ' T- 
LE — 


4 = K * — 2 * =} 


x—+xx 
x3 — 2 x, and fquaring both Sides of the e we ſhall 


e l Again; Ss =Xx + EL =x 


— 
+ — (by Subſticurion) = #+3 x== 52: whence 
the Nature of the Cauſtick Curve A F is expreſſed by this 


Equation 5.5 = = # ——655 +2 44s: And it may be 


Gerdes, that BR (=— 1 wal to 2 A B. 
| —B 6 "y | becauſe 
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becauſe A R is equal to 3 x ; and this Obſervation afford 
another Method for deſcribing the Caracauſtick A F. 


EXAMPLE IV. 


L x7 the Curve ACID be a Semicircle, A D the Diameter, 
and H the Centre; and let the Ray of Incidence C B be perpen- 
dicular to the Diameter A P, and let it 2 required to draw the 


Cauſtick AFK. | 
| T | FoRASMUCH as 


0 the Centre of the 
Þ Circle is its Evo- 
| luta, and its Ra- 


| — in the ſame Evoly- 
taz thereforeCF 
| \ — 2 
— 2 
A — — Ly ee. 
BG H 4 = - C B: 
Wherefore having biſected the Radius E in B, and drawn 
E F perpendicular to CF, the Point F will be in the Cauſtick 
AFR; for the Trian  CFEand C BH areſimilar: Where» 
foreas C E: CH:: CF: CB. Whence it follows: 
Firſt, Tnar i the Point B falls in H, then the Point F 
will fall in K. 


Secondly, Tu R Portion of the Cauſtick A F is equal to 


3CF ; for the Portion A F is equal to Ids No = 30F 
(becauſe BC 2 CF) and theCauſtick AF K is.equatto 31K, 

Thirdly, 1s the Angle AH C be equal to half a right An- 
gle, then is B C H equal to EC H, and the reflected Ray being 


parallel to the Diameter AD, touches the Cavitick 1 in the ſu- 


me Point F, - 
Fourthly, Tre Circle, whoſe Diameter is CE, raſſes through 


the Point F; for the cEPCis aright An ** 
* 4 Fifthly, 


dius the Ray of 


TS Wax 


£5 © Ono =& o morp we 


n -+ — 8 
„ 
— toad 


. I, T 8 4 
I 7 4 


* * * D 
aa 
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Fah TA Cauſtick A FK isa Semicycloid deſcribed by the 
Revolution of the little Circle C F E on the Periphery or Baſe 
KEG; for the Circle CF E is deſeribed on 3 CH, as a Diame- - 
ter, and the Angle HC F is equal to HC B, equal to EH K, 
— — CNF is equal to 2 EH K there- 
ore the Arch EF is equal to the Arch E K, and the Curve 
beginning is in K, and whoſe 


AFK is a Semicycloid, whoſe 
Vertex is A. 


EXAMPLE v. 


Lz r che Curve AC D be a Semicircle, A D the Diameter, 

and H the Centre; and let the radiant Point A be in one of the 

Extremities of the Diameter, and let it be required to deſcribe 

the Cauſtick AF K. ä 
Ir HE be drawn her: 

pendicular to A C, then 

AE will be equal to E C, 


and conſequently A C = 
„ = 2 @z whence CF / 


4 J 
CR 1 - and 


conſequently the reflected A 
Ray CF will be; of the 
incident Ray A C, and D K will be; of HD, as will H K be 
zof HD: Wherefore if A C be made equal to A H, the re- 
flected Ray CF will be parallel to. the Diameter A D, and 
conſequently the Point F will. be the ſupreme Point. 
Ix HI be made equal to: HC, and IF be drawn perpen- 
dicular to C F, the Point F will be in the Cauſtick ; for drawing 
I Li dicular to A C, it ismanifeſt, that CL is 3 of EC 
of AC, becauſe CT is} of C H; therefore the Circle that has 
CI for its Diameter, ſhall paſs through the Point F of the Cau- 
lick ; and: if from the Centre H, with the Radius H Kor H I, 
another Circle G I K be deſcribed, it ſnall be equal to the Cir. 
de LE . and: de Arg IK will be oqual to the Arch IF 
= Jo 


T 4 * VE | wy l 4 . A 
q * a : 7 i. * 7 3 VU 
p G 
"2 Bo , N WG 
5 4 > y 5 w R 
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for in the Iſoſcles Triangle H C A, the external Angle TH K 
= 2 ACH = AC, and conſequently the Arches I K, IF, 
being the Meaſures of thoſe Angles in equal Circles, muſt be 
equal to each other; whence it follows, that the Cauſtick 
AFK is a Cycloid generated by the Rotation of the Circle 
C F I along the immoveable Circle G IK, whoſe beginning is 
at K, and its Vertex A. | ; 

TRE Portion of the Cauſtick A F is equal to; of A C; for 
the Portion A F is equal to AC CF, = AC +3ACG, =: 
AC, and the whole Cauſtick AF K is equal to 3 of A D 
the Diameter. | | 

Ir the radiant Point A be in the Surface of a Sphere, then 
the reflected Rays that are neareſt to the Axis AD, will con- 
verge to the Focus K, diſtant from H, the Centre of the Sphere, 
3 of its Semidiameter AH. | 


1 a.m 


.. a = © == * ox 11 


EXAMPLE VI. | 


LET the Curve A CD be the Logarithmetic Spiral; and 
ſuppoſe the Rays of Incidence to iſſue from the luminous Point 
A. its Centre, and let it be required to deſcribe the Cauſtick 
by Reflection A FK. 06h * 


S 
. 


A e 
Lu r dhe Line C H be drawn perpendicular to the Curve in 
the Point C, and A H perpendicular to the Ray of Incidence 
AC, then the Point H will be in the Evoluta of the 


— 


n __ * * 
* a — 
* — * } - mags {| 
. \ * 
=> 
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and conſequently AC == y is equal to 4; whence C F 
=; 2 3 will be equal to y, and the Triangle A C F will 
be an Iſoſcles Triangle; and becauſe the Angle of Incidence 
AC Vis equal to the Angle of Reflection FCS, therefore 
the Angle A F C is equal to A C V; and this Angle ACV 
being a conſtant Quantity by the Nature of the Curve, there - 
fore the Angle AF C will be a conſtant Quantity, and the 
Cauſtick by Reflection A F K will be a Logarithmetic Spiral, 
differing from the given Spiral only by Poſition. 


EXAMPLE VI. 


 Ler the Curve A CD be a Semicycloid deſcribed by the 
Rotation of the Semicircle NGC 
on the right Line PD, and ſup- 
poſing the Rays of Incidence CB 
be parallel to the Axis A P, let it 
be required to deſcribe the Cau- 
ſtick D F by Reflection. 
BECAUSE CG is equal to 2 
the Ray of the Evoluta, and GB 13 Þ G P 
perpendicular to CB, therefore CF 
=:4=BC; whence if G F be drawn perpendicular to the 
reflected Ray C F, the Point F will be a Point in the Cauſtick. 
Ir the Rays HC, H'G, be drawn from H, the Centre 
of the generating Circle, to the generating Point C, and 
the Point of Contact G, it is manifeſt that H G will be per- 
pendicular to the Line DP, and that the Angles GC H, CGH 
and & CB will be equal to each other; whence it follows, 
that the reflected Ray C F paſſes through the Centre H. Now 
the Circle, whoſe Diameter is G H, paſſes alſo through the 
Point F, becauſe G F H is a right Angle; therefore the 
Arches & N and : GF, which are the Meaſures of the ſame 
Angle GH N, are as the Diameters CN, GH of their re- 
ſpective Circles, and conſequently the Arch GF equal * 


— 


of. ( F n Ca 
1 9 5 » 
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Arch GN, is equal to GB; whence it is manifeſt, that the 
Cauſtick DH P is a Cycloid deſcribed by the Rotation of the 
Circle G F H along the right Line DP; whenee it follows, that 
the 1 PFD is equal to thrice the Area of the Circle 
GHEF; 


| or the Semicirele C G N is equal to twice the Area 
of the Circle G F H; therefore the cycloidal Space ACDP is 
equal to ſix times the Area of the Circle G F H, and the cycloi. 
dal Space P F D is equal to thrice the Area of the Circle GEH; 
and conſequently the Space DCA F is equal to thrice the 
Area of the Circle G FH; and the Curve D FP divides the 
Space A C DP into two equal Parts. : 
Lr us now ſuppoſe the Ray of Incidence CB to be parallel 


to the Baſe D I. 

Wo OOO Now if Q be drawn 
perpendicular to BC, then 
the right-angled "Triangles 
GQ C and DBN vill be 
fore CQ will be equal to 
BN; whence it follows, 

equal to | 
dent Ordinate BN inthe 
generating Cirdle AND. 
Wu the Point Fis at 


8 a * Axis, and conſequently 

the Angle BCF will be a right Angle, and B C G or BN D 

half a right Angle; whence B falls in the Centre of the Circle 

AND, and afterwards, as the Point B approaches, nearer to- 

wards the Extremity D of the Diameter, ſo does the Point F 

approach nearer tothe Axis AD, until it comes to a certain Point 

R, after which it recedes from thence, till it comes to I ſo that 
the Cauſtick has a Point of Retrogreſſion in R. 

| N To 


„ 
3 9 ** 
4 p + | : * - 
en * : 
44 
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To determine which, - we muſt obſerve, that the Part 
AF = BC TC, and the Part AKR = HL-+LR, and 
the Part K F of FEI=HL+LK - BC— CF, whence 
HL +LR muſt be a Maximum ; and if you put AH x, 
HM =, and the Arch AM , then will HL +LR 


22 +2); whence & + j =03 and — + 29=0, 


(by ubſticuring — in the room of 2) and conſequently a x 
=—2JJ=2xx—24x, by the Property of the Circle; 
wherefore AH = x = 26. 


EXAMPLE VIII. 


Lr the Curve A MD be a Semicycloid, generated by 
| | the Rotation of 
N the Circle MGN 
about A G K, e- 
qual to it, the 
Point Athe Point 
\  6f Commence- 
ment, and the 
Point D its Ver- 
tex, and let the 
e incident Rays iſ⸗- 
K W MK D foe from the 
f- ane | —_ 
Now the Line BH tht joins the Centres of the general 
Circles, paſſes thro the Point of Contact G, and the Arches GM, 
GA, asalfotheir Chords, are always equal. Moreover, the Afgles 
HCM and B G A are equal, as are the Angles G MA ind 
GAM. Now de Auge II GM4-BGA < GMAEGAM, 
becauſe if the Angle A O M be added to ech Side, there will be 
formed rwo right Angles ; wheto the Angle if * 
| & ways 
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equal. to the Angle G M A, as alſo to the Angle of Reflection 
GM F ; whence it follows, that M F will always paſs * 
H, the Centre of the immoveable Circle. 

Now if CE and GO be drawn perpendicular to the inci. 
dent Ray A M, it is, manifeſt, that MO OA, 7 
= 3 OM; therefore M E a 3A M; that is, a = 3J, and 


conſequently XF —— 5. in this Caſe, will be equal to 


271  wherefore if G F be drawn perpendicular to MF, the 
Point F will be in the Cauſtick A F D. 

TAE Circle, whoſe Diameter is GH, paſſes YE: gh the 
Point F, and ſince the Arches GM and: G E, the Meaſure 
of the Angles GH M, are to each other as their Diameters 
MNandGH, the Arch G F will be equal toGM, and 
conſequently to the Arch G A; whence it is evident, that 
che Cauſtick A F K is a Cycloid generated by the Rotation of 
the moveable Circle H F G about the immoveable Arch A GK, 
Whence it follows: 

TA x if a Circle be deſcribed about the Centre B, whoſe 
Radius i is equal to B Hor A K, and an infinite Number of 
Rays, parallel to B D, fall on its 7 they wil 
form pong ſame Gun AF K. 


— 


PROPOSITION II. 


Le r the Cauſtick H F be given, the luminous. Point B, 
and let it be required to deſcribe an infinite Number of 
Ch. ſuch as AC, co which it'is the Cauſtick by Re. 
1 
Ix any Tangent, as H A, 2 a Point A at Pleaſure for 
one of the Points of the Curve A C, to be found on the 
Centre B, with the Radius BA, deſcribe the Arch P A, 
and.on the ſame Centre B, with any COINS BC, & 
7 


ſcribe another Arch O C , then take AH + HE=BC 


I FP — BA 


a * \ 
„ e * 
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Point E, wa cent — 
men the Point E will deſcribe 
the Curve Line E C, which will 
interſect the little Arch C in 
the Point C, one of the Points 
of the Curve to be found, 
FoR AH+HE=—=PO, 
andE F, from the Nature of 
Evolutions, is equal to CE; 
therefore PE (= BC—BA) 
+CF=AH+HEF, and con- | 
ſequently the Curve H F is the B 

Cuuſtick by Reflection to A C. Or, 

HAVING drawn the Tangent H A, draw another Tangent 
FC at Pleaſure, and take FK = BA +AH+HF, and 
draw the Line BK, and let the fame Line be biſcQed i in G, 
and dray G C perpendioular to B K, and it will cut the Tan- 
gent FK in the Point C to be found; for BO+- CF S= BA 
+AH+HYF, therefore the Point C is in the Curve AC to 
be found. Whence it follows, 

Ir the luminous Point B be at an infinite Diſtance from the 
Curve A C, that is, if the Rays 

of Incidence BA, BC, be pa- 
rallel to a given right Line, the O 
firſt Conſtruction will ſerve, if 

we imagine the Arches of the 

Circle deſcribed on the Centre 

B, to become ſtraight Lines, 
22 to the Ray of 


ence. On, Nt 
THE Curve AC may be 


deſcribed after this manner : . 
Take FR=AH +H F;then B B 


if the Point C be ſo found, 
that drawing „— de Line CK be uu gg 


2 ” FI 4 a R 
ad - ws. ” WW A U 4 22 », 
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then it is manifeſt, that the Point C will be in the Curve AC 
to be found; for then PO+CF=AH+HE. 

A GAIN, the Point C may be found in this manner: Draw 
K G perpendicular to AP, and take KO KG then draw 
O G, and parallel to it KP; alſo let P C be drawn patallel 
to G K, then C will be the Point required: Eor becauſe the 
Triangles G K O and P CK are ſimilar, therefore P C= CK. 


ee | 6 
A0 Ain. If the Curve Line D N, and luminous Point C. 


be given, to find an infinite Number of Curyes, ſuch as AC, 
which ſhall make all the double reflected Rays C B, A B, con- 


verge to a given Point B. S 
Ir we imagine the Curve H F to be the Catacauſtick of the 
given Curve ND, C being the luminous Point, it is evident, 
that the ſame CurveH F muſt alſo be the Catacauſtick to the 
Curve A C to be found, the luminous Point, or rather the Fo- 
cus, to which the double refracted Rays conyerge, being in B; 
whence FE= BA +AH+HEF, and NK = BA +AH 
+ HF+F N= (becauſe HD+DO= HE+EN+NO) 
BA+AD+DO—NO; whence there will ariſe this Con- 
ſtruction. Fa . 

IN any of the firſt reflected Rays take the Point A at Plea- 
ſure for one of the Points of the Curve A C to be drawn, and 
in the other reflected Ray, as N C, take NK = BA+AD 
+ D O — ON, then draw B K, and biſect the ſame Line in 
G, and draw C G perpendicular to B K, and the Point C will 
be in the Curve to be found. an CT 
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SECT. VI. 


Containing the ' Uſe ' of Fruxioxs in finding the 


Cauſtick Curves by Refrattion, 


ETAGQ fone a Curve, C Na Perpendicular to the 
Tangent to the Curve in the Point C, B C an Incident 
kay ing from the luminous Body B, C F the ſame Ray re- 


| V 4 
fracted to or from the perpendicular N C, and F the focal Point. 


Now if the extreme Point C of the Ray BC be carried along 
the Curve Line A C Q, and in every Point of the Curve the 
Angle N CE, equal to the Angle of Inci- 
dence BCP, be to ND the Sine of the reftacted Angle NC F 
in a given Ratio, ſuppoſe » to m, the Point F will deſcribe 
the Curve Line f H, which is called the Diacauſtick, or Cau- 
ſtick Curve by Refraction. 
WHrazREFORE if the Cauſtick I FH be involved, begin- 
. 
0 2 


204. 


B 


fo that the Tangent PF, rogether with the Arch _ the Cav 
ftick FI, will always be equal to the ſame right Line Al. 
Now if we ſuppoſe the Incident Ray B C in aflowing State to 
move into the Place Be, then will the Point C deſcribe the 


Arch Cc, and the Line c F will become the new retradted 


Ray. Let FO be ſuppoſed equal ro FC, BR=BC, and 
BG = BA; then will the fluxionary Triangle CR e in its 
naſcent State be ſirilar to the Triangle « CEN; for it 9 the 
equal Angles RC N and E Ce, be taken the Angle NC «, a 

Part of each of the remaining Angles R Ce and E CN will 
be equal. Moreover, the Triangle C O r. in its naſcent State, 
will be ſimilar to the Triangle C D E; for if from the equal 
Angles D CO, EC, be taken the Angle N Ce, a Part of 
each Angle, the remaining Angles O C c and D CE willbe 
equal : Wherefore as Tok Oc::NKE:ED::mw;n. Nov 
finee the Fluents are in the fame Ratlo with their Fluxions, it 
follows, thtesBC—BA:PC=AI—CEF—-Fl::» 


—— EE en 
to ; and eee Al—CF -I 


and, by Diviſion, =BC—ZBA=AL —T Fn, 


a F ez AI- FA BAR. whence it 60 
| Nay lows 


9 * 4 
SC . 


— 
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lows, that if the Arch A G be deſcribed from the Centre B, 
PC vill be the Difference of the Incident Rays B A and BC; 
and if the luminous Point B become infinitely diſtant from the 
Curve ACQ, the incident Rays B A, BC, will be parallel, 
and the Arch A C will become a ſtraight Line, perpendicular 
to the ſame Rays, 


PROPOSITION 


| — 

Tu Nature of the Curve A C Q being given, together 
with the luminous Point B, and the Ray of Incidence B C, 
jet it be required to find the Point F in the refracted Ray 
CF, whicd the fame Ray touches the Cauſtick Curve H F I by 
Refraction. (See the preceding Figure.) 

H a vIN o found the Length of the Ray C E of the E- 
luta, put BC= y, CNS, CD b, and CR = xx, 
then, becauſe of the Similitude of the Triangles C NE, C Rc, 
CDE, CO r, BCR, BLS, it will be as EN. CD:: CR: 


CO; that ig 8 6 = C0 and as B C: BA 
equal to N (hen che Ray Be returns back into its firſt Place 


BC) ::CR:Ln; that is, 6 9:5 + tw: LEE — 
Le and, by the Law of Refradtion, as EA: EA:: EN: 
ED :: , the as n ;E#—EN(=Ln):E4 
ED that is, udn: :: — 2 Ne 


my | 
and becauſe the Triangles F CO and Fs d are ſimilar, it will 
de as CO —$&:CO::CS=CD(in the evanaſcent State), 


\C „ bmyx—aanx—anyx be 
N 425 tom tbe 
— — = CF. Wherefore, 


bmy —_— AS 4 ny 


* 


Firſt, 


— 


200 FLUXIONS Patll 


Firſt, Ir the Angle N EH be made equal to D E C, and | 


0 K =, wen HKi 
N to HN as CD is to CF; 
2 F wherefore the Point F 


oe: 
Wt will be in the Diacauſtick 
IFH. 
A 


| H 
B — E- Fox the Triangles EDC 
. . and ENH are ſimilar ; 
bm 


-whence as E D:EN::#:m:: CD:NH)::6: —; 
m 


b wha 
wherefore ¶ N CN = — — 42 — — = HC, 


b Made * N 
my — any 2 


and HC - KC HK 


”J 
quently HK: H N:: CD: C Ex that is — =, 
22 — S CF; whence it follows, that if 


my —any—4aan 

the luminous Point B be on the fame Side of the Curve ACQ 
towards N, or, which is the ſame thing, if the Curye be con- 
cave towards the luminous Point B, then y will become nega» 


tive, and conſequently CF will be = — Imy 25 = 401 


bb my * 1 
or 77 = F and the Conſtruction will be the 
' fame as before. ¶ See the Figure in Page 204. 
Secondly, I we ſuppoſe the luminous Point B to be at an 
infinite Diſtance from the Curve A C Q, then the Rays of In- 
cidence B * — will become parallel Rays, and C F equal 
3 my |  6bmy 
o 7 — amy — aan pO Rug b my—any ; 


the Term 4a n in this caſe will yaniſh) ; whence, by divid- 
ing 
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ing by » we ſhall have CF = 2 and becauſe 7 
becomes equal to nothing, therefore the Points C and K will co- 
incide, and conſequently it will be as HC: HN: : CD: CE; 
whence the Point F is determined. 

Ir n be infinite in reſpect of u, then the refracted Angle 
END will vaniſh, and conſequently the refracted Ray C E, 
and the Ray of Evoluta CE, will coincide, and the Cauſtick 
by Refraction coincides with the Evoluta of the given Curve 
AC Q. | + 1 
Thirdly, Ir the Curve A CQ be convex 1 the lumi- 

8 my 

nous Point B, and the Value of CF = N 
be poſitive, it is manifeſt, that the Point F muſt be taken on the 
ſame Side with the Point D, in reſpect of C; but if the Value 
of CF be negative, then the refracted Ray CF muſt be pro- 
duced on the Side towards B, and the Point F muſt be taken 
on the ſame Side of the Curve with the Point B: whence it is 
manifeſt, that in the firſt caſe, when the Value of CF is po- 
ſitive, the refracted Rays con verge on the Side of the Curve 
towards D (becauſe it is on that Side the refracted Rays inter- 
ſect each other) in order to determine the Point F; but in the 
laſt caſe, when the Value of C F is negative, the refracted 
Rays diverge, becauſe, being produced, they interſect each 
other on the ſame Side of the Curve with B, in order to deter- 
mine the Point F of the Cauſtick. | 
Fourthly, Ir the Curve A CQ be concaye towards the lu- 
minous Point B, then is the refracted Ray C F equal to 


—bbmy bbmy 

—bmybany—aan” m —any +aan 
conſequently the refracted Rays being infinitely near, converge 
_- the Value of C F is negative, and diverge when it is po- 


5 and 


Fi, 
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Fifthly, Ir the Curve A C Q be convex wang the lumi- 
nous Toint B, and if be leſs than u, then 72 277 — Jo 
the Value of: C F will be negative, and conſequently the re- 
fracted Rays diverge; and, in like manner, if the Curve 
- A CQ be concave towards the luminous Point B, and i be 
greater than , the Value of C F is poſitive, and conſequently 
the refracted Rays diverge. ' | 

Sixthly, Ie the Ray of Incidence BC touch the Curye 
ACQ in the Point C, then is C E= A4 o, and conſe. 
quently C F is equal to ; whence it is manifeſt, that the 
Point F, in this caſe, will coincide with the Point D. 

Seventhly, Ir the Ray of Incidence B C be perpendicular 
to the Curve AC Q, then the refracted Ray CF will coincide 
with C E, the Ray of the Evoluta, and the right Lines CN 
and C D will become equal to cach . and to the Line 

my 


CE, and conſequently C F 22 2 will * 


3 de Tr: 
= in which caſe the Rays of Incidence are bei- 


come 


lel to each other. | 

Eighthly, Ix the refracted Ray C F touch the Curve ACQ 
in the Point C, then is CD o, and conſequently the 
Diacauſtick will touch the Curve in the given Point C. 

Ninthly, Ir CE, the Ray of the Evoluta, be equal to 
nothing, the right Lines C N, CD, and conſequently CF will 
vaniſh, and the Point C will be common to the Cauſtick, and 
the given Curve. vi 

Tenthly, Ir the Ray of the Ewvoluta CE be infinite, then 
the right Lines C N, CD, will alſo be infinice, and the Terms 
6my and ny will vaniſh, and conſequently C F will be 

b mn JI 5 d * . . . | 
F n becauſe this Quantity is negative, when dhe 


Point F falls on the oppoſite Side of the Curve, in reſpect of 
| 2 | the 


* * Lad 


Wo _ © 9 Fe * 2 * *. 
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dence BC, until it interſece 
the right Line O CE per- 
pendicular to A Tin O. 
and OL perpendicular tothe - 
refracted Ray NCL, and 0 
made the Angle BOH equal w— 
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the luchinour” Poine B. and poſitive when Band F are on the 
{ame Side of the Curve, it is manifeſt, that the Point F muſt 
always be taken on the ſame Side of the Curve with the Point 
B, and conſequently,.. that the refrafted Rays will diverge : 
And in this Caſe it is plain, that the fluxjonary aa rch Cc js a 
traight Line, in which caſe thi pteceding 
not — place; and therefore to 7 d Point F of the 
Cauſtick HF I, when the Curve A CQ becomes a ſtraight Line, 
HAVING drawn BO perpendicular to the Ray of Inci- 


uction will 


to the Angle L O C; then 
make BC to B H aS CL \ 
to CF; I fay, the Point F B 
will be in the Diacauſtick. 
Fon the right:angled 
Triangles C DE, C B'O, 


3H; that is, 'as w: 112 2 
a 4n 


by bhmy 


* . PFPY —— — CF: 


* 


CNE, and C L. O dre ſtinilar; and co 
1s infinite, CD is to CN as BCtoCL; ane as 4: 61:5 


b 
== CL; aud becauſe the Triangles O L. C, and O B Hare 
imat, it will be'as O L to O B, ſo is 1 to , and ſo is CL to 


= B H. It is manifeſt, 
29g 
that CB is to BH as CL is to nee 


A 

| N D 

- 
F | - | | 

p 

1 

9 

, when EC 


Taz” fame Curve A C Cern have bur one Caultick by Re- 
fraftion, the Ratio of W given, and the Cauftick is 
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a Geometrical Curve, and may be re&ified, ſuppoſing the 
Curve to be a Geometrical Curve. _=_ 


EXAMPLE. L 


Le I the curve! Line A CK be a . 1 a Circle, B 
the luminous Point, and let it be required to deſcribe the Di. 
acanſtick H F N. | 


” [ ; o 
© 4 24 *. | . 1 
BW : WE : * 
7 * a * 
* 
* K " 


BECAUSE the Curve Line A C K is a Portion of theCir- 
cumference of a Circle, the Ray of its Evoluta CE is a con · 
ſtant Quantity. Now if the luminous Point B be placed at 
an infinite Diſtance, the Rays BA, BC, and B K will be paral- 
lel to each other, and perpendicular to K E; and ſuppoſing 
the Ratio of m to n to be 2s 3 to 2, which is the Ratio nearly 
of the Sine of the Angle of Incidence to the Sine of the An- 
gle of Refraction in the Paſſage of a Ray of Light from Air 
into Glaſs; then becauſe the Centre of the Circle becomes its 
Evoluta, it is manifeſt, . that if we deſcribe the Semicircle 
COE on the Diameter CE, and miake the Chord ER =! 
E O, the Ray C R will be the refrated Ray, whoſe Length 
C F may be determined by the preceding Propoſition. But, 
Firſt, To find the Point H, where the Ray B A, perpendi- 
cular to the Curve _ ACK, touches the DiacauſtickHF N, 

m 36 


we have AH=— ===; AC: And, 
m-—n 3— 2 


Secondly, Ir the Semicircle E N K be deſcribed on the Di- 
ameter K E, and the Chord EN be taken equal 2 4 
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E K, it is N the Ware um belin whe: Dia- 
cauſtick; And, 

Thirdly, 1 r * Dbe Ks parallel to E K, hes this Tee. 
tion of the Diacauſtick FH= AH—CF—;of — 
and conſequently, the entire WN is * to 
EA - KN. | 

 Fourthly, 1+ the parallel Rays B C, BA, Fall on the bön- 
cave Side of the Circumference of che Circle A C NK, and if 


A0 i ' 


the Ratio of m to n be as 2 to 3, which is theRatio of the 
Sines of the Angles of Incidence and Refraction, in paſſing 
from Glaſs into Air nearly; then on CE, the Ray of the 
Evoluta of the Circle, deſcribe the Semicircle E PC, and 
rake the Chord EO E P, then will O C produced to- 
wards F, be the refracted Ray, and the Point F may be deter- 
mined by the preceding Propoſition. Zut, * 
Fi bly, To find the Point H, where the Ray B A, per- 
pendicular to the Curye Line ACK, paſling through the Point 


A, touches the Diacauſtick, ſuppoſe H, then A H 2 | 
26 


SIT S's 2b; whence i it appears, that the Point H falls 
on the conyex Side of the Curve A C N K, and the Diſtance 
of the Point H from A, the Vertex of the Carve, is equal to 
twice AE, or the whole Diameter of the Circle ACN K. 


F ²˙·¹.¹j1¹ꝛ bt 


j- 


f D dz Hirthly, 


— ; | [ 


4 


Hirth, Is' we fuppoſe CO = EPC, then it is 
manifeſt, that the refracted Ray CF will tauch the'Citcle 
ACK in C becauſe, in this caſe, the Points O and C will 
coincide, Whence it is manifeſt, that, if E be made equal 
to; of EK, the Point C will coincide with the Point N, where 
the Cauſtick touches the Arch of the Circle AC NK. 

Seventhly, Tr the Line E be more than 3; of E K, then 
the Rays of Incidence B C cannot be refracted from Glaſs into 
Air; becauſe E O, the Perpendicular to the refracted Ray OC, 
can never be greater than E C, and conſequently all the Rays 


that fall between N and K will be reflected. And, 


Eighthly, To find the Length of the Diacauſtick HF N, 


draw AP paraljel to E K, then the Portion of the Curve F H 
will be equal to A H CF— 2D C, and drawing N G parallel 
to EK, the Cauſtick HFN=2 AEN A= EA 

Ninthly, Ix A CK L (in Page 210.) be revol ved about its 
Axis AE, the Quadrant ACK E will generate an Hemiſphere; 


and if this Hemiſphere be infinitely produced toward L and M; 


ſuppoſe of Glaſs, and the circymambient Fluid be Air, then 
all the Rays B O, parallel.to, and infinitely;near the Axis A E, 
will, being refracted at the ſpherical convex Surface . of the 
«Glaſs, converge to a Point H, diſtant from: the Vertex A of the 
Glaſs three Semidiameters, of the generated Sphere. And on 
the contrary, | * ach * 
Tenthly, IF an infinite Number of Rays diyerge from the 
Point H, placed at the Diſtance of three Semidiameters from 
the Vertex A of the ſpherical Convex Glaſs ACK, immerge into 
Air, and be refracted at the ſpherical convex Surſace, they will, 
after Refraction, run parallel to the right Line H A, drawn 
through the radiant Point H and E, the Celitre of the Sphere. 
Eleventhly, Ir an infinite Number of Rays B C, be pa- 
rallel, and infinitely near the Axis A E, and paſſing out of a 
Medium of Glaſs into a Medium of Air, be refracted at the 


ſpherical concave Surface of the Air, they will converge to the 
5 | oint 
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Point H, whoſe Diſtance from the Vertex A is equal to the 
Diameter of the Sphere; and, on the contrary, if the Rays B C 
diverge from the Point H in Air, diſtant one Diameter of the 
Sphere from the Vertex of the Glaſs, and be refracted at the 
ical convex Surface. of the Glaſs, all the refrafted Rays 
will run parallel to the Line HE, drawn through the luminous 
Point H, and E the Centre of the Sphere. | 

In a Medium of Glaſs, if the Rays of Light be parallel 
to the Axis, and if they be refracted at the ſpherical con- 
yex Surface of the Air, the refracted Rays will converge 
toa Point in the Axis in the Medium of Glaſs at the Di- 
ſtance of one Diameter of the Sphere from the Vertex of the 
Glaſs. | : 

In a Medium of Air, if an infinite Number of Rays con- 
verge to a Point beyond the ſpherical convex Surface of the 
Air, at the Diſtance of one Diameter of the Sphere from the 
Vertex, and be refracted at the ſpherical concave Surface of the 
Glaſs, the refracted Rays will run parallel to the Axis of the 
Sphere, 

* a Medium of Air, if an infinite Number of Rays, pa- 
rallel to the Axis, be refracted at the ſpherical concave Surface 


of the Glaſs, the refracted Rays will converge to a Point in the 


Aris in the Air, whoſe Diſtance from the Vertex is three Semi- 
diameters of the Sphere; and, on the contrary, in a Medium of 


_ Glaſs, if an infinite Number of Rays converge to a Point diſtant 


three Semidiameters beyond the ſpherical convex Surface of 
Air, be refracted at the ſame ſpherical convex Surface of Air, 
they will, after RefraQion, run parallel to the Axis. 


N, B. Watz bas been here ſaid of parallel Rays, is to 
be underſtood of thoſe Rays only that fall upon the Glaſs 
very near its Pole. 8 | 


EXAM- 
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Lr the curve ACK be a Logarithmetic Spiral, whoſe 
Centre is A, ſuppoſed to be the luminous Bain from whence 


all the incident Rays are imagined to iſſue. : © 
1 T is manifeſt, chat the Point E (Cee Pages ISS, = coins 


C X 


Part II. 
1 { 


1 
V f 2 yy ND 


cides with the Point A, whence a= y ; wherefore if you ſublii · 


a 
tute y for à in the general Equation 7 = 


the Value of CF, (See Page 181) When the concave Side of 
the Curve is next the luminous Point, we ſhall have CF =6; 
wherefore the Point F will coincide with the Point D. 

Now if the Line AD be drawn, and the Tangent CV, the 
Angle A D O, the Complement of the Angle A D C to a Se. 
micirle, will be equal to the Angle A CV. For ſince the 
Circle, whoſe Diameter is H C, paſles through the Points A and 
D, half the Arch ADC is the Meaſure © the Angles ADO 
and A CV, it is manifeſt, that the Cauſtick'A D N is a Lo- 
garithmerical Spiral, ig from the given Spiral in Poſition 


only. 
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PROPOSITION u. 
LET HF be a Cauſtick Curve by Refraction, and B the 


Bei _— II 
luminous Point. Now the Ratio of # to n being given, 
let it be required to find an infinite Number of Curves, 


ſuch as A C, to which the given Curve H F ſhall be a Dia- 
cauſtick. —- | 


DRAW any Tangent at Pleaſure, H A, and take any Point 
A, in the ſame Tangent, for one of the Paints. of the Curye 
AC to be toundz- then on the Centre B, with the Radius B A, 


all Archo C 4; thentake A E =—DC, and. 


deſcribe the 

deſcribe the Arch AD, and on the ſame Centre with the Radius BC 
deſcribe the Curve E C by involving the Cauſtick FH, until it cut 
the Arch 0 Cq in the Point C; then make as D C or BCB A 
AE or CK Or HA - FC - FH:: : and conle- 


quently PH=HA—FC + 2 BA——BG, and the 
Point C is in the Cauſtick to be found. Or, 
In any other Tangent F C, find the Point C, ſo that HF 


Ec rern. ds. 
+ CT Ie HAT BA, and take FK = — 
BA, T AH - F E, and in the Line F Kfind the Point C; 

' d | F ſo 


ry 


13 
* "ths . 
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ſo that C K is equal to = B'C; then wil be the Point to 
be found, 4 24 
2 kd * vis may be 
done by deſcribing the 


Curve GC, ſo that draw. 
| = peu 4 Ia C 
4624 t nes CB, CK, to 
* G R K the Points B and K, they 
ſhall always be to each other as w to 1 
Draw CR perpendicular to B K, and let the known 
Quantity B K = 4, the indeterminate RC ung BR=yx, 
RCS then, becauſe the Triangles BRC and K R Care 


right-angled at R, BC is equal fox x ＋ IT „and KC equal 
t044—24x+xx +29 z bur, from the Nature of ihe 


Problem, wxx Y 4 —2ax+xx F390: II 


a amm Y- 4 un 


whence ariſes this Equation y y = — n 


which ſhews, that the Place of the Point C is in the Circumfer 
rence of a Circle. re 


TAKE BG 2 —— 27 s and BQ= = =» 3 2 


Diameter G K deſcribe the 122 — G CQ, then 
C will be the Place to be found; for becauſe QR =BQ 


n — and RGW IABG 


8 
am | ; 
„g' by the Property of the Circle QR x GR=CR,, 


a2 an mn 449M 


and conſequently y y =. F 


Ir the Rays of Incidence B A, BC, be parallel to a given 
right Line, whoſe Poſition is given, the firſt I 
; 


i * 
* | n , 
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ſerye.z but the PI Conſtruction is preferable to the 
ſecond, © © & 

TAKE F L= | 
AH HE ind 40 
draw LG parallel G 
to A B, and per» 
pendicularto AP, B=——p 
then make L O 


=—L 0 and QF 


draw 'L P parallel B. — Ys 
to OG, and PC A E H 
parallel to GL, then it is ate that Cis a Point in the Curve 


be bund for LO =—L Gand M L=— PC, Again, 


LitTAKbea Curee Line, B the Walen Point, and 
ſuppoſing the 


Ratio of to 99 / 
tobe given, | N 
let it be re- 12 

quired to find 

a Number of 


4 


3 


Curves, ſuch 
wDN,which 
ſhall reftact B A D C H 


theRaysKN, Is £40 | 
and make them converge to a given Point C. 

Lr the Curve F H be the Cauſtick by Refraction to the 
Curve A K, the luminous Point being B, it is manifeſt, that 
the ſame Curve F H ought to be the Cauſtick by RefraQion to 
* Curve D N, the luminous Point being C; therefore 


—BASAH = F - 


Vc =HD— 2 DC; and conſequently, — — BA+AH 
Ee = 


2 18 FLUXTOMNS. Pat 1 
= RT HA Men, 


Ba- 2 BRA Zocbxx. + Ec. Where 


fore, 
IN any refratted Ray AH, if che Point D taken at Plea. 
ſure, be one of- the Points of the Curye DN to be found, and 


in any other refracted Ray, as K F. von take ML = BA 


Þ 


—_— BK += DC+AD, and find the Poine N, ſo that 


NL= Nc. chen the Point N will be in the Curve D Nto 


be foind. 
FRO M the three laſt Seftions lit is 0 that the ſame 
Curve can have but one Evoluta, one Cauſtick by Reflection, 
and one Cauſtick by Refraction, when the luminous Point, the 
Ratio of the Angle of Incidence to the Angle of Refraction is 
given; and when the ſaid given Curve is Geomerrical, they 
are Geometrical-alſo, and may be rectified, whereas the ſame 
Curve maybe an Evoluta, or a Cauſtick by PRO or 'by 
Refraction ito an infinite Number of — 


- wwe 


— Fi 
- 5 7 


* ves —_ p | 
5 , £ 9 E - & 's 
The End of tb Seam Parr. 
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| CONTAINING 

The Uk of the Inverſe METHOD of 
FLUXIONS 

| ErGeuTt SrcTioNs 
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SECTION I. | 
Contains the Uſe of Fluxions in the Refification of Caryes. 


"SE CH. u. 


Contains the L ſe of Fluxions in the Quadrature of Curves, 
or in un the Areas of Curvilinear Spaces. 


r. 


Contains the V/e of Fluxions in finding the Values of the 
_ Surfaces of Solids generated by he Rotation. of plain 
Y urfaces about their Axis's. 


ger. u. 


Contains the Uſe of Fluxions in the Cubature of Solids, or 
in inveſtigating Methods to find their Contents. 


aL CI... Y, 


Contains the Ofe of Fluxions is finding the Centres of Gra- 
diy of Lines and Surfaces, © | (| 


Z 7 4; * fr ol - OI 
Contains the Uſe of Fluxions in Jmding the Centres of Gra- 
vity of Solids. 
EC TE -. = 


Contains the U}e of Fluxions In finding the Centres if Per. 
cuſſion of Lines and Surfaces. 


SECT. VIIL 
Contains the Uſe of Fluxions in finding the Centres of Per- 
_ Cuſſion of Solids. 
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Containing the Uſe of Flux los in the Reftification 
| v6 1:44. 4 fr Crs: 


PROPOSITION I. 


H E Fluxion of the Curve Line is to the 
Fluxion of the Ordinate, as the Tangent 
L e Ordinate. 
n 12 the following Figure, let A C re- 
8 preſent a Curve, A the Vertex, A B the 
ry Abſciſſe, B C the Ordinate, V C a Tan- 
+ IS dent to the Curve in the Point C, and VB 
PONG the Subtangent. I fay, 


| 


Cc 
—F 


2 V A B b 
Firſt, Thar the Fluxion of the Curve Line AC is to the 


Fluxion of the Ordinate B C, as the Tangent Vs to the Or- 
aG 1 o 
DENON“ 


— 7 + ay . 4 * 


8 Do. 1 Y 
NN 


"7 d | 
5. 


„ 1 — 
223 Fa 


Concrtnrve the Ordinate BC to moe along the Ling 
AB 6, paraſlel to itfelf vill, it arrives at the Blacy 6 cr and draw 
CF pancdlid ts AB3: | © ; 5 
Ir is manifeſt, that the little Arch Cg is the naſcent Aug. 

ment of the Curve A C, and c E the naſcent Augment of the 
Ordinate B C, generated in the ſame vety ſmall Particle of Time; 
for while the Curve Line A C flowed into, or became A Cc, 
the Ordinate B C flowed into, or became c . 

Dx A Or a Subtence of rhe little Arch Cc, aud product 
it till it cut the Abſciſſe producod in the Point a, then will the 
Triangles Ce E, at 6, be ſimilar; and it will be as Ce: ck 
nc; but ac = , / Ce, and cb = ET (Ebe<) 
CB; wherefore as Cor:cE::uc+Cc:cE+CB, 

IMAG1NE the Ordinate & to return back into its formet 
Place B C, at which time the Lines cCs and CV, alſo B gand 
B V, will coincide, the naſcent Augments Ce and e E will ya- 
niſh, and the Triangle e C E, in its evanaſcent Form, will be fi. 
milar to the Triangle CV B, and conſeſuently the little cur. 
vilineat Arch Ce will be to the little Line r E as VC to CB 
but the little curvilinear Arch Cr, and the little Line C E, in 
their ariſing State, are as thie Fluxions of the Arch A C, and 
the Ordinate B C; whence the Fluxion of the Arch A C is to 
the Fluxion of the Ordinate B C, as VC the Tangent is to BC 
the Ordinate. Q. E. D. FE 

WHENIiCE it follows, that the Length of the Tangent to 
any Point in a Curve being known ot given, the Value of the 
Curve Line itſelf may be readily found, - - -- 

For in the following Figure, let ABC reprefent the 
common Parabola, and ſuppoſe V C a Tangent to the Curve 
in the Point C, then will VB be the Subtangent. 

Put ABS x. BC=y, VB=s, and VC t, then 
will cz @ oo + yy (by the 47th of the —— 

01 * 
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1 if & be put for the 
V 


whence TT 
Length of the Arch If, itw 


be, by bythe N — 
8 2 7 14 4 n 


. ; but ( the 


34 Exam See I. Part Il.) 
s, the Subtangent, is equal to 
2AB=2 x; Whence $g5=4x x 
ſubſtituting this Quantity then 
in the former Equation, in the 
room of 5s, we * have 


77 

: . — 61:4 

8 = 5 2 4 butbecauſe from 
the Nature of the Curve, 4. * = yy (where 4 ſtands for the 


Parameter) 3 wer s 8XxX =, and x x = 2 » and 


4X X = 2 cublticuring this laſt 3 in the room of 


0 a 
X — 5 
| LESS | 


tata _7, 
— 2, for the Fluxion of th 


Curve Line A C. Mo if the Square Root of 47% + @ 4 be 
found, according to.the Methods deliyer'd in Set II. Part I. 
and that Root be multiplied by „, and divided by 4, the Fluent 
L E. 1 laſt Quotient will give the Length of the Arch A C. 


PRO. 


2 


PROPOSITION II. 


Tut Fluixon of the Curve Line is to the Fluxion of th 


Abſciſſe, as the Tangent is to the Subtavgent. 

THE ſame things being ſuppoſed as in the former. A 
ſtration, it will "be as C: CE C: ub; but cCu 
CC, and #b = #B (8 7 =) CE; whercfore 
ascC:CE::cC+Cu:#uB + CE, Suppoſe, now the 
Ordinate c to return back again into its former Place B C, 
then will the naſcent Augfnents c C, CE vaniſh, and the Triangle 
cCE, in its evanaſcent Form, become ſimilar to the Trian- 
gle CV B, and the little Curve Line Cc, vill be to the little 
Line C E, as CV to VB; but the little Curve Line C c, and 
the little Line C E, in their evanaſcent State, are as the Fluxions 
of the Curve Line AC, and the Abſciſſe A B. Wherefore the 
Fluxion of the Curve Line AC i is to the F luxion of the. Abſciſſe 
AB, as the Tangent V C is to the Subtangent VB. 9. E. D. 
A p hence we are taught how, from the Knowledge of tie 
Tangent and Abſciſſe of any Curve, to find the Value of the 
Curve Line itſelf. | 
' For if A B be put equal to x (See the fewer Figure) 
BC= =, VB=s, and Veet, as before, we ſhall _ 


= Fs +39 bur by Propoſition l. 25 8 K 34 557 


a — 2 — - 


:2 *: whence z i and putting 4x 


in the room of 4 s, becauſe 5 = 2 x, and 4 x, in the room of 
. to which it is equal from the N ature MT the Curve in the 


former Equation, we ſhall have & = = * 4 4xx+ax; 
for the - Fluxion of the Curve; meer" if the Root of 


4 x x + x x be multiplied by x, and divided by 2 x, the 
Fluent ariſing from the Fluxion of this laſt Quotient, will give 
the Value of the Curve Line A C 


A GAIN, 


FLU XIO X's. den 


Seck l PLUXIONS. 225 


Ac, becauſe & = 222, and 2 = 2 we ſhall 


| : 2 7. Subſtitu cerefor 2 in the 
* —— 297: Nig ng Bx's 


W hae S= = — E re, in the room of 


2 .. e but becauſe 


— 
4* * = 
eee, in he lat 
Equation, and. ve ſhall have & =2 «= go 2 


4 WP. 4 a 74 a » . 
4 404 LEP 


x473 Fac, for the Fluxion of the Arch A C, in the 
Terms f the ſame as was deduced from Propoſition 1. 


94 


PROPOSITION III. 


Pl... uare of the Fluxion of the Curve Line is equal to 
a Gaede the Fluxions of the r and 


boese oi 


pur rin c, as ABD x, BC=y, and the Curve 
Line AC = E, becauſe the little Triangle C Ec, in its eva- 
neſcent Form, is ſimilar to the Triangle V B C, the Angle 


CE c will be a right z and becauſe the Sides Ce, Ec, 


CE, in their ariſing Form, are as the Fluxions of the Curve Line, 
Ff Ordinate, 


226 FLUXIONS. Part III. 

Ordinate, and Abſciſſe, it follows (From Prop. 47, of Euclide 1 
thats & + yy ; whence 5 = xx+ y >and hence 
we are taught a direct "Method to find the Value of Curve 
Line from the Equation expreſſing the Relation of the Ordi. 
nate to the Abſciſſe; for if the Value of the Square of the 


Fluxion of the Ordinate, or Abſciſſe, ariſing from the Equati 
on of the Curve, be ſubſtituted in che y_ Equation, in the 


—— if AB= x, BC=, ao 
Lins AC= * ( See the former Figure ) we ſhall haye 


W 
=xx+y * 78 and ſuppoſing the Equation of the Curve to 
de expteio] by this Equation 4 * &= , vc ſhall hat 


45 = 3.31 whence = 222, and x 4+ = 42227. 


n thislaſt wal inthe 2 Equation S= xx * 1 * | 


in Basse 4 we ſhall ave = 282 + 55 = 


ee II 5 
= "WET =5X Py = X 
BE o | 


* 4 ” + , for the Fhixion of the Curve Line AC, ue 
ſame as was deduced from the former Methods of Inveſti- 
gation. And after the ſame manner may the Value of any 
Curve Line be found, as will more W appear from the 
following Examples. | 


EXAMPLE 1 on 


Ls — be fn the Lene of ue Ach xG 
ol the Cite AE FG. 


Por 


_ 7 . WW 


JT 


on 2), mance & n= | 


ged. I. FELUXIONS, M.. 


Pur AB = x, PC=5, and AD = I, then will 
BFS 2 and nd becauſe, frorn | 
the Property of the Circle, AB 
„FFB C, we ſhall have 
2x —XXx=,y y; Whencc 
2 —2XxX,=25 3, and 


1 — * 
2 12 22. D 2222 
1 — 2ͤ T K 173 r 
(by ſubſtituting — y in the room : 
of 2 * ,o which it is | F 
whence & * +3 9 FEI = 22% 2 DD | 


1229 I 1 7 — 


* 


1293 195 


u e 8 nr 74 25 


+ 75 . Ge, each Term thetefore of this Series 


being multiplied by 5 will produce y + 2% + N 
+ = 5 += g for the Fluxion of the Arch A C. 


wok fuenf f 12 T * TI Ge. 
Ff2 =y + 


my TY OT 


* * * 9 
= Y * ** 4 + x 
, . a ö , 
- Fa 
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Boy £63 IX3, IX3X$S „ IX3X5%7 
It +ixax;) + X4x6x7) Ned 
„, &c. (whence the Law of Continuation is cafy) will be the 
Length of the Arch AC. | 
Now if the firſt Term be called A, the ſecond B, tie 


third C, &c. and the firſt Term be multiplied by 7, the fe 


228 


cond by g the third by, Ge. we ſhall have y + 52 Ap 


5 $ 5 7 
B — 5 C Dc. for the Length of 
Tex Sn no e 
he Arch A C, | | 

AGAIN, if from the Point C a Tangent Line, as C T, be 
. drawn to meet the Diameter produced in T, then will BT be 
the Subtangent; and becauſe the Triangles DB C and CBT 
are ſimilar, it will be as BC: CD:: BT: TC; chat is, BC 
is to CD as the Subrangent to the Tangent: But it has been 
proved in the ſecond Propoſition aforegoing, that the Fluxion 
of the Abſciſſe is to the Fluxion of the Curve Line, as the Sub- 
rangent is to the Tangent. Wherefore if we put the Arch 
ACS, B CD =, AB x, AE D r, then will BF =1 —x, 
and yy = X— XxX, from the Property of the Circle; where- 
fore it will be as : 1 (= DO:: * 3 whence 2 
12 — - —X=X — XX „ 
will be the Fluxion of the Arch AC. 

Now by extracting the Square Root of 2 * 
cording to the Rules laid down in Section II. Part I. ve 


9 — B 35 ; | | 
ſhall have x 1 + = + 3 — 15 xt + = xi, Ge. 


1 PLUXIONS. 25 
hy warte this * I we ſhall have 


Ax + 5 =o x +75 =o x + — = wb x + 555 xi x, Ge. 


whoſe Fluent 4 + 5 * + Lat+ Dat 2 of, Ge. 


Rath 


42% $4 2x + 7 ＋ 2 + = x*, c. ob 


1152 
1X3 I*3x5 EX3xX5X7 
XiX1 += 2X3 + 4X5 e 2x4x6x 8X9 


, Ge. will give the Length of the Arch A C. 
AGAIN, if B D be put equal to x, and AD = 1, then 


CB=T— x.x* (by thea7th of Euclid I.) wherefore, by the 


firſt Propoſition of this Relive, it will be as 1 —xx*:1-:: 31 £5 


1 
where fore æ = = 4 Or, becauſe ABXBF=BC*; 
1 - 


therefore — (= AB)X 1 + x» (=BF) =1=—xx=y y; 
whence 2 2. and . Whence — 


* x 1 4 XxXX, 
y= Ae en e : Wherefore if this 


Quntiry EEE be ſubſtituted in the general Equation 
3 in | the room of 5, we then ſhall have 


Pient + FER + E will be che Length 


112 


| o the Arch CE, Cd de BAC 


I 


OTIS —— — — —— — a —2.— —EFt —— ne 


| 
[ 
. 


— ———— — —— —— —— — — — — 
. 
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of A 1. 5 * = > then will e be cqual 
7 EY 4 
to 1 +; of 1 of —+ of 8 U r 50 
We. = po ; 5 0 when x is Ty to 1 AD, then the 
the Arch CE will be 5 of the Semi- ciroumfercnce, and 
6.523988, Gc. equal to 3. 141588, or rather 3. 14139, will 
be the Semi- circumference, when the Radius is aſſumed equal 
to Unity, or the whole. Circumference when the Diameter it 
ſelf is put equal to Unity. 


_ AAN. ff in the adjacent Figure 

ve put the Arch BC , the Tan- 
gent CT == , and the Radius DB 
=DC=1, 22 ſhall have the Se- 


cant DT I Pf (by the 47th 
of Euclid I.) Now if we imagine 


the Secant D T to move about the 
Centre D, till it comes into the Place 


D K. and in the fame Time as the 
Point T does deſeribe the little Arch 
TH (which we will aſſume equal to 
©) the TangentCT will become CK, 
and the Arch 5 C will 1 C6; and conſequently the nal- 
cent Augments T K and B 4, will be as the Fluxions of CT 
and CB; that is, as F tos; and becauſe the Triangle T HK, 
in its naſcent Form, is ſimilar to the Triangle T CD, it will be 


as 7: U: 177721 I. And again, becauſe the naſcent Tri- 


angles DH T and D's Bare iiilar, it will be as v: E: ed 
: I ; multiplying therefore theſe two Sets of eee 


together, we ſhall have as VXI: VXS: . tz 
pe the two firſt Terms by Se N 'S: 


+ ze: 15 whence &X 1 FF i and = n 
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bor by the Rules detiver in Seffion II. Part L) . 1 


2 rieren. Whence by begun VILL 
Part J, ve ſhall have dhe Fluent =; 7 


+ ; , Sc. for the Length of the Arch of the Circle CB. 


Now if 'we conſider the Arch B C at an Arch of 30 De- 
, or 7x of the whole Cireumſerence, the right Sine 
BI, in the preſent Caſe, is equal to 3; conſequently DI 


— D B*— 5D} In be cqual w Vi VI; and be- 
cauſe the Triangle D 1 B and DC T ave ſimilar, it will bs as 
DI:IB:+:DC:CT; chat is, as Vt: Vi: VI: V 
equal, in this Caſe, to f; whenoe the Length of the 
dent Arch B C= "oe jr Wr r nad " 


NE nk 720 555 = » . 
— Anh 30 ee we tho Semi-circum- 


ce, therefore 6 Xx N z3= == * 12, will give the See 


— itſell. Wherefore i — Square Root of 12 
divided continually by 3, ind the ſev otients again by 
the odd Numbets ſucceſſively, viz. the firſt N55 the ſecond by 
5, the third by 7, Cc. che Sum of all the laſt Quotients (regard. 
deing had to the negative and poſitive Terms) will give the Length 
of the Semj-cixcumference in ſuch Parts as the Radius is Unity, 
or che whole CMcumſerence, the Diameter being fappoſed equal 
to Unity, equal to 3. 141392653589. +. 
Ir has been ſhewn, that uf f be put for the ¶Lengih of the 
Tangent of any Arch, and & for the Length of the correſ 8 
nt 


. 1 | I | 
dent Arch, aer - 23" +5= ', Ce. 


whence the Length of che Tangent ok the 
the Arch may de found. Hence, and by the Help of the 
Rules laid down in Page 40, for the Reverſion of Series, 
the Series be found for fading the Length of the Tangent from 
che Length W to be known or given for 


becauſe &= 8 — 5 i o+ - * 5 75 cc. therefore 2 


| 
4 
| 
l 


=! e +=, MY whence 8 + 5. Ge. 2295 


| += F. Ge. Again, becauſe 8 1 — „ Gr. 
therefore & 4+ 1e. Je. r 5 , Ga and 
becauſe 8 , Ge. therefore . 8 + * 755 8˙ 
Ge. t whence ?, the Tangent, nequilton+5s +77 2 


| ＋ Sc. or by putting & = Af +B 2 + Cz, &. 


after the manner taught in Page 41, the ſame Series would 
ariſe, 


AGAIN, becauſe DT = LOO DE (hs the Figure 


ms aa + 77 + 58, 
Do. which is &* + 17 + — , *. be ad | 


375 
ed 1, Wi A af the Sum I + 2 +3647 
2 


Su 
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„ - 62 LS CER -. 
4 — C. VIE, 11 — — „ 
7 5 10 n *r e 
2 &c. will be the Length of the Secant of the ſame Arch; 
and becauſe as DT.: T C:: DB: BI; whence BI = <>, 

DAT 2 5 7 p — | * 
1H ＋ 5 2 + 74 4 — TT; * Ge. be divided by 1 +” & 


Khan AYE gene „„ 
+555 * Sc. the Quotient æ — FE 8 
a — 2”, Sc. will give the Length of the Sine of the 
ame Arch, and by reverſing theſe laſt Series for finding the Se- 
cant and Sine of any Arch, you will have new Series ariſe ; for 
finding. the Length of the correſponding Arch from the Sine 


or Secant ſuppoſed to be known or given: For. Example, if 


ye put for the Sine of any Arch, becauſe y = 3 — - * 


+ = 8 — — * S', Cc. we ſhall find, by the Method of 


. | I | | 
Infinite Series, that y. 4. — 7 K + — 2”, Se. hence 


3 1 | 
_- + = 2”, &c. and becauſe y* = z* 


© IEA 
1 
2 Cc +-y +=5=&+—w&, & And 
gw tf, 5 2 69 N TA: Co n 
inaſmuch as y* = , &c. we ſhall haye y +525 +9 


4 * „, Sc. = 23 which is a Series for finding the Length 


1172 | 
of the Arch correſponding to the Ordinate or right Sine y, 
the fame as was directly inveſtigated in Page 227, And after 


: G g the 
AL 


1 
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the ſame manner may the Arch cotreſponding to 3 + > K. 


+ = 2*, &c. its Secant, be found 3 whence Variety of Se. 
ries may be inveſtigated for finding the Length of the fame 


circular Arch, 


EXAMPLE H. 


Le x it be required to find the Length of any Arch of the 
Ellipſis. ; 
- In the adjacent Figure, which repre. 
ſents a Semi-Ellipſis, put F Ec, A E 
AB=x, — 3 D = 24 — Kk; 
let B C = 5, Arch, whoſe Length 
is . = S. 

Now becauſe from the Nature of the 
Ellipfis, as ABXBD:(AEXED=).AF* 
: BC“: FE“; therefore as x X 23 x 
= 24 Xx - &: 43: 0: c; whence 
CEX24X—xX=44 y y, conſequently 


| . a 
28%—xx=—X conſequenty 


; .. 68 . 0 3 88 | 
245 —= 2XX= X27), and a * K * X 59.5 


, . | 4247 y - = 
and a X— x x i= er 
* * . 4 8 
3 33 
Canam2fax+fxx ca- c X24x—X% 


and becauſe from rhe Nature of the Cutve cc x 2e N 
yy, and x2 4x — n eng, if we ſubſtitute a 40 


in the former Equation, in the room — 
| w 


44 * 5 1 
— whence x = 


2 2 — a* * 
which it is equal, we ſhall have & = rn r 
and (by dividing by @ #) & x = $£2227, conſequently 


F 
322 ., 22225 +35 by adding y y to each 
Side ofthe Equation; whence FEY — 177 
ee eee 
c — 446 5 "4 Com IY CC 


— 4 
whence & = x C+&44—Cexyy 


—. Now if we aſſume 
CC =" 


5 — —7 
l, then à _IELLD =; and if a 4 — 1 be 
1730 Fa ; 
put equal to d, we ſhall have & = N * * = y 
+2639 —tddyf +ir ff — is d. + 5,64* y? 


1 — 25% —f— 55 —133 255 
Oc. for the Fluxion of the Arch A C, whoſe Fluent y 


dy 4.5 4 y dy 4 4 
Js r Ag T5. IE >, 
TIX: TIX 1724275 T 3x09 2X2X7 
nd 1 Betas 
2X2X2X2X7) Sc. will give the Length of the Arch 
— itſelf. | 


Now. if the Length of the Arch F C be required, put AE 
=, EF c, BC=y, and BE = x, then will AB=@—x, 
and BDS 4 + x ; and conſequently, from the Property of the 
Gg2 Curve, 


1 
* 


23 FLUXIONS. Patt HE 


Curve, it will be as a + x Xx -—x:4X4::99:cc; that 


ie, as =—XX:44::9J:CC; whence 24 — XXXCe=4ay y, 
and aace ce . a4) Y». and cc Xx Xx Lc 


4 45, and a cc x =— 24 495, and c - 4455 


and x = 2228, and x x = - £2299, ; and becauſe cc a 8 


: 15 — 4 4 

— CCXX S 44 *); Whence x x eres 77 2 thee 

fore c * X 44 —aaccyy; ſubſtituting therefore this 

Quantity in che former Equation in the room of of x, and 
2 4 21 y 244 7% 

we ſhall have x x = 2 —aaccyy cee e & 


viding by a a); whence S == x x + 35 = 955 +39 


( by adding y , to each Side of the W and 2 5 
= K Jy —= 2. _— = Y 1 
CO —CCIY | — cc 
ay — Þ! 
— Iu n. LEP 


— 


6 — 44055 3 cc) 


whence & = 3 —2 x I, will be the Fluxion of 
ce—)y 


the Arch CF, the ſame with the Fluxion of the Arch A C, 


when AB was ſuppoſed equal to x, and conſequently the 
Fluent of this Fluxion muſt be the ſame with the Fluent of 


AC. 
Bur if inſtead of putting AE = a, we put the whole 


tranſverſe Diameter A D = 4, and B C= x, as before, the 
Length of the Arch C F will be 


+ x 


» >. 1 
2 
9 4 
. 
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* 0 
3 4 
* * 
3 
c* 4 c x” 
44 ? 16.8* . 7 4 
c* 360 306 x? 
—PTP Ta 2" 
AND becauſe y AA x ** cherefore y = aa—xax* 
*, whence y — nnn 
=; whe — ——— = 
"a r Zi 
* n Ex <0, + 
Pn 4 4 74 and S & = x x + yy 
"” Bl xx * © ce at * x 
2 — — 4 3 
ae ee eee 1 — 
1 De A ee 
SS the Fluxion of the Arch C F, equal to æ x 1 + 2 75 
1 x * A x x 1 6 bers 214 
— 4 "i — = _ 
„ 7 wag 
. 3 . G S c * wy K 
2 2 3 . 
x? 
＋ 7, 1 
I „ * 
DNN 
16 *X FX > + , Ge. 
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— eu Sc. ann.. will be 
3 5 - 


2 44 X 728 
pA 


— = * 25 N c. | 
"of | 

+ = * + 2 Ge | 

"WE. 2 f b 

— 1427 * 2, Ee. benz e t 

qual to the Series firſt propoſed. 


EXAMPLE Ut 
hs 1 required to find the Length of any Arch A C of t 
e Para 
Pur AB, BC y, and the Parameter = 4. Now A 
: becauſe, from the Nature of the K 
AT Curve, a x=y y, therefore a x=2.y9, 
and x 2 ; whence —— , 
B SC a : 44 
1 And ſubſtituting this Value of xx 
D AI inthe generalEquation e & 1 ＋A 5 y It 


in the room of * x, we ſhall have 


= 22 a” 422 — 2 


a 4¹ 4 4 


— 
— 


=47y 3 + Py, *. for. the Fluxion of the Arch AC; 
but the Square Root of 4@ + 4 77 (by Section II. Part!) 
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ip 2 Ke. This cheddar ding 
aultplied by! e 2 427 — 


&c. whoſe Fluent y + — 125 | — 22, +42, Sc. will be 


the Length of the Curve Line A 0. Now if we put DE =, 
and the Parameter equal to 1, when AB flows into, or 
becomes AD; that is, when the Points B and D coincide, 
then y becomes equal to c, and conſequently we ſhall have 


4 + - of —5 6 +5 “, Oe. for the Length of the whole 
Curve Line ACE. 

Lr us ſuppoſe 1 * = which is the Property of 
the Cubic Parabola, the Parameter being ſuppoſed Uni- 


ty, then will > x = 399» and == £22 y whence 


xx = 2.22, ane by ſubſtituting this in the general Equa- 
tions =# X +35, in the room of x x, we ſhall have 
2922 +98 and becauſe 1 x*=y*, whence 4 x* = 
— this laſt Quantity 4 y* in the room of 4 x xin 


te laſt Equation, we ſtall have & & = 2227 + 5 5 


4.9 
= 27 + 3, = 299 £999 = — * 
— 


vhence 2 —— +J=93 +4 | x 2 for the lark 


ON: 


5 
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on of the Curve, whoſe Fluent will be 27 -X9y +4 4X99 +4 
and to find whether any thing is to be added or taken from 


this, put y o, and there will remain 27 N 22 = 27 3 Where. 
fore the Length of the Curve Line will be 25 xX 97 +; 
X9y + 4— A. 

Now if we ſuppoſe j® = , Which is the general E. 
quation for all kinds of Parabola's, we ſhall have x = m4 7 
whence x. x = mm # Wes J's and putting.2 m — 2 = 3, we 
ſhall have * = m 5 , and ſubſtituring this Quantity 


m „ in che general Equation S = #* + y in the room 


of x K, we ſhall have. = my 5 +5 * Xm 9+ * 
for the Fluxion of the Arch, whoſe Fluent » + 
m V m - 1 1 * 3 m y* _ K 


„6 10 
— 


21 +1 2X 4X27 +I. 2X4,X6X3n+1l 


+ n+1 
— 22 „c. will be the Length of the 
2K4X6X8X47 +1 
Curve of any kind of Parabola whatſoever z and if in the room 
of ve ſubſtitute its Value 2 1 — 2, we ſhall have 
. . + © © 4 9099 


— 


— 


— — 


2 = 2X4X4m—3 2X4 XO 
8 m—7 
1 * m 
ee Oc for the Value of the Curve Line. 


aK 4K 6X 8X 8m —7 
1r DA = DE, the Semi- 
E. Conjugate Axis of an Equi. 
| lateral Hyperbola be put equal 
to a, the Parameter of the 


| © 5 — Parabola, and the Ordinate 
| BC = 2 y, and the Abſciſſe 
QC=DB=a x; then will 


D ABS» — 4, conſequently 
. * — 4%, 455, and x x 
= 433) T6 with whence 


x = 


FLA 


* 
a 
fi 
0 
n 
ſi 
ar 
0 


— ju RI. 
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whence & = 17 Tea; whence the Fluxion of the Hy- 


lic Space D E CA will be yx 4 y y + as, the ſame with 
the Fluxion of the Curve of the Parabola ; whence the Recti- 
fication of the Parabolic Curye depends upon the Quadrature 
of the Hyperbolic Space; whence the Rectification of a Curve 
may be compar with the Quadrature of a Curve, by ſuppo - 
ſing the Fluxion of the Curve to be rectified as an Ordinate, 
and the variable Quantity in that Fluxion as an Abſciſſe to that 
Ordinate. | 


EXAMPLE IV. 


LET it be required to find the Length of the Curye A C 

of the Hyperbola A C H. : 

Lir I be the Centre, and put the Tranſverſe Axis 

AE = 2 4, the Semi-Conjugate E 

Auis 1D Sc, BC , and AB 

x; then will EBS Zz +x; 

and becauſe, from the Nature 1 — D 

of the Curve, as E IX IA: EB | 

xAB::ID*: B C?, therefore 

B48:24X + KM: :: 9%; A 

whence 2 4 XX XXCC =44) Y, 

44 44 B 2 
F 


and A 4. x þ #X = —— = — 

ce cc 
* 3, conſequently 2 4.x a & x — 5 
=—=X293 whence * . and æ 
22 
cc xXx ＋ * 777” + cc ex 


2, Es 
48 t , OO xx* and becauſe, from the Pro- 


— 


z whence & & is equal 
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perty of the Curve c cx 2 +xx=8#4)5;" hence 
0 24 X 2 Te * X S . I ve 
ſubſtitute 4 4 c, in the former Equation, in the room of 
2 4c ＋˙A & , to which it is equal, we ſhall have x x 
4 4 8 JE . 
ee (by dividing by 84); 


_ 44 a, OqSeeyy 
this Quantity therefore being ſubſtituted in the room of x x 


in the general Equation & & = x x + , we fhall have z & 


"Na aa y TY 5 
* + 55 whence & & = 


A — 


— ayy99 +3 z+ccyyyy O93 +4a+ 0X99 3y | 
1 EC +creyy "> 1 OED | 
| . , _O+TaFETIXII NG t 

| g — — — — — X — 
6 +ceoyy 23.6 0h co +93% 66? | 

&: *% "IN 2 ; . 

whence 3 2 XY. the. Fluxion of the : 

co +I) WS EE 

Arch A C, being the ſame Expreſſion as that in the Elliphs in 

Example II, except that in the Ellipſis, the Quantity © yy 5 
negative; conſequently the Fluent of this Fluxion will be the 1 

fame with that of the Ellipſis, except in the Change of the 
Sign, when the Quantity y is concerned. 1 
Ir the Hyperbola be an Equilateral Hyperbola, then 2 4# 7 
+ xx ; whence 22 * +2xx=25 y, and ax +xx * 
CET RS - F 3195. an 
ES 04 "WS x „ 2 


and by ſubſtituting yy in the room of 2 42 x + x in the laſt 
Equation, to which it is equal, we ſhall have x * 2255 


ſobſtituting this Quantity therefore in the general Equr 


tion 


Ie ? 


. 
» 


Ju2* 
on 
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uon S S= 4 x ＋ 0 in the room of x x, we ſhall have 


1223 4552 PFF 8 
aa+yy 424 +39 aa 99 


XJ); whence 2 — XY, for the Fluxion of the 


322 


Curve Line A C; and* if we make the Parameter, which is 
ſuppoſed equal to &, to be equal to Unity, we ſhall have 


I + TT 


1+) 


Sc. and the Root of 1 +9 is1 ＋ 127, Sc. theſe there- 
fore being divided by each other, will produce FP > II, Cr. 


and this being — by y, will produce 3+3)y 75 whoſe 
Fluent y + —— 53 Se. will be the Length of the Curve 
Line A C of & Hyperbola. 


2 = X 


EXAMPLE V. 


Le r it be required to find the Length of any Arch of the 
Equi-angular, or Logarithmical Spiral. 

Leer the Lines BE and F G touch the C 
Spiral in the Points B and F, and draw the 
Lines A E and A G, fo as to form right 
Angles with the Tangents B E and F G, 
and on A, as a Centre, deſcribe the Arch 
QF. 

Pur AF -= 4, AC =, and BQ 
AB — AF = y, and FG. 
Now ſince, from the Nature of the Curve, 
any Radius, A F, forms the ſame Angle N | CT 
AFG with the Tangent F G, theres 

Hh 2 fore 


7” but the Root of 1＋27iö1 +99, 


| 
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tore any Triangle, as A B E, will be ſimilar to the given Tri. 


angle A F G; whence, by the firſt Propoſition aforegoing, FG 
will be to AF as the Fluxion of A H to the Fluxion of the 


Arch; wherefore as c: 4:: * 2. the Fluxion of the Part FB 


of the Curve Line, whoſe Fluent == will be the Length of 
the Part F B, and putting 6 — 4 y, to which it is equal, 
we ſhall have _—_ © for the Length of F C; wherctore, 


by converting the Equation into an Analogy, it will be as c: 4 
:: 6 - a:FC; that is, as FG: AF:: AC - AE: F C, 
the Length of the Curve. | | 


EXAMPLE VI. 


LE r it be required to find the Length of any Portion, D B, 
of the Archimedian Spiral Line A-B-D. 

LET AD CH be the generating 
Circle, and put AD AC =4g, 
the Circumference D C H D=c, the 
Arch D C x, the Ordinate AB=y, 
and let the Tangent to the Spiral in 
the Point B be drawn; and produc'd 
till it cut the Diameter DA H pro- 
duced in the Point E. 

IMAGINE the Ray A C to re- 
volve about the Point A, and to 
move till it comes into the Place 
AF. Now becauſe the naſcent Tri 
angles A CF, and AB6 are ſimilar, 


it will beas@: x.:: y _ 2343 


and again, becauſe the naſcent Triangle 46 B, in its _ 
tate 


" 44 
= a 
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Sate is ſimilar to the Triangle A E B, it will be as 9: =:: 


IJE = AE; but becauſe, from the Nature of the Curve, 


ay 
4X=C , therefore à x == ( y 3 whence x = _ which be- 


4 
ing ſubſtituted in the room of x, in the former Equation, we 


hall have the Subtangent AE=="Z. Again. becauſe the Triangle 


C4 ; 
E AB isright-angledatthe Point A, therefore —— + 772 


4 — 0 
Z= y+8 ** (by the 47th of Eu- 


clid l.) is equal to E B'; whence the Tangent EB=6ccy y + aff 


x Again, becauſe the naſcent Triangle B & d, in its a- 


riſing State, is ſimilar to the Triangle B E- A, and the Sides 4 B 
and Bb of the naſcent Triangle B 4 b, are as the Fluxions of the 


Ordinate A B, and the Part A B of the Spiral Curve ABD, 


it will be as y : 40 e 9 4 ＋ AT, " F. 


the Fluxion of the Part A B of the Spiral Line A B D. 


Now if we ſuppoſe the Radius A C of the generating Cir- 
cle to be Unity, and put S for the Length of the Arch, then 


z will be equal 1 4. Cc 057 X ys but the Root of 1 +ceyy 
. 1 1 $ __ 
IgE RT Fa" 
, &c. This Root therefore being multiplied be „% will 
9% GEE 0 . , 
produce 5 +5 -i Of pb = 
+ 


128 


Fd 


— — — — — — 
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7 
＋ 356 


5 3 I 
, &rc. whoſe Fluent y + g 833 
1 , 5 | 7 10 „1 | I 


IXI mor 5 . 
2X4X5 2X4X0X7 2X4X6X8X9 


© $2.0 » 7 4. 
OY FIREREXIX IOXIL Jy „ Ge. will be the 
Length of the Spiral Arch A B. 


EXAMPLE VII. 


Cy — 


LE x it be required to find the Length of any Part of the 


iprocal Spiral A B E. 

9 r | ABoUT the Centre A, with 
D the Diſtance A E, deſcribe the 
Quadrantal Arch DE C FP, and 

E produce AB to C; and becauſe, 

K from the Nature of the Curve, 

any Radius AE is reciprocally as 
the Angle DAE, it forms with 
the firſt Radius AD,or as the Arch 

DE, it will be as AB: AE: 

F PE:DC; whence ABX DC= 

ASEZIT AEXDE. 

H Now if AD=AE=g 

the Arch DE c, the Arch DC 

= x, and AB = , then will ac =x 9, Draw B H to 
touch the Curve in B, and at right Angles to B H draw AH ; 
wherefore by Propoſition II. aforegoing, it will be 3: :: 


| x LF, and as y 27 22 but becauſe, from 
* 4 a 7 | 


Nature of the Curve ac=x therefore x = , which 


—, 
being 


$4.1” FLUXIONS 28457 
being put in the room of x in the former Expreſſon2* e 


ſhall have A H; that is, the Line drawn from the Centre A, 
perpendicular to any Radius A B of the Spiral, to interſeQ the 
Tangent to that Spiral at the Extremity of that Radius, will be 
a ſtanding Quantity equal to the Arch D E, which Arch will 
become a ſtraight Line perpendicular to the firſt Radius A D, 
when the Point E is at an infinite Diſtance, and the Angle 
DAE infinitely ſmall; that is, it will be equal to Al, the 
+ Diſtance of the Aſymptote I K from the Centre; whence 


127 *, the Fluxion of the Porti- 


on AB. 
Now by extracting the Root of ce +99 , we ſhall have 


| y 8 3 4 7.5 


6% abs 256 c 
iplying this Series by Z, we £3.99 13 
multiplying this Series by 5. ve ſhall have — + 2 — 22 
8 LE 
+ _ + — &c. whoſe Fluent ＋ 2 
e 
320 7 342 10246 P 25606? G. Or, 
F 1x9 3 E 
2X 26 2 X 4x4 2X 4X6 XC 


1 8 _—_ Toy 

3 Fr 8 „Er. will be 
2X4X6X8X86C 2 X4X6X8 X1IOXIO 6? 

the Length of the Portion of the Curve A B. 


EX AM- 
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EXAMPLE vm. 


LE r it be required to find the Length of any Portion of 
the Logarithmetic Curve. 
LET DP, BQ be 
Ordinates perpendicu- 
lar to the Aſymptote 
E P. 
D 
BQ =y, andPT 
=QR=c; whence 
BR'=R Q*' + QB* 
=CC * y 79 and BR 


— but by 
Propoſition 1. atore- E R 1 P 
going, it will be as 

B Q: BR:: e 7 , whence N xc den 


for the Fluxion of the Curve; but by extracting the Square Root 
6 


D 


er T. we ſhall have.c + = L — > 1, 


— 227 3 and * this Series by 2 7 we ſhall 
7 2 — 22 223 75 
_— TY + 166% 1280 T 56e 


o 


2 1 
"ES. os - £5+ £7 RF Sr br, 


I XI X 
he. * 7 4 XZ. 1x19 + w_ 2. 
XZ 2X4X4XC —_IX4X6X6XC 
"IX CKIN 
LS * —+ IXIX3X$5X79" „c. will 


2X4X6X8X 80 2X4X6X8X ox 10 
give the Length of the Arch. | 
| EXAN- 


Sect. I. FLUXION S. _— 
EXAMPLE IX. 


Leer it be required to find the Length of any Portion of 


' the Cycloid. 
Pur AH, the Diame» F G A 


ter of the generating Cir- | 

cle, = 1, and AB== x; Fc 
then will BH = 1 — x, B 
and BC= I- & X x, N 0 


=x— X'X, by the Pro- 
perty of the Circle ; whence 


BCS Again, 
becauſe as AC: AB:: 
AH: AC; that is, as 5 | | H 
AC:x::1:AC; whence 

AC x, and A C = xl, it will be (by Propoſition II. of this 


Sefion) as AB: AC; chat is as : 4h : 6 = 2 3 


whence 2 = 55 by dividing by xi, conſequently & N x 
will be the Fluxion of the Portion A N of the Cycloid, whoſe 
Fluent-2 x3 = 2 AC, will be equal to the Arch AN ; whence 
it follows, that the Length of the Semi-cycloid is equal to 2 A H, 
the Diameter of the generating Circle: For when B N, by flow- 


ing, arrives at H F, A C will become equal to A H. 


EXAMPLE X. 


| . 

Le r it be required to find the Length of any Portion of 
the Ciſſoid of Diocles. 

LET AD, the Diameter of the generating Circle (See Figure 
following)be put = d, AE x, the Arch AC, B C= y, and 
AE=x ; then will DE=BC= 4 x; and becauſe, from the 

I1 Nature 


20 
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D E. | A Nature of the Curve, = 2 
e 

X "4 =_— a to x=4 
X ff — 7 and becauſe the Fluxion 
of & = — 2 x—+ * =— x4; 


. 


B C and theFluxionof&—x* =*7=x 
X — x = — 2 T=, there. 
KR H forey = — -i * * 4 =? 


LT - == Int XI=ν i x Ti 


u * 
NN DDD 


r * = — 
** = ok ONE 6# : 


e * 7 5 
dd +4dxn+axx 4— 
4 * * en 
4 4 Uu TAC Ax - 4dx — 4* 
FL Ag | 
+ 3d dxX—4x .. 4 wk FA 
= g . — whence S = 95 y + xx 
4 ＋ 3ddx— 4 * 
= 4 * 


a. 


— **; whence y y = 


XX * 2 Xxx 


t FEUTTO NAS 51 
e 2 ** _ ddd+3zddx 
; dd 4 4 d+;x 

KG: = ee. madre . an 


1 4 1 — 


* v. 


2 27 * 
1 34 © 1608 


328 4. Ge. which being multipliedby LEM vill produce 


254 2h ox  a7x'x eons 
To ant T 32 rr — 256 dia?” 


& 1 2 27 K 
N 8 + "INH " 16 WHAT HT 128 di xt 


7 * 3 2 
4 er- Ge. * 4 1 — T7 att 


Square Root of # + 3x i 401 + = 


| 27 0 31 b : 2 3 | 

| % 5 l, Sr. Or 22 

ny I'X3 A. INR — „ 
2X2X2 2X4X2X3 TV 2X4 * 6X2X4 


eee ws Lag of the Arch. 


i RoW 
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SECT It 
Containing the Uſe of Flux los in the Quatdratur 
of Curves, or in finding the Areas of Curvilinear 


Spaces. 


PROPOSITION IV. 


HE Fluxions of the Areas 

ABC, and A B D G, deſcri- 
bed by the uniform Motion of the 
Ordinates B C and B D, along. the 
Baſe A B, are to each other as, the 
generating or deſcribing Ordinates: - 
BC, BD. 


DEMONSTRATION. 


CoNCErvVE the Line CB P to move with an uniform 
Motion along the Line A B 6, conſtantly parallel to itſelf, till 
it comes into the Place c & d, then will the Ordinates B C and 
B D deſcribe the little Spaces B Ce and B b 4D, which are 
the naſcent Augments of the Spaces A B C and AB D G, ge- 
nerated in the ſame very ſmall Particle of Time; for while the 
Space A B C flowed into, or become Ac 6, the Space ABDG 
flowed into or became A b4dG. |, 

FROM the Point C draw the Line C E parallel to the Baſe 
Line A B-6, then will the naſcent Augment of the Curvilincar 
Area ABC be equal to the Rectangle C E b B + the trilinca! 
Space C E; and inaſmuch as Fluxions are in the laſt Ra- 


tio of their evaneſcent Decrements, if we imagine the right 
| Line 


» % * PP 
5 — T*> 
—_— 2 * = * 0 - * . - o - 


"al 
A 
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Linne c 64, of, which is the ſame thing, the Ordinates 6 c and 
3 to return back towards their Situation B C and B D, 
it is manifeſt, that the nearer 6 c a to BC, the nearer 
chey will approach to an Equality, and the leſſer will be the 
trilinear Space c CE, till atlaſt, when & © arrives at, or be · 
comes coincident with B C, the trilinear Space Ce E will va- 
niſh, and the Fluxion of the Curvilincar Space AB C will 
be to the Fluxion of the rectangular Space A B D G, in the 
evaneſcent State, as the deſcribing Ordinate B C to the deſcri- 
bing Ordinate BD. EA 

AND inaſmuch as the Ordinate BD is ſuppoſed to move 
with an uniform Motion conſtantly of the fame Length, and 

llel to itſelf, the Fluxion of the generated Rectangle AB DG 
will be a conſtant Quantity, and conſequently the Fluxion of 
the Curvilinear Area A B C will be every where as the deſeri - 
bing Ordinate B C. Wherefore, 

Ir the Fluxion of the Abſciſſe A B be multiplied by the 
Ordinate B C, the Product will be the Fluxion of the Area. 
And again, if in this Product the Value of the Ordinate ariſing 
from the Equation expreſſing the Nature of the Curve, be ſub- 
ſtituted inftead of the Ordinate itſelf, the Fluent of this laſt 
Fluxion will give the Area of the Curvilinear Space A B C. 

Now if we imagine the Line AD to be carried along che 
Line A B, conſtantly parallel to | 
ieſelf, and the Point A moving A D 


along the Line A B, to move 
with an uniform Motion, mo- | 
ving over equal Portions A 6, b E. 
Ge. in equal Times, while the | 3 N 
Ordinates bc, c. increaſe in a | 
Subduplicate Ratio of the ſame | 
Spaces A 6, Sc. I fay, the Fluxi- | 81 
on of the Area of the Curvilinear n Fan 
Space AB C(ſuppoſing A Bx) 5— * 
deſetibed by the, generating or | 


„ 


deſcri- 
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deſcribing Ordinate B C will be * x, and the Fluent 3 xt 
will be the Area itſelt. | n pen 

Bur if we ſuppoſe the Line A B (See the former Figure) 
to be cattied according to the Direction B Cor AD, nl, the 
Point A to move wich an uniform Motion, moving over 
equal Portions A d. Cc. in equal Times, while the Or. 
dinates 4 c, &c. increaſe in a duplicate Ratio, or as the 
Squares of the Portions A d, c. I fay, the Fluxion of the 
Area of the Curvilinear Space AD Cc (ſuppoſing AD= x) 
will be x* x, and conſequently its Fluent ＋ „nx, 
will be the Area; and this is called the Supplemental Part, 

Now if, for Diſtinctions ſake, we expreſs the Ordinate BC 
in the firſt Caſe, to which the Line A D, generated by the 
Motion of the Point A is equal, by a different Symbol, ſup, 
poſe y; then the Fluxion of the Area A.CB A, in the firſt Cale, 
will bey x, and the Area itſelf 3x y; and in the ſecond Caſe 
the Fluxion of the Area A CD A, the Supplemental Space 
x y, and the Area itſelf, will be; x y, which being added to- 
gether, will produce x y equal to the Area of the circumſcri- 
bing Parallelogram AB CD. Wherefore 
Fr the Value of y in the Equation expreſſing the Nature of 
the Curve, '-be multiplied by x, the Fluent ariſing from this 
Fluxionary Product will give the Arca of the Curyilincac 
Space, or OE RC IWR 

Ir the Value of x in the Equation expreſling the Nature of 
the Curve, be multiplied by , the Fluent ariſing from this 
Fluxionary Fact, will give the Area of the Supplemental Space. 
Wherefore, 5 

Ir AB, the Abſciſſe of any Curve, be put equal to x, BC, 
the correſponding Ordinate, equal to y, the Area AB E of the 
ſame Curvilinear Space equal to &, and the Equation, expreſ- 


ſing the Nature of the Curve, be * 5. where the Quan- 


/ F 


wm _ — ww _— „ 


= 3 * <P TE WW * S- „ * 


* ” = 


- © on, 


5 
0 
ſ- 
n 
7 
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ry OT; be a Randing Quantity: 2 
4 * =, is the Fluxion of che Ares, and " 


4 x 


mn | 
= == £7, the Flnent thence ariſing, will be equal to & the 
Area 3 for. if wy be put equal to I, and x equal to 2, N 


be equal toy; conſequently ——— x y = x * 


= x 3, will be the Area of the Curve agrecing with the for- 
mer Inveſtigation. 

AND that this may till the more evidently appear, let us 
find the Value of the Ordinate y, in the Terms of x, in the 
Equation expreſling the Nature of the Curve, the relation be- 
tween the Ordinate x, and the Area of the Curve , being 


given or aſſumed at Pleaſure. 


Le r therefore A CB repreſent a Curvilinear Space. Put 
the Abſciſſe AB = x, the Ordinate 
BC=y, and the Area, as before, AN 
equal to & ; alſo Bb = o, B D v, | 
then wilt the Rectangle B DA , ] u.,n NRW 
which we ſuppoſe equal to the Space B — D 
B Ce 4, be equal to ov, and the © 
whole Area AC c b will be equal to! | 
8 T uv. Let the Area ABC bel! | 
repreſented by this Expreſſion 3x7, 22 5 7 
then will 2 * E, and τ = 2*; 
and becauſe while A B flows into or becomes A b, * flows in- 
to or becomes Xx & 0, and the Curvilinear Space A B C flows 
into, or becomes A be A. Subſtitute theſe Values in the 
room of x, and & in the former Equation, and we ſhall have 


3 T r e 2 2 O + V3 
fam whence taking away 5 Pa * , and dividing the re- 
maiming Terms: by „ we fhalt hive 3 1 + I 
S2 SUT. Let us now ſuppoſe b& to return again 

into 


- — 6 
— — — r — = 
* nn. * 
8 n hs 
: b ** 
— 
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into its former Place B C, then will the Quantity o become 
equal to nothing, and conſequently all the Terms into which 


it is multiplied will vaniſh; whence 33 K K 2 22 v; tha 


. 5 = 2 K v; that is 3 or j ** U 
When hee returns again into the Place of B C, % BD. 


comes each equal to BC hence 3; * =35 x+ y (by ſubſtity. 
ting 3 e in che room of , to which it is equal) and x x = 
x3 y, and x+ = 3 for x* x x = xt = x" ; and on the 
contrary, if x# = y, __ x} S the Area, 
m + 
Ap univerſally if raps Xax n®” 1 purting , 


Dc, des +59 6 e ie e 2, and Ox 


= £ 


Le T us now imagine the Ordinate BC to flow into, and 
become b c, and putting B o, and BD= , as 

we ſhall have A b= x + o, and the Space Abc A St 
and ſubſtituting theſe in the former Equation * 2*, in 


the room of x and Sy there will ariſc c * * + 4 


La 4, Oe. e 0% 4b 


08 — . S of , S. from whence ſubſtracting cx x 
= , and dividing the 8 Quantities by o, we ſhall 


hve xd +'d K x „ = mn . 
* 7 0 v. 
LET the Ordinate 6 c return again into the Place B C, then 
will the „ o vaniſh, and all the Terms into which it is 
ed 


multipli come equal to nothing, and conſequently 
4 =ny 2 (for ee & comes into the Place 


C, v becomes equal y) 2 = (by multiplying n y . by ; *) 
(= 


| ſhall have de ® = 2 y, and by putting 
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e (ey fabſtirating . . in the room of . 

r 

ande x in the room of g) · whence cd = 2 1 ng 
#4 : A * 

by dividing each Side of this Equation by ci x*, we ſhall have 


4x = E Now by multiplying each Side by c, we 
c Xa 
4—3 | 


Nd , 
in the room 
m + n 


of c, ＋ in the room of d, and m in the room of 4d—#, 


nas 2 11 
ve ſhall have # + PX ———* hence n 


and 4 x* = y, the Relation between the Abſciſſe and the Or- 
dinate, or the Equation expreſſing the Nature of the Curve: 


8 = 
Whence, on the contrary, if à x* , then —I— 4 x * 
= toSthe Area. | | 

AND hence we are taught how to find the Area of any 
Surface, the Equation of the Curve being known or giyen, as 


ſhall be ſhewa at large in the following Examples, 
EXAMPLE I. 


Lier it. be required to find | | 
the Area of the ReQangular C Wo D q 
Quadrilateral Space BCD A, | | 
IMAGINE the Line BCt 
be carried with an uniform 
Motion, according to the Di- 
rection of the Line B A, and to — — 
move always parallel to itſelf, B F.-Y 
K k and 
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and at right Angles to the Line B A, the Space 
rated by the deſcribing Line B C is called a rectangular Parallelo- 
gramic Space; and if we put A B = 6, and B C = 4, then the 
Area of the Space AB C D will be expounded by 4 6, or a x 6, 

Bur if the generating or deſcribing Line doth not move in 

a Situation perpendicular to the Baſe A B, but inclined to it 
at a given Angle, as c B A, and of ſuch a Length, that the 
Height or Diſtance of its Extremity c, above the Baſe B A, 
be equal to the upright deſcribing Line BC, and the Line thus 
inclined be imagined to be carried along the Line A B, ac. 
cording to the Direction A B, and to move in a Poſition always 
parallel to itſelf, and to its firſt Poſition or Inelination Be: I 
ſay, this Line thus moved will deſcribe or generate a Paralle. 
logramic Space Bc 4 A, equal in Area to the Parallelogramic 
Space B C D A, inaſmuch as the generating Lines B C, Bc, are 
ſuppoſed to move with an equal Velocity, and the Spaces BC DA 
and B e A A are deſcribed in the Time expounded by the Line 
BA; that is, in the ſame Time that the generating Line BC 
arrives at, or coincides with A D, the generating or deſcribing 
Line Bc arrives at, or coincides with A 4, and the Line c 6 
arrives at, Or coincides with 44. And 

HENCE it is that Parallelograms ſtanding upon the ſame 

or equal Baſes, and having the ſame or equal Altitudes, con- 
tain equal tities of Space, or are equal in Area. 

As the principal End of the Science of Geometry is to find 
out the Relations that Magnitudes of the ſame Kind have to 
each other, according to Quantity; that is, as how oft the 
one contains, or is contained in the other; ſo the rectangulat 
Parallelogram has been pirch'd upon as the Standard to which 
Surfaces of all Kinds are referred: And to find the Quadrature 
of any Curvilinear Space, is to find what Proportion it has to 
its circumſcribing Parallelogram; and by knowing what Pro- 

ion they have to their circumſcribing Parallelograms, we 

ow what Proportion they have to each other. For Exam- 
ple, as it will be ſhewn in the Sequel of this Section, 1 
| fi 
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BCD A, gene- 


Sd ks &am Md a ao 4c oo mui 4 


a 4 
Fluxion of the Area; and conſequent- 1 
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Triangle will be found to be one half of its circumſcribing 
Parallelogram, and the Parabolic Space will be ſhewn to be; of 
its circumſeribing Parallelogram. Whence ( ſuppoſing the 
parallelogramic Space equal to 1) the Triangular Space is 
to the Parabolic Space, each ſtanding upon the ſame Baſe, and 
having the ſame Altitude, as, to 3, or as to &, or as 3 to 43 
and by the ſame Method we may compare all kinds of Surfaces 
amongſt themſel ves. And *tis for this reaſon that I have be- 
gun with the Generation of Parallelogramic Spaces, and ſhew= 
ed how they may be eſtimated and valued, it being the 
Baſis upon which the following Part of this Section is 
founded, . 


EXAMPLE II. 


Ls T it be required to find the Area of the Triangle 
ADE * p : 

DRAW AF a Perpendicular to DE, and through B, a 
Point taken at Pleaſure, draw CBC | 
parallel ro the Baſe D E. 

PutTA F=4,DE= 64, AB=x, G A H 


and CB C= y; and becauſe, from 
the Nature of the Triangle, b x = @y, | | 
b | 8 "0h 


and y = == 1; therefore K is the B 


* 

ly _ = — (by ſubſtituting y in F E 
che room of = to which it is equal) will be the Area of the 
Space A CB C. | 


Bur when the Point B by flowing arrives at F, A B will be- 
come equal to A F, and the Line C BC will coincide with the 
Line DF E; conſequently x will become a, and y become 

Kk 2 equal 
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equal to , and the Area of the Triangle ADE: will be 


1 
equal to, or 1 4 & 6. 


Bor by the preceding Example, the Area of the eitcum: 
ſcribing Parallelogram D E H G has been ſhewn to be equal to 
ab; wherefore the Triangle D A E is + of its circumſcribing 
Parallelogram; and conſequently the Spaces are to each other 


as 1 to 2. ; 
EXAMPLE III. 


LET it be required to find the Area of the Circle 
AEF G, 


FROM any Point, as C, in the Circumference draw CB 


parallel to ED, or perpendicular 
to AEF, and put B CS, AB 
= x, AF a, then will BF 


| =4—x; and becauſe, from 
C the Property of the Circle, AB 
E Xx B FCB, therefore x x a — x 


=4xX— XX „, andy 
=4.X —xx* X=; 
and conſequently y * =X Xx 


| Area. 
B ber the Square Root of 4 — & is 41 — 34+ 


I 3 — JP 
— = i ixt—— i 1 at x}, Ce. This Serie 
therefore being multiplied by x x, will give al xt x 17 
1 j xl 6 gm — at xi ufo 

| | Bros Bow 1 
Þ the 


WO mY will be Fluxion of the 


| 
J 
4 


C 


— EA 
? e 


5 WP RES. = - 
4 * 7 .T * 
_ — 7 as , 0 * * 
6 | * 
- . 
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the Fluxion of the Area A B C, whoſe Fluent 8 at ot — 


$ 
I 2 "BO 
4 xt = ri = 41 ot — ix*,ec. will 
be the Area itſelf, 


LET us now put 4 = 1, and imagine the Point B to move 
„ill it comes into the Place D, at which Time the Ordinate, 
or right Line BC, will coincide, or become equal to the Radius 
DE, and x will become equal to 2 a, which we will ſuppoſe. 


2 I I I 

yn 1 — — — — — 
equal to r; and conſcquent]y 1 i _ ri - 52 
1 — u, c. will be the Area of the Quadrant A D E. This 


Series therefore being multiplied by 4, will give 4 * = FT uo. 71 


28 7 704 28 

+ ns > IXIX2 
e LS ans FIN — 1 2 X X 7 
72. 704 | IX 3 S.X 5 2X 4X - i 


IXIX3ZX2, IXIX3X$5X2 
—TTXAX6X9 © 2X4X6X8X11 
of the whole Circle A E F G. 

AGAIN, if we put BC y, as before, DB = x, and 
DC Dr. becauſe r — K (Y the 47th of Euclid I.) 

—— 


Therefore y=r nr — x x*, conſequently y X = x Xr — 


vill be the Fluxion of the Area of the Space E D B C. 


Bur the Root of 2 
1 Square 0 * 75 


„ &c. for the Area 


Wo 4 
— — = =; this therefore multiplied by x, will 


give 
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* . * * 
8 2 7 8 7 16 7 
* & x” 


Fluent 7 x — K 407 27 

the Area of the ſame Zone E DB C. 
Now if we imagine the Ordinate BC in a flowi 

State, and to move till the Point B coincides with the Point 


A, then will D B become equal to D A, N e 


x will become equal to r, and we ſhall have r'— - * 


1 I 5 | 
— — r — 1 — „ Oe n LoL 


40 112 1152 6 40 
1 1 1 1 

112 apr "" RNs > . 2X4X5 2X4X6X7 
1XIX3X5$ 


* for the Arca of the Quadrantal Space 


tr by I XI 
ADE; and conſequently 47 X11 — 2X3 "2X4 X5 


— 2X4X6X8xX9" 


N I IXI IXIX3 
GS Wn —o————— Sc. (or 1— — — gn e eee 
Nee 2X3 2X4X5 2X4X0x7' 


Sc. when the Diameter A F is ſuppoſed equal to 1) will give 
the Area of the whole Circular Space. 

AGAIN, as the extreme Point B of the right Line AB 
will, when it reyolyes about the fix d 
Point A, deſcribe the Circumference 
of the Circle Be, while the whole 
Line AB, being carried about the 
ſame immoveable Point B, will de- 
fcribe the circular Space A B c B, ſo 
any Point, as D, will in the ſameTime 
deſcribe the Circumference D 4 D, 


while the Line AD will deſcribe the Circular Space — D. 
vr 


had 8 


r 
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pu r therefore the Circumference Be B = e, the Radius 
AB=r, the Circumference D 4 Di, and the Radius AD=x. 
No w becauſe, from the Nature of the Circle, cx = ry, 


ind y => therefore _ is the-Fluxion of the Area; and 


=, the Fluent thence ariſing, will be the Area itſelf; and 


by ſubſtituting y in this laſt Equation in the room of = we 


ſhall have 2 for the Area of the Circular Space ADd D. 
IMAG INE the Point D to move into the Place of B, then 
vill the Radius AD become equal to A B, the Circumference 
4D 4 will coincide with the Circumference B c, x will be- 
come equal to x, and y will become equal to c, and the Area 


of the Circular Space A B C B will be equal to — Or, 


PUT the Radius AC= x, the Cireumference BCD =c, 


and the Arch B C=x, then will A. M0 C 
2 | | 
the Fluxion of the Area of the Sector <) 
r * D[ A 
ABC, and confequently = will be e- ”B 


qual to the Area of the Sector itſelf. 

IMAGINE the Line AB to revolve about the immoveable 
Point A, till the Point B, paſſing through C and D, arrives 
at B ; then will x become equal to c, and conſequently the 


Area of the Circular Space will be =, or 4 fc, the ſame as 


by the former Inveſtigation. Whence it follows, 

Firſt, THAT every Circle is equal ro a Triangle, whoſe 
Baſe is equal to the Circumference, and Perpendicular equal. 
to the Radius. | 

Secondly 5 
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Secondly, Tha r the Square of the Diameter of any Circle 
is to the Area of the ſame Circle, as the Diameter is to 5 of the 
Circumference. ' | | 
Fo x let 4 repreſent the Diameter of any Circle, of which A 
is the Area, and let the Proportion of the Diameter to the 


Circumference be as n tom. Now becauſe as : ::: 4 


7 
therefore ML = . whence as 1:4 1d 


4 * 
„ 

Thirdly, Circles are to each other as the Squares of their 
Diameters, ſince the Squares of the Diameters are to the Areas 
of their reſpective Circles in a conſtant Ratio, viz. of » to { m, 

Ir has been ſhewn in the preceding Section, Page 230, that 
if the Diameter of a Circle be put equal to t, the Circum. 
ference of the ſame Circle will be 3. 141588, Sc. conſe. 
quently its 4 will be. 785397, Sc. Wherefore as 1 is to 
«785397, ſo is the Square of the Diameter of any Circle to its 
Arca ; conſequently if the Square of the Diameter of any Circle 
be multiplicd by. 785 397, Sc. the Product will give the Area 
of the ſame Circle 

AGAIN, becauſe dd = 4 r, therefore as u: :: 77: A. 
Whence it follows, 2k 

Fourthly, THAT the Area of every Circle is:to the Square 
of its Radius as the Diameter is to the Circumference, And 
conſequently, 

Fifthly, CiR CLEs arc to each other as the Square of 
their reſpective Radii. 


AGAIN, becauſe as : 1 1% 4. therefore . 
G4 BEE " 
No — A, and conſequently as m: 4: cc: A. 
Whence it follows, 

Sixthly, 


v 
al 
C 
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| dixthby, THAT the Area of any Circle is to the Square o 
its Circumference as 3 of the Diameter to the Circumference* 
2 conſequently, 
 Seventhly, CIRCUS are to each other as the . of 
their Circumferences, 


EXAMPLE 1V. 


Lier it be required to find the Area of the Ellipſis 
ACEF. 

pur DE Se, BC=y, BD=x, and ADD r, then 
will AB r —x, and FB=r+x; 


and becauſe, from the Nature of the A 
curve, as AD*: ABT BF: PE! 
CU, therefore it will be as fr. — x  / Cc B 
xr +x::0cc yy; whence y prr | 

- yo ce 
S (exrr— XX and y y = — 


rr 


- e — 
Nr — XX and y = 2X 7 r—=x x z 


err n 
conſequently q * = =Xr 7 —XX xx 


will be the Fluxion of the Space C B DE; but the Square 
xa * ** $ K* 


Noot of fr ii — — 


2 7 8” . 16x 128 7 


— LES Ge. This Series therefore being multiplied by 


g 1 
x, re . 225 IL 


27 3 7 16 7 128 7 
3 $ 7 


x 
222 % Ge. whoſe Fluent * an — 
256 6 . 1 


* 
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1 Si - 


* e 
r Sc. being multiplied by © 2 
3 
£X, c * 8 15 
„ roduc Ys — — — — — Boy 
P 7 IE OO 40 * 1127 1154 


77 K 
2816 
CB D E. 

Now if we imagine the Ordinate B C in a flowing State, 
and to move in the Direction B A, till the Point B arrives 
or is coincident with the Point A, then D Bwill become equal 
to D A, x will become equal to u, «pd conſequently the Sc. 


TS» Ge. for the Area of the Elliptical Zone 


c * er of 
ries c * — gr, Se. will become r 4 — * 7 

7 4 1 

A 2 0. Se 
N 112 7 „tes | * ©, - 40 
| 3 : 8 — . Sc. 1 
112 * 28165 6 40 112 


| —'—— — —_, Gc. equal to the Arca of the Quadran 


1152 2816 
ADE. This therefore being ee: will give 4Crx1 


+. [ + 31 eli . I 
—_ —-— — — — _—— . Or . c— — 
6 40 112 1132 2876 Tang Of þ 447X1- 2X3 
N XING I%-I-X3-X 5. 
| —— raged en for 
1 AX4X5 2% 4X6 X7 2X4X6X3X9 
= the whole Elliptical Space. * 


= No if inſtead of putting DB = &, we'pht XB 2. 
| | then will BF = 27 — & xz, conſequently becauſe from the 


Property of the Curve, as rve, a5 AD*:AB%SDF::DE3BC, it 
will be as 77 * N Ke. % whence ger ce 


4 ** 2 C 


| 8 
| XA. X.—X x, Md , and y = 


7 
5 5 * 


LI — W ww 
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eb. N A 


e rw _ Now if ve, 


(8 2 


3 
X2 n 
* : A or e daß E D 4, and 2 7, the 


7 N 
CET XY 


raifperſs Diumexer AF = 4, zee fhall have == 5x Ne 


whence N 3 x; for the Fluxion ot. the El- 


liptical Space A BU r Square Root of 7x — r is 
LU 
4 a — T- Fer- n- Tas 4” Sec. This therefore 


auen TY _ wth 


1 14 _l£ 


* = TR . 4 
"BA nd. 7 705 ft Ge. ON will 


— 7 — M af © 4 

x 2 * 
I 3 1 — 541 28 724i © 704 — 
for K. Area of the Filiptical Segment ABC. 

Now if we put 4, the traaſyerſe Diameter, = 1, and 
imagine the Ordinate B C in a flowing State, and to move 
according to tHe Direction B F, *till the Point B arrives at, or 
is coincident with the Point D, then will A B become equal 
—_ xrwill beeo me equal to r, and the Series 4 X Jt xt 


72 Gor will n 2 n 


: — 


RY jo: HY We. uni == * 


704 * bl $ 72 
— ENT! &c. equal to tlie Area of the Elliprieat Quadrant 
Ll 2 ADE 
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ADE; and being multiplied by 4, will give 4 X 4 rt 


_ BC ig. a Ty 14 * ©) 8 1 
1 5 28 72 SK. firing atk ah 4 


” va CNS 22009 , IXIX3X2 _ 
N rr r rr fo; oe II RIF. ew 
1X3 .2X5 2 X4X7 2K4X6X9 
+ 2 
, Ge. for the Area of the whole 
3X4X6X8XII 
Ellipſis. 1 F | 
A N p univerſally if we put w for the Exponent of thePower 
of A B, and u for the Exponent of the Power of B F; 4 for the 


4 % 
Diameter A F, and 6 for the Parameter, we ſhall have 2 


NN A e. 1 which is a general Equation for all Sorts of 
Ellipſes whatſoever ; and putting the tranſverſe Diameter d=1. 


5 n — 
we ſhall have 7 xm II — & ; and y AX — K, 


5 | Cf | te. ,59 
and y = þxx" — * and b 2 . 
conſequently y x = 6 * — K* ye x, will be 
Fluxion of the Segment A B C. 


Pur nt =, then will At Xx® — nl X x, be 


the Fluxion of the ſame Space; but the —Root of = x=# 


8 
8 
8 
1 


1 22 n 14 „ „ ., 27 
— X * — X x * * 

S S 25 0 34 
mn | "Ma 
_ 32 4 1 27 35 — 4 

4, ” kh Ge. 


U — — 
3 * 2 5 8 3s 47 


This Series therefore being multiplied by 67 x *, will — 
| 14 
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. : n Saw 4 LT . 1 
TY 99 wh X ———ů—ů— K* 9 
s SF 
. „ 
id $ RS 4 S 
—. 0 N a F — 
7 %, Wc. whoſe Fluent b * x Po eat” 
| | mu s 
= 1 n—s mo 
nn, POET I 
mn +25 s 238" WpT'35 7 
— F 1 — 2 7 | 2 bod BY = FL 
Ke ae ang X x © — - X- 
25 3s mn +45 5 2 5 
e e Sc. = b * 
; 3s 45 * mnu+55 , ; 
d +1 * *. 7 N — i 
ot — x . don 2 
mn+s mu ＋ 25 25" mn +35 
25 35 Mmn-p4s 25 3 7 
1 424 1235 224. N mn 
X — l Oc, XX 
145 mn+55 N y K * kd 
— x — — X Xx — — 
mn +28 2s mu+3s 77 


nn 447 * . "IF 3 5 45 *r 
Ge. will be the Area of the ſame Space A B C. 
Now if m and # be put each equal to 1 (as in the com. 


mon Ellipſis) and v be ſuppoſed equal to x, as it will be when 
the Ordinate B C moves into the Place D E, we ſhall have 


2 e 1 5 
bx rt x = — 3 — $ las a f. - 
Stn foe 727 —_— or the A 


rea of the Elliptical Quadrant ADE, the ſame as was before 
inveſti- 


— 


| |; 
ns 
| 
vn 
in 


3 


— — — 1 . ³¹ mA T 


— ” r . 1. 


—— — ̊ 
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F 8 "EY Os WOK I 1 
inveſtigated; and conſequently 4 CN 5 . =P, 
Ce. will give the whole Elliptical, Aren. 
Bur it has been ſhewn in the laſt Example, chat 4 r4 
x2 71 —_ 47 — = „ Ce. was equal to the Area of 2 Cir. 
„F WEL f 
cle, whoſe Diameter was Unity, and Radius 1; as it is in the 
preſent Caſe of the. circumſcribing Cirtle A FH. 
por therefore A equal to the Area of the circumſeribing 
Circle, and à equal to the Area of the inſcxibed EUipſis; then 
7 A, and 4 d=cA; whence as dic: 4 4 and 
conſequently the Area of the;circumſctibing Circle is to the 
Area of the inſcribed Ellipſis as 2 A D to 2 E Ds that is, a 
the longeſt Diameter of the. Ellipſis is to the. ſhorteſſ O 
'BECAUSEas AD*':ABXBD+ BF:: DH*: FK. in 
a — — — — — — — 
tlie Circle; and- as AD“: RK BNB PD + DF : DE BC; 
in the Ellipſis, therefore as D H' « DE,; BK? : BE, and 
conſequently as DH: DE BK: BS; whence) any Ordi- 
nate in the Circle is to its correſpondent Ordinate in the Ellip- 
ſis in a conſtant Ratio of PH to DE, or of 2 DH to 2 DE; 
that is, of the longeſt Diameter of the Ellipſis to the ſhorteſt. 
BUT in the ſame time that the generating Ordinate B K, 
by its Motion along the Line A F, deſcribes the Semi - circle, in 
the ſame time the generating correſpondent Ordinate B C will 
aeicribe the Semi-Ellipſis: Whence it follows, that as the 
longeſt Diameter of any Ellipſis is to the ſhorteſt, ſo is the 
Area of the circumſcribed Circle to the Area of the inſcribed. 
Ellipſis; and ſo is the Area of any Segment of the Circle to 
the Arca of the correſponding Elliptical Segment ; fince the 
Doubles are in the {ame Proportion "With: their Halves. 
Whence it follows: 1 N | 


# == 


Firſt, 


| &- . ” 
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Firſt, THAT the Quadrature of the Ellipſis depends upon 
the Quadrature of the Circle. 

Secondly, Tha rT the Ellipſis is to its circumſcribing Pa- 
rallelogram as the-Citele-is to 22 Square. 

AN o inaſmuch as by the ſame Method of Reaſonſngir may 
be proved, that rhe Ellipſis is: to its inſcribed Circle, as the 
longeſt Diameter is to the ſhorteſt, it follows, 


N Thirdly, TH a Tthe'Fllipſisis a mean Proportional between 
the circumſcribed and inſcribed Gels, 


1 5 10 moot! | £ 


"EXAMPLE, v. 
7 fu the Area of the Parabbla.. 


Lee A DE repreſent a Semi- Para- A 
zola, A D Its Axis; B G DE Ordinates X 
rightly applied. Put AB = x,BC=y, 
AD e, DE =, and the Para- ax 3 
meter. Iz Now becauſe, from the i 
Nature of the Curve, 1 x = y y, there- E 


fore xt ; and conſequently xt - „ 
vill be the Fluxion of the Space A B C, whoſe Fluent 3 ** 
equal to g of æ , by fubſtituting y in the room of xl, to which 
it is cual; will be the Area of the ſame Space AB C. Now 
if we imagine-the Ordinate B C to be in a flowing State, and' 
to move into the Place of PD E, at the ſame time AB will flow 
ina, ot become equal to A D, * will become equal to a, and 
vill become equal 4 6; and conſequently we ſhalt have ; 4 6- 
tor the Area of the whole Space ADE. 

AGAIN, put 1 =; which txpreſics the Nature of all Kinds 


of Parabolic Spaces, then will 4 = =. . EF . 4 be the Flux- 


ion of the ares; whence m 


05 r I and e 


ſübltituting in the ebm of. — to which it Medway: will bo 
the Area itſel fi. 


Ir 


er ͤCĩ—0ͤ··˖·˙ oe 4 
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Ix m= 2, then A, the Area, is equal to; y x, the Circum. 
cribing Parallelogram, and the Curve ABC is the 
Apolonian Parabola ; and conſequently che Supplemental Part 
muſt be 3, which may be inveſtigated directly after the man. 
ner following: | | 


Fork becauſe y®= 1x, therefore y® y will be the Fluxion 
| 4 1 
of the Supplemental Part; and conſequently IF) 


I 
mn wy, 
equal) will be equal to the Area of the Supplemental Part, 
equal to 3 of x y, or the Circumſcribing Parallelogram, when 
m = 2, as in the Caſe of the common Parabola. Whence it 
follows: | : 
Firſt, THA r the Triangle E A E is to the Circumſeri- 
F A F bing Parabola gs 3 toy, 
| : and to the Supplemen. 
tal Space as 3 to 2. 
| 1 | Secondly, T H AT the 
C C Space comprehended be. 


x y (putting x in the room of *, to which it is 


q B q tween the Chords A E, 

AE, and the Curves 

3 D © the whole Parallclogrs 
mic Space E F F E. 


Thirdly, TA r the Spaces A C Eq, AgED, A CE Dand 
A FED, are as the Numbers 1, 2, 3, 4. | 


EXAMPLE VI 


To find the Area of an Hyperbola. 


LET ADE (See the following Figure) repreſent a Semi 
Hyperbolzy A E the tranſverſe Diameter, AD the Axis, A 5 


- 


3 
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Abſciſſe, B C. an Ordinate. E 
43 $6 295 AD=65, +4 
AE=4, DF = 4, and the Para- 


No w becauſe, from the Nature 88 
of the Curve, as XX A · &: /:: Led | 


gc; therefore a x + * * XC aN, B 
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ad = 9 1 1 
ting 4 == 1, we ſhall have Jy = C3 ; | 

xx + x; whence el x Fax x, will be the Fluxion 
of the Area. | 

zur the Square Root of 7 , is x) +4 af —5 xt 


- * 
* 


+ 76 ũ 1 = x3, Sc. This Series therefore being mul - 
tiplicd by x, will produce x3 * + = xb 5 — = xt x = r lr 
8 0 f 


5 . : 2 1 
— x3 x, Or. whoſe Fluent g xt o+ 5 * -- 3 


1 5 | . | n 2 — 
— > ee" x, &c. being multiplied by ci, will give 
D „ 3 
42e 7+ een = C3 


| o I 1 3 2 3 j 
* x3 x 357135 28 ** 704 7106 for 


the Area of the Space A BC. 

Now if we imagine the Ordinate B C in a flowing State, 

and to move till it arrives at, or coincides with the Ordinate 

DF, then A B will become equal to A D, and x will become 
h M m cqua! 
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equal to h, and we ſhall have a X- h +5 L jp 2 


+= 6), &e. for the Arca a 


FU AD F. 
Amp univerſally if we put m for the Exponent of the Power 
of 'AB, and # for the Exponent of the Power of BC, we 


* 45 Wer . 
ſhall have.  =&® tare wire; putting a= 1, we 
——. 
en i+x , and y=+* Sen r 


* 


and y = * „ + n+. * and y=c* Xx X® + PT, 


by ſubſtituting 5 in the room of m + #) 3 whence y x = 


X X + IT X x, Will be the Fluxion of the Space 
ABC, 
mn 


Bur the 7 Root of x + x=+ is & Lon 


As wr = ”. 1 — 7 1 2 27 mn, 
| — ws 9 — 
24 9 25 2” fas 3s | 
nun — 25 fl —3s 22 3 8 
* * a 8 *. Sc. Web therefore this 
35 3 
2 — 7 9 . 
Series by c 3 we ſhall have c * x * 
1 1 — 5 LT n  B—s f—25 ©, 
_ x . 1 
8 x FX. - X * 77 
2 — 25 3 37 * l 
— x — 2 r 
3 1 47 


of the ſame Space A B C; and conſequently its Fluent c c 
; * 


«4.1 FLUXI OMS 


_ mn $ os 
Ly oe 7 
x — - 
$57 7 + 5 * = # 0 
AF. 8 323 4 * $ 


EK === „ | - A — 7* — x — 


L =2 
5 ＋ 7 1 
— „c. e x . x + —— 


"wn r 4 1 Tana 


fl —2 of Nn— 3 * 
3s 47 *** n 1457 
bolic Space A B C. 

Now if we imagine the Ordinate BCin a flowiug State, 
and to move ' till it arrives at, or coincides with the Ordinate 
DF, then AB will become nan! to A D, and x will become 

45 

mn + 25 
„„ © Ws n 1 
2 


— „, Sc. will give the Hyper- 


s 
equal to 6, ee K * : TX enim bb 


FSR K 4 
— — * F — 


4 X )- 
25 mn+38 25 35 m4 


7 
b*, Oc. for the Semi - Hyper- 


Mm 2 EXA M- 


| 


— — 


= - — — — = 
— ee ee ⁰ — . ꝗ A, 
— W ˙¹0 . ô’r w- -w 
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E X A M PLE VI. 
Ta find the Area, or Space lid berwets the Hyperbola and 


its Alymptotes, or the Relation of the Supplemental Fpace 


zo the Square or-Rhombus.-- 
a P LE T ABF re. 


{SHIRE — preſent OW 
| perbola GE, GH 


2 e ee its Aſymptotes, and 


— 
— 
9% 4 
H , | | 
. * 
. 


= 43 and becauſe, from the Nature of the Curve. y = x”, 
therefore x—* x will be the Fluxion of the Area. Whence 
1 = x (by putting y in the room of , to which it 
is equal) = a4, will be the Area; for when G C becomes 
equal to G D, C B becomes equal to D A, and x and y become 


each equal to az and this is called the Equilateral Hyperbola. 
AN D univerſally, if G D be put equal ta &, D A = a, and 
m for the Exponent of the Power of y, we ſhall have 5 x, 


and y == x", and x* x for the Fluxion of the Area; whence 
— K „& (by putting y in the room of x) 


— K = 


mn 
1 . 1 m1 
226 — a b, will be the 3 for when G C becomes equal 


to G D, then CB flows into or becomes equal to A D, con- 
ſequently x will become equal to b, and y become equal to 4. 


Tuts general Theorem = 4 65 expreſſes as well the 


Pro _— of the Parabola to its circumſcribed P 


Hyperbola to the Aſymptotical Parallelogram ; for if 
m = 2 


Den a 
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m = 2, then y 3 = x, which is the Property of the common 
no onian Parabola, and the Area will be 3; if nm = 3, then 
= x, which i is the Property of the cubie Parabola, and the 


Ares will be . Ge. of the circumſeribing Paratlelogram. | 
Ir the Exponent m be negative, the Expreſſion —— 4 6 


will ſerve for Dy the Areas of all ſorts of Hyperbolic 
— m n 
Spaces, and the Theorem will be 2 46 or —@6; 


whence it appears, that if 1 be greater than 1, the Space is 
finite; if M = 1, the Space is infinite, and if be les than 1, 
it is more than infinite, 


Ir - #=— 1; that is, if it be = x, or 1 „ü 
curve will be the common ee Hy parbols and the Area, 


n 
or Space E G H ABF = —— : 252884 6, is infinite in 


reſpect of the Parallelogram G H A D. 
Irm = 2; that is, if * = x, or 1 & then the 
Arca of the Hyperbolic Space E HAB F = — 


is equal to 2 4 b, equal to twice the Parallelogram G H 
AD. But 


r eee ee, == X, Or I = & 97, 


— 425 


and 


1 - „ ab == ab; which ſhews, that the 


Arta of the Hyperbolic Space E GH ABF is more than in- 
finite in reſpect of the Space GH A D. 
Ix about the ſame tranſverſe Axis A B (See the following 
Figure) be deſcribed two Hyperbolas, the one an —. 
one, as NA N, the other upon any given Baſe C B C, the 
2 of the Equilateral Hyperbola, will be the Area of 


1 CAC, as the Ordinate B N to the Ordinate 


FOR 


Part UE. 
Fo AF 
=& FD=6, AB 
| | =x\,, BC = 5, and 
F — D B N == . 
| BECAUSE, from the 
1A Nature of the Hyperbo- 


FLUXIONS. 
E 
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6 in the given Hyper. 
bola,and-ex--x x: E 
: 64: 42 in the E. 


quilateral Hyperbola; 


join | thetefore as 7:8 
NC 5 CN ::bb: 1557 Ahn 


2 2 22 61 43 and becauſe in the Time that the Equilateral 

Hyperbola NAN is generated by.the Motion' of the Ordinate 
B N, in the ſame time the Hyperbola CA C.is by the 
Motion of C B; whence the Equilateral Hyperbola N AN, is 
to the Hyperbola C A C, as E A to FD, or as B N to BC. 

-HENCE it follows, that Hyperbolas deſcribed about the 
ſame common Axis, having the ſame tranſyerſe Diameter, are 
as their conjugate Diameters, or as enn ee Ordi- 
nates directly. | 


EXAMPLE. VI. 
To find the. Area of the Logarithmetic Space A CD FE. 
Tun Logarithmic Curve may be generated after this 


manner : 

CoNCETVE the right Line DF (See the following Figure) 
to move uniformly along the Line F E, ſo that while os oim 
F moves over equal Spaces in equal Times, the Line D F de» 
creaſe, or, which is che ſame thing, the extream Point is cat- 
ried towards F, with a Velocity, in a Geometrie Ratio of the 
ſame Time, the Point D, by thaſe two Motions, will deſcribe 


the 


la, as a & 9:44 


thi 
18 ( 
Cu 
nal 
gal 
FI 

| 
ſer 
Cu 
B( 


” 
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is call'd theLogarithmic* * D 
Curve, as will the Ordi- 8 
nate D F deſcribe the Lo- 
garithmio Space ACD $809! 
EE in the fame Time. i959 2 
LIT A CD. repre- 
ſent the Logarithmie 
Curve, EE its Aſymptote, 
BC an Ordinaterightly A- Z 
PE | 
nn o un he © T 0 F 
point C, where the Or» . 
dinate meets the Curve, let the Tangent CT be drawn, to cut 
the Aſymptote in T. S 
AND inaſmuch as from the Nature of the Curve, the Sub- 
tangent is always equal to itfelf, and to a given right Line, put 
BT =4, BC S3, FE x; and becauſe the Sides T B, 
BC, of the Triangle T B C, in the evaneſcent State, are ſi- 
milar to the Velocities of the naſcent Augments of the Ordi- 


tate and · Abſciſſe, it will be as 9-: x 2:9: whence y * 


&- 


conſequently 28 * * = x y will be the-Fluxion of the Area; 


whence @ y, the Fluent, will be the Area itſelf, or Value of 
the Space A CB E. Whence it follows, 

Firſt, TH T the Logarithmic Space A C B E, though in- 
finitely extended, is to the. Triangle T B C, form'd- by the 
Tangent T C, Subtangent T B, and Ordinate B C, as 2 to 1 ; 
for a 5, the Value of the Logarithmic Space, is equal to the 
Rectangle made of the Subtangent a, or T C, and the Ordi- 
nate y, or B C, the Double of the Triangle T B C. 

' Secondly, THAT any Space, as B CR comprehended 
between any two Ordinates B C, QR, will be equal to the 
0 * Rectangle 


= — — — — — 
— — — — 
v — 
— © _— 
- OOO — = 


- — — — op- — — —— — — ——— 
— _ 22 72 " es * 
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Rectangle made of the Subtangent T C, and C H, the Diffe- 
rence between the Ordinates Q R and BC. 
For the Space ARQE is equal to TB „RG. nd the 
Space AC B E is equal to T BX BC; and conſequently the 
Space C B QR, or Difference of the Spaces. AC CBE, and 


ARQE, muſtbe. equal to TBxBC—TBXRQ=T3 
xBC—R R Q= TBxCH, for BH QR: And conſe- 


quently, 

Thirdly, Tur the Spaces com ptchended between any 
two Ordinates, ate as the Differences of n them · 
ſelves. 5 4 no = 


EXAMPLE vm. 


To 2 the ace e La the Fwy Ae 
Spiral 


TI E Senrriion of 
the Archimedian Spiral 
Line may be conceived 
after the manner follow. 

ing: 

Ir while the Line AB 
'2-reyolyes about the im- 
+ JE: moveable Point A, the 
Point B moves towards 
A in ſuch a manner, that 
While the whole Line 

A B makes one entire 
Revolution, and de- 
ſcribes a Circle, the Point 
B moves through che 
AY 8 ny eee hl whole Line BA With an 

| | equal and uniform Mo- 
tion, I fay, chat the'Point B , by this Motion, deſerie 


/ 


Firn. 2 » Hamas ra 


& 


Sp 
Po 
ma 
* 
pre 
and 


_ 4 fm 3 
8 * 9 5 


3 + *, 
* — 1 * hank 4 4 42 
* . —_—_— - I g A 


* A vw ASE » * > * * 2 
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the Line AKMQ B, which is called the Archimedian Spiral 
Line, as will the ing Line AB deſcribe the Spiral Space 
BQMKAB in che ſame times and this is called the firſt Spi- 
ral Space. Or, which is the ſame thing, M4 

Ir the Point B, ſet out from A at the ſame time that the 
Line A B begins to reyolye about the Point A, and move to- 
wards B with the ſame uniform Law of Velocity, as in the for- 
mer Caſe, it will deſcribe the Spiral Line AKMQB in the 
ame time; and if after that the ſame Point-B be imagined to 
flow with the ſame uniform Law of Velocity along the infi- 
nite Line A BE, and in ſuch a manner, that while the whole 
Line A E, the Double of A B, ſhall deſcribe the Circle 
EK I, the Point E ſhall deſcribe the Periphery E K GI, and 
the Point B ſhall have moved from B to E, the Point B, by 
this Compound Motion, will deſcribe the Spiral Portion 
BHG E; then the Space B HGF E B, is called the ſecond 
Spiral Space. And after the ſame manner, by imagining the 
Point B to move in the ſame Line, according to the ſame Law, 
may an infinite Number of Spiral Spaces be generated. 
L T therefore QC KAP re- 
preſent the common Spiral Space, 
and MN Dp, the Circle deſcribed 
by the Ray A P. on | 
Pur AP=AN=rxr, the 
Circumference of the Circle 
PMNDP == c, the ArchPDN 
= x, the Ray AC=y; and 
becauſe, from the Property of 
the Curve, as c: x :: 1, there- 
fore y =; and inaſmuch as 
the Velocity of. the Points N and C ate equable, and uniform 
(chat is, the Velocity of the Point N in the Direction N M p, 
and the Velocity of the Point C in the Direction C Q P) there- 
fore the Fluxions of the Circumference, and the Spiral Line, 


ſhall be proportional to cach orher, as the Radii AN and A C; 
Nn Where- 
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wherefore as r 5 21 * EL , the Fluxion ofthe Spiral AK o, 


whence the Fluxion Che Aon e EE 
2” à⁊ cer 


fubicuting —.— in the room of 5 y) and the Area inf 


| rr x xa 
will be orer= bee? and 8 the Area of the 


whole Spiral Space will be — == for when the gener, 


ting Line AN has made wn Wd Revolution, x becomes 
* to c. But it has been already ſhown in Example III. that 


— is the Area of the Circle PMUNDP ; whence it follows, chat 


the Area of the Circle generated by the Ray & P, is to the firſt 
Spiral Space PQC K AP, as 6 tO 2, Or 48 3 to ; and con» 
| ſequently the Spiral Space is j of the circumſcribing Circle. 

AND univerſally if x repreſents the Exponent of the Power 
of the Velocity of the Point P, according to the Direction 
P M, and n the Exponent of the Power of the Velocity, 
according to the Direction P A. _ aas “: * ::: Pi 


whence y® = Ox ad gm 5, dg ye 
= cm 


whence. the Fluxion of the Arca will be — xm LELES 2 
2022 


ſequently theArea itſelf will be — — K — | 


x ry for a the Point P, according to che Direction PM, 
| R 


a 0 e 
n OL 4 24 h \ * 9 - : 
by \ - * . W *, 
% . 8 
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has made one entire Revolution, x becomes equal to c; and 
becauſe expreſſes the Arca of the circumſcribing Circle, it 
follows : 2 

THAT the Spiral Space is to the circumſcribed Circle as m 
tow +27; that is, the firſt Spiral Space is to the correſpon- 
ding circular Space, as the Exponent of the generating Ray to 
the Exponent of the ſame Ray encreaſed by twice the Exponent 
of the Circumference. | 


Ir m= 1, and a = x, chen the Arca of the Spiral Space 
b—— =; of the circumſcribed Circle, as was before 
found. | | 

IF Da, and a = 3; that is, if the Velocity of the 
Point P, according to the Direction P A, be to the Velocity of 
the ſame Point B, according to the Direction PM, as the 
Squares of the Spaces run over, in the Direction P A, to the 
Cubes of the Spaces deſcribed according to the Direction P M, 
then the firſt Spiral Space will be to the circumſcribing Circle 
210.2.» 6, or a8 I to 43 and conſequently the Spiral Space 
will be; of the circumſcribing Circle. Whence to find a Spiral 
Space that ſhall be to the circumſcribing Circle in any given 
Ratio, as ſuppoſe of p to q, we muſt ſay, as : %: n ＋ 2n:m; 
whence as q - p: p:: (m+2 un —m=) 23: m; and conſe» 
quently as 7 - 2 


be taken for tke Exponent of the Radius, 7 _ E muſt be the 


Exponent of the Circumferenſe. 
IMAGINE the Spiral Line A KMB (See the following Fi- 
ure) to be continued from B to R, and H to E, then is B E 
= AB;- and to find the Space contained between the ſecond 
Spiral Line BR HE and B IGG AN r, BDP N= c, 
. n TT Sth — — put 


tu : m; whence it follows, chat jf 2 
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put N K g, andBDH =, ben r + eee 


Fluxion of BH, and conſequently the Fluxion of the Area b. 
— M0 an LE LArPS + IS r RPE 


cal 3 Nature of the Spiral it will be as c: 14 * 
:er:r+9), therefore c r + y=cr+r x, and cy r 


FOES Subſtituting this Value therefore in the 


rea T2 724755 
27 


and we ſhall have ££LE E201 + EEE for the 


406 
Flurion of the Space B NH N, 2 
cer Ter ＋ r 


room of y, in the former Expreſſion 


— — will be the Value of the Space | 


SCE je 
| itſelf 


122 38K 


B F 


ifelf ; but when the Ray 1 A, b revolving about the Point A, 
urives at, or is coincident with the Ray A F, the Point N 
will arrive at, or coincide with the Point B; conſe- 
quently x will become equal to c, and we * 


cer re+c eee 
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* =1X1X {x == x —for the 


Area of the Space B RH E B; and univerſally if abe put for the 
Power of e and x, and for the Power of v and y, it will be 
8:0 :: 1:1 ＋* e 


r. a r = = 
Subſtituting therefore this Value of y in the fluxiona- 
7 Expreſſion .f. 22 C, and we ſhall have 


a 2 7 
1 7 6 42 — E forthe Fluxion of 24Spirt1Space 
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8 2 * 
BRA, whoſeFlyent — e 1 
ä 20 


vill be the Area of the ſame Spiral Space; hated: dis hs. 
N, by flowing, arrives at B, x becomes equal to 75 and we ſhall 


2 2m TY m — 
— 2 ren afar ot 


WES it , — 
mm3mn+2101 Th 
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ons to one Denominator, for the Area of the ſecond Spiral 
Space BR H E B, which is a general Theorem for finding the 


Areas of an infinite Variety of ſecond Spiral Spaces. _ 
I =, andy = 1, eee 


| then the ſecond Spiral Space B R HEB, is f of c or of the 


Area of the Circle BDNCB, and to g, of — 
bing Circle E Y E, inaſmuch as the Circle E YE i is. — 
of the Circle B DN CB. 

Ac Ax, becauſe the firſt Spiral Space A K MBA is 3 Of its 
circumſcribing Circle B DN CB, and the Cirele is 5 + of the 
Circle Ey E circumſcribing the ſecond Spiral Space, there- 
fore the firſt Spiral Space is; z of t, or & of the Circle EyE. 

TN ſecond Spiral Space i is 12 v of its c conterminating Circle, 
and the firſt Spiral Space is ; ; «therefore their Difference, ar 
the Exceſs of the ſecond Spiral Space above the firſt is ff; 
and conſequently the Exceſs of the ſecond Spiral Space above 

the firſt, is to the firſt Spiral Space as 6 to 1, 

T o find the Area of the third Spiral Space, put 62 95 
and becauſe ast: & 2 2775 Ez E. Therefore 


2r+; EAA 4rrx+4r9x +2 LL wil be 
2 7 2 7 
n 2 2n 7 


the Fluxion of the Arca = 47 e® SS areS avi ren x 


Sa z 3 
20 


1 — o which it is © 


(by ſubſtituting 1 
yu) 8 the N Quantity _ itſelf Vill be 


f 


arcs "+ Sia 7 Cann? + rt . But when the 


205 
Line 
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Line A I, revolving about the Point A, arrives at, or coincides 
with the Line A F, the Point G in the Spiral Line will arrive 
at, or coincide with the Point F; at which Time x will be- 
come equal to „ and conſequently the whole Spiral Space will 


41 e* "4 rc 
be equal to . 


whence, by dividing by c, we ſhall have 
4m uur 
| op gp vp ODE 


— 


3 — 
2 mmm zu ＋T 22 


| 1 for the Area of the third Spiral Space; and whenm= 1 


Ne | g9+21+8 38 19 rc 
and n = r, it will be equal to = = of — 


= pf the circumſcribing Circle ; and after the ſame manner 
: 


"OP! . | 
may the Value of the fourth, fifth, Oc. Spiral Spaces be in- 
reſtigated. . | 
HENCE it appears, that the Value of the firſt, ſecond, * 
and third Spaces in the common, or Archimedian Spiral, are as 
the Numbers 3, f, 273 that is, as a Series of Fractional Num- 
bers, whoſe. Numerators are the Differences of the Cubes of a 
Series of Numbers in Arithmetical Proportion, beginning from 
Unity and Denominators, the Multiples of the Squares of the 
lame Arichmetical Series ariſing from a continual Multiplica- 
tion of the Number 3. Thus the Value of the fifth Spiral 
Space will be expreſſed by the fractional Number 75, whoſe 
Numerator is equal to the Difference of the Numbers 64 and 
125, the Cubes of the Numbers 4 and 5, and Denominator 
75 equal to the Product ariſing from the Multiplication of 25, 
the Square of 5 (the Number denoting the Space) by the 
Number 
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Number 3. And after this manner may the Value of wy 
Space be determined, =» 


AGALN, the ame things being ſuppoſed as before, par 
AB=y, and it will be as. r. 5 :: * 225 whenoe £27 
will be the Pwr Go eds W *: T9 


therefore x Re, = whenoe 22 will amn of the 
r | 


Area; whence 255 Gn ths Area lk B DC, 19 75 
37 377 


=L=}er, will be the Arca of the entire Space; for 
when x, bc or becomes equal to e, y becomes equal to 


r, and conſequently the extream Space is to the whole Circle 
38 the inner Space will be as I to 3, as un 
before ſhewn. 


AGAIN, ſuppoſe the Property of the Spiral ſuch that 


a» BDPENCE: BDN: .: A N=; H2 Ne, as before; put the 
CircleB DNC BBH H N= then A N= 


y—9; and 6 r-. 22 the Fluxion of the 


Abſciſſe; whe fm. — I — 
8 r Ax 


will be the Fluxion of the Area; but as cn: u :: eden 


bereden, and = and & = ES: = 
oY 2 77 


wc — 4d fubſticuting chi inthe room of #, v 


175 


ſhall 
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— par nc merry” 9 
tall have: N 2 . 2; 3 
i 1 72 HO 
i — PE 2 ; * 23 
2 A to 8 4 * ö 1 
— XL. m 2 1 ACE a — 


3 | * 
| 22 17 | . 22 1 . 


mx + 


me * 5 + bn | , 
ES + 2 e for the Fluxion of the Space, 


) 
=+1 — N 8 . 

2 8 * 54288 + wY 2mb+4nr 7 
| which when y becomes 7, gives — POS el. 
e FOR 7 m + 1 5 21 ＋4 
: 3 mM Wy vn 
i 6 — ot onige = mm+;mn+2nn 2 

for the whole Space. 
| gem ym 
4 3 * : 2 9 V therefore Q 
n 2 
, xm in 
de, and = — . Now if we ſubſtitute theſs 
” c® * 


Values in the room of y, and y y in the fluxionary Equation, 


2n, 

ve 2 2 L2x 222 » Wolkall. have e 
„ 20 * 

1 O 0 whence 
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223 
— will be L£ —222" + BLM E 


nunc 4 * 


re nre 4 * mM 
F Ta Ff 
nn 


= Iz TT the ſame as was before deter- 


mined ; for when y becomes equal to r, x becomes equal to 
e; whence the Space is to the conterminate Circle as 2 n to 
ꝶm mz um t- 290. 

| 1 
AGAIN, becauſe as 1:71 - :: *: * 2 nc ve 


ſhall have rx 727 for the Fluxion of the Space BCNB; 


— as has been already ſhewn, therefore r x y— xy , 
1 4 r 


but x = — 


( by ſubſtring the Value of x) will be _ Woot 2 2 


5 ji 
: 205 | =+x | +2 
— 2. whence the Fluent will be 2. 
7 — 241 
r | __ m-+nrn mann 
YR ner ut. 1 8 
"0 m +1 ma m +1 = 5X7 
1 n | 
to er (when becomes equal to 7) 


mm zun T2222 
for the whole Spiral Space, the ſame as has been determined 
ow the preceding Inveſtigations, | nl 


EXAk: 


EXAMPLE 1X. 


To find the Space encloſed by the Logarithmic Spiral. 


Tax Logarithmic Spiral may be 
conceived to be generated after the 
manner following : | 

Ir while the Line CA (revolying 
about the immoveable Point C) de- 
ſeribes equal Spaces in equal Times, 
the Point A be carried towards C 
with ſuch a Velocity, that the Line 
CM decreaſes, or, which is the ſame 


A 
By 


A 


2 


thing, the ſeyeral Diſtances of the 


Point A, from the Point C, are, in 
a direct Proportion, Geometrically; 


' the Point A, by this compound Motion will deſcribe the Pro- 
portional or Logarithmic Spiral, while the Ordinate C M will 


deſcribe the Logarithmic Spiral Space 


CMAC. 


LIT AB MC repreſent the Logarithmic Spiral, and put 


AC=c, C B= 5, 


and x for the Fluxion of 
the Abſciſſe; then will 


== be the Fluxion of 


the Area, 
Bu r becauſe, from 
the Nature of the Curve, 
the Angle CB T, form- 
ed by the Ordinate CB, T. 
and the Tangent T B is 
in all Points of the Curve the ſame 3 


B A 


«& 
| 
| 


if CT be drawn perpen- 


dicular to C B, the Ratio of the Ordinate C B, to the Subtan- 
gent 


Oo 2 
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repreſented by n and m then as '*:: m:n, and x = "2 
— 


7 * 5 t; therefore yt g. and yf=x 7, which, 


7 


* 
* 


gent C T vill be conſtantly the ſame, Let theſe therefore be 


- 179 "US ; * \ | but 
and conſequently hl will be the Fluxion of the Area; Flo 
whence 22 will be the Fluent of the Space A B CA, and tipl 
_ equal to the whole Logarithmic Space; for when the rea 


Point B, by flowing, arrives at A, y becomes equal to 4, 
PU r- CT, the Subtangent, equal to tf; then, becauſe as. 


becauſe y x is double to the Space contained between the Or- 
dinate 5, and the Spiral, and-# y equal to the Triangle formed 
by the Ordinate, Tangent, and Subtangent, it follows, thac 
the Spiral Space is 2 of the Triangle B CT. 


EXAMPLE X. 


To find the Value of à Parabolic Spiral Space. 2001 
LET AB F repreſent an Arch of a Circte, E B the Radius, 
A and A CD a Portion of a Curve gene- the | 
E 5 rated in ſuch a manner, that having 
drawn the Ordinate E.C, and produced * 
C it *till it meet the Circumference of the + 
Curve in B, the Ratio of the Arch A B, but y 
and the Square of the intercepred Part 
1 of the Radius BC, may be a conſtant equal 
A E Quantity, and always equal to a given : 
right Line. Ih ns + = 
PUT EAS EB r, E. C= „, then BC r-, + 


and the Arch AB= x; whence ax=rr—32ry +1) 
and 


% 
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1 — and æ = e 
4 


but as 77:2 _— 22225 equal to the 


flurion of the Spiral Arch A CD. This therefore being mul- 
plied by 2 5 Will vines 2 2. for the Fluxion of the A- 


** 


1 
req; whence + 7— e 


. 


34 . 
whole Spiral ys for when C, by — arrives at Ay 
3 becomes equal to . 
rx +4 ue nt rm 1# 
r 2 2r 


the Trilinear Space BA C, and putting —— 2ry in the 


Bur the Fluxion of 


n we ſhatthave LIED ee for 


the Fluxiom of the ſame Space, whoſe Fluent 22 — = 


4 
+ * g 
r + — will give the Value of the ſame Space BA C, 
but when he Point C coincides with the Point A, 3 becomes 
r r E 
* tor, and n 1 wt 7 
= * 1 f;r sr 


— 
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off a 
then G rr, 2 in che 


Toh Cc ser 


| have — x => = ——. 
room of 4, we ſhall hay „ 


WHENCE the Spiral Space, the Supplemental Space, and 


the Circle are as the Numbers 1, 5,6 


EXAMPLE XI, 


To find the Ares of the Lunula Hippocrates. 


Ir about any Point O, as a Centre, a Semi: circle, as ADG 
be drawn; ; and if about E, the Extremity of the Diameter 
DE, another Quadrant, as A FG, 
with the RadiusE A be drawn, the 
Space AD GF A is called the 
Lunula of Hi es. 
*' Pur thee ore O A = =OE=y, 
the Circumference AD GE Se; 


then will E & as = 37, e 


XY 2. 


ADGE is a whence the Arca of 


the Circle A F G E will be ar (by the 31ſt of the 6th of Ex 
clid) but the Sector AF G E is ; of the Circle deſcribed with 


the Radius E A; whence the Sector A E GF A is equal to the 


S:micirccle AD GO A. Taking away therefore from each the 
Segment AFG O, and we ſhall have the Lunula A D GFA 
equal to the Triangle AE G. Whence it follows, 

'THAT if any Ordinate B C be drawn, that the Triangle 


A E B is equal to the Segment of the Lunula A CR, as is the 


Triangle E B G equal to the Segment C G R. 


2 | EXAM- 


BUT 4 Area of the Cirde 


mul! 


18 * ub ny 
o 
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LI r ACD repreſent ſuch a Curve, that having drawn 
any Ordinate, as B C, putting BC=y3,AB=x AD S 4, 
andBD = 4 — x; we ſhall have | | 
2s 4 : XK: 4 — 7, = 
which is the ſame, as &: : 

— AT! $5 0 
*: &; and let it be re- 
quired to find the Area, becauſe 
: *.: : y; therefore / 
* 2 A 
= hence = & 


x —=. This therefore being Q 
4c 3 2 
multiplied by x will give — 7 —ñor the Fluxion of the 
| 1 
8 * a 2 r 
| Area; whence the Fluent will be . = ZZ — 
"ET i BOG 
+3 TTY . 
Lr 888 u 4 * 2 
1 „ Inn + #u 
m +2na" mMm+na" m+2na" 
S >: » v9; |... 


r for the whole 


Aa AC B A; for while A B flows into, or becomes A D, 
x becomes equal to a; whence the Space is to the Square 
made upon A D as # 3 to mm + 3 mn + 23. 


IF 
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4 X* — 
. 9 . _—_ 3 


will be - 4 4. 
IMAGINE the Ordinate A C in a flowing Stae, and the 
Point C to move till it arrive at, or coincide with the Point 
N ; then putting BN = E, we ſhall have 28 6: & ::@— x: y; 
whence the Equation ation expreſling the Nature ef the Curve AN EF, 
will be a1 =4— xX23 and let it be required ta find the 


Arca of the Curvilineax Space A NED, and the Ratio it bay 
to the Space A CD. | 


D 
tt 
al 
0 


= 
BECAUSE = = IS — . 


but it has been ſhewn that y = — e; E 


220 
| | vt 0 
— — xa 
Kin wr H9 whence. === md a La 
| l mu 
and 2” = = =O, which is a general Equation 


expreſſing the Nature of all forts of Parabolas; whence the 
Space A NFA ſhall be to the Square of A D as ntom+n; 
whence the Parabolic Space is to the Curvilinear Space 
AC D A, as mm +3 MEANT mn + uh or 28 


m + 2 u is ton. 
ex peofllng the Nene: 


- Fr is evident, that if in t 
of the Parabola, # be greater = n, We: ſhall have x" 


9 5 and the Parabola will have for its Axis AE, and ſor t 

the Point A will be the Vertex; but if # be greater than 1, — 
a> m 

* . =, and the Parabola will have the Line * 


Axis, and the Point A for its Vertex. 
2 IN A- 
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In a eiu the ſame Ordinate BC to flow according to the 
pant BQ, till rhe Point B arrives at, or coincides with 
the Point Qʒ then putting BQ = , let it be as 4: ::: 
and ſuppoſing the ſame Law to obtain in every Point of the 
Curve, let it be required to find the Area. 

_—_ 45 


Bs aus: from the Nature of the Curve AQD, m_y 


a* 2 
whence 9 = == * 3 and N in the ane AQDF 


0 * 2 8 3 * 


4 . — __ and conſequently as a : . 


— 


::3—x : 2*; "whence. it follows, that the Curve is of the 
fame Nature with the former Curve A CD. 


To find the Relation that this Curve has to the Curve A CD, 
m+n 


| multiply & = — by x, and we ſhall have 


m-+n * — * — 41 © 
, 2 — x 
3 — — 2 — or the 


272+; 4 = 2 | 
Turion ol the Area, and = — 4. 20 — — S 
. — a 


| ”s OY 8 
5 LD 4 


P p | For 


Arch A C, which is always equal to C N, from the Geners- 
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For when A B flows into, or becomes equal to A D, x 
will become equal ro@ ; whence the Space A B D QA is to 
the Space Abbe re a0 e, 
+6 n, I | aff 


E Xx A M PLE XIII. 
To find the Space incloſed by the Sela. AN FD. 
THE Generation of the Cycloid may be conceived after 


this manner: 
Ir the Semicirels ACH 
A be concciyed to roll along 


5 Centre O deſcribes the 
| Line OQ, the Vertical 
point A will deſcribe the 


Curve Line ANF, which 
is called a Cycloid, whoſe 
Diameter is AH, theſame 
with that of the genera- 
ting Circle, and its Baſe HF, equal to the Semiperiphery 


ACH. 
THROUGH any Point B of the Diameter A H, draw the 


Ordinate B N, cutting the Periphery of the Circle in C, alſo 


the Line & N parallel to A H. 
PUT AH a2 7, and becauſe, from the Nature of the 


Circle, 27 X —XX=) 9, therefore ee e 


whence y) * - & &, and y = — =; but becauſe 


the Triangle A C B, in its naſcent * is ſimilar to the Tri- 


angle OBC, therefore as y:#:: x: , the Fluxion of the 


ton 


: 


the Line H F, while the 
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don of the Curve, whereſoever the Point C be taken; where - 

be e . , will be the Fluxion 

18 J 1 J ® 


of the Ordinare B N'equal tb 2LED (by fubſtirwing 
« 2, =p XX ., 


* 9 


eee 


: — X Xx 
Property of the Circle ; whence Ed. F * 


. 5 27 x — & & 
1 © * 
11 Xxx - AN | — I 
= X—=TT = XKX21/X—=XXX27 X—XX = X 
21 .X — & 


X27x -x, Will be the Fluxion of the Area of the cir- 
cular Segment A C B: Whence it follows, that the circular 
Segment A C B, and the Cycloidal Supplemental Segment 
AGN are equal; and conſequently the whole Supplemental 
or Exterior Space AN FE A, and the generating Semicircle 
ACH are equal. But the Parallelogram A H FE, equal to 
AHxXHF, is equal to A H multiplied by the Arch ACH, 
equal to four times the Area of the Semicircle A C H A there- 
fore whereas the Supplemental Space AN FE A is equal to the 
Semicircular, Space A C H, the Cycloidal Space A N F H muſt 
be equal to three times the Semicircular Space A CH A. 
Whence it follows, | | . 

THAT the Cycloidal Space is g of the circumſcribing Pa- 
rallelogram ; and conſequently if an Ellipſis be deſcribed about 
the Diameter A H, whoſe longeſt Diameter ſhall be double to 
the Diameter A H, that the Semi-Circle, the Semi-Ellipſis and 
Semi- Cycloid will be as the Numbers 1, 2 and 3; and conſe- 
quently the Spaces ACHA, ARHCA, ANFHRA, 
AEF NA, will be equal to each other. 

AGAIN, if from the Point A the right Line A F be drawn, 
the Space AN F CA will be equal to the generating Semi- 
circle, and to the external Space A N FE A. For the Trian- 

Pp 2 . gle 
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gle A F E is of the Parallclogram A E F B. and the-extes 
nal Space AE FN A is 4 . it follows, that the Space 


ANF CA fall be allo. 


To fad the 5 71 the Ci 2 


T HE Ciſſoid may be con- 
ſtructed after this manner: 


Ir through the Extream 
Point L of L G, the Sine of 
the Arch D L, a right Line, 
as AN L, be drawn, it will 
interſect the Sine B C of the 
equal Arch A C in the Point 
N and if after this manner an 
infinite Number af Points N 
be found, through which if 
a Curve Line be drawn, it 
will be the Ciffoid z whence 


N 


it follows, that as D B: B C:: AB: BN. 


Fo becauſe the Arches DL and AC are 


equal, the right 


Lines L G, C B, and the verſed Sines A G, — aue alſo equal, 


and the Triangles ABN and A GL are ſimilar, it will be 


AG:GL::AB:BN; but 
AG=DB, and GL= "BC; 
therefore as DB:BC::AB: 
B N. Wherefore in the adja- 
cent Figure let ANEG repre» 

ſent a Ciſſoid, DF its Aſymp - 
tote, A E D the generating Se- 
micircle, and let it be required 
to find the Space A N E GF D 


D Po: We 


contained between the Diameter Ff /G 
AD ä and the Curve AE G. 


HAVING 


C 
I 
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Harze drawn any Ordinate, as B NC, cutting the 
Ciſſoid in N, put AD= ar, AB= x, B C= y, then will 
DB= 27 — x; and becaufe, from the Nature of the Curve, 


a5BC:BA 2: BA: B N. it will be as: & :: &: = BN; 


xXx 'wxh't ; 
"= — ( putting for y, its Equal, 


— E . 

=I will be the Fluxion of the Area; but 
LCD ꝛ⁊2 1 = 

— — — — = I Tay — 7 ( becauſe 

21 X—XX 27x — 27X—Xx | 


whence 


— * 3 2 ＋ * * . 
271 «& F- 2X — XX=XX) = — —————— 
3 8 wy oo 27 Xx -& & 


ar xX—Xx I 


(becauſe —— | = Ter- XX 21 K - 
arx— xx 3 I, 


2 TX * 


1 — minus 


2 1x — * 


the Semi · Segment AQ CB (for the Expreſſion æ x 27 #— x * 
= the Semi-Segment A QC B) but the Expreſſion ===; 


a & —=xx* 

i; equal to four times the Segment A QC A: For having drawn 

the Chord A C, it will be, from the Property of the Circle, as 

27: AC:: AC: x; whence AC=2 7 and 
is equal to the Fluxion oA C. f 

Bur WITH Ire: =: — — 

27X ATN X21 X—=X 
rax 


which being multiplied by 27 * will give — 


2 2X27x—axx* 
for 
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for the ee the Segment A Q A and conſequently 


2rx r 
x — X 4, Will give — 2 ZZ ;| whence it ö 


27X— XX 


2X2 r = AA 
2 KK 


manifeſt, that the Dank — ewe to four times 
21 


LETS == . Fluxion of the Hons AQC A. 


N r a. 
Bur when A B, by flowing, becomes equal to AD, the 


Points B, D and C will coincide, and the Segment A QC will 
become equal to the generating Semicircle A E D; whence it 
follows, that the Ciſſoidal Space is equal to four times the Se. 
micircular Space A CE D A minus, the ſame Semicircular Space 
ACE A, equal to thrice the Area of the generating Semi. 


Circle. 1 


„„ es we 


4 OG —̃ ̃ 2 > 


EXAMPLE XV. „ 


Let it be berequired to find the Space incloſed between the 
e. Fw ts {IE 


+ Tü E Conchoid i is gene- 

I | rated after-this.manner: - 
IMAGINE the Line BC 

to move about the. Point C 
in ſuch a manner, that the 
Segment B N, intercepted 
I between the right Line ED, 
I drawnat right Angles tothe 
Line A D C, andthe Extre- 
FE mity B, may be al ways equal 

| to itſelf, the Point B, by this 
Motion, will deſcribe the 
Curve FB A, which is called 


the Conchoid of NVicomedes. 
LET 


— 
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Lr ABF N ep mend Conchoid, C its Pole, DE its 


Amprots.. 
Pur CD = 4, DA =, CN=x, NB and be- 
cauſe, fromthe Nature ofthe Curve, CNN B C Dx PDA, 


we 1 463 whence y * and CB =y +x 


* 
_ab+xx — 
. 18 8 but as E 4 2: &: 


a IJ} and again becauſe ax . — T 


XX — 44 


** — 2 
: 24 Y + axxx ** 2 eg yy * 


5 4 K 7 44 


fluxion of the Abſciſle This therefore being multiplied by: C 
8 . 2 
a evil giv aabx xX TAX x+6 L x + a hos: 'X 
2 , 2 
2 my aab x + — 9 
— 2 Xx Xx Xaa—xx* 
for the Fluxion of the Space CAB}; but the firſt Member 


axXx , is the Fluxion of the Space C D N; whence 
2xð Xx x44 | 


the Fluent Quantity of the remaining Quantities 


> — 5 1. 
— — x wilt giveithe Space A-D:N. 
2x XXX — 48 


Fo R the obtaining of which, having deſcribed the Qua- 
Gant ADE (Cee the following Figure) whoſe * is 
equal to CD in dre ene, Figure, take C B = . and 

a 
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through the Point B draw the Ordinate B D'3 whence by the 
A 1 N of tlie Os we ſhall haye 


D F DDA ds ; whence de 
: | Fluxions of CB and BD will TL 


4 1 


| 1. B '@ and — —=— but theFluxion 


XXXXX—48 


of the Arch AD = =» << — = the Fluent of which 
XK XxXXmmd 6 


will give the Arch D Ez where itis to be obſerved, that the 


Sign — ſhews, that while x diminiſhes E augments, and that 


for the Fluent we muſt take the Arch D ri and not the Arch 
AE, inaſmuch as it is neceſlary here to have the Fluent of all 


the Fluxions abs 7» beginning from the Value of CN 
' KXXX— a8 

to the Value of C D; from whence it is evident, that if we 

multiply the Arch DE by a given Quantity b, we ſhall have 


bx ' 
the Fluents of the Quanti — — 
VU 1 a x X * 224 4 


$45 | 
Now the Fluxion of the Area is equal to- 22 = 


K XXX 44 


and conſequently the Fluent will be equal to the Segment of 
the Circle CFD E. Multiplying then this W by 6 b, 


and dividing by @ 6, we ball have the Flucat . 2 


1 K 4 
Which anſwers to all the Values of x, from CN to CD. 


| The Conchoidal Space BAD N is therefore equal — 
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lar Arch D E multiplied by the given right Line D A, equal 


to 6, and to the Segment of the Circle C HF D E, multiplied by 
hb, and divided by 2 4 4. | 


Ir BN be equal to A D, as in the Conchoid of Nicome- 
tes, — CN = x, CBS S == x, we ſhall have 


— = * = „ dr the 
1X 424 2 * — 2 2 x * 44 
Fluxion of the Space A B C, the laſt Member of which is the 


Fluxion of the Space C N D. 
Now to find the Fluent of the 1 


4 x 


2XX X * Th 


ſuppoſe CE == 4, then will CB = = for having drawn the 
Radius C D, and the Ordinate D B, we ſhall have DB equal 


to =X X X == ＋ and — for the Fluxion of C B; 


| 5 | 
butas N Fri 4: , 44x — — — and 


ax XXXX—46 


wiiphying this by 5, we ſhall have ex J for the 

-, 2XXxXX —44 == OT 

Fluxion of the Sector A CD, whoſe Fluent is equal to the 
Sector C D E. | 


T o find the Fluent of the other .D 


Member . 7» we muſt * 
Xx — 42 

ſcribe an Equilateral Hyperbola A C E. 

whoſe Centre is D, and Semi- tranſ- 


yerſle Diameter A D = 4 and B 
drawing the Ordinate B C, and from 


Qq 
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4453 


aN 


3s the fluslon of the Line D d, whoſe Fluent 1s the Space 
ADC; whence rhe Dotble of this Space will be the Flucht 


wp. 22 aax 5 
* a 2 c 
AND as a Proof of this, let DB ex, BC, then, 
from the Nature of the Hyperbola, yy = 2 - x, and 


A bot the oxiotfofthe Curve A C is quit 


the beim C drawing the Line DC. ty, that 


*#x+yy = = TI x ind DO e 5 


8 * * 
whoſe Fluxion 1 =7 5 
2XX —2 42 


1 . TY | 29 
2 * * XX —-4242xXxBĩ 4 4 * & —— a* x 


whence -we ſhall have 


— 


e — 
* — 


=_ * 


e Rus * iT KT 
fer the Fluxion of the Ordinate; and multiplying this Quan- 
N 
wax 


rity by! DS SHT =, welhall haye — 

aN 

for the Fluxion of the Line D C. whoſe Fluent will be the 
Space A DC. 

I T is evident then, that the Conchoidal Space, tho inf. 

nitely extended, is a finite Magnitude, 2 holds 


good in a Ciſloidal Space. 


SECT. 


_ 
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8E C I. III. 


Containing the Uſe of FLUx LIONS in fading the 
Values of the Surfaces of Solids generated by the New 
tion of Plane Surfaces about their Aves. 


CROPORLTE OM: V 


F the Surface A F C B be revolved about A B as an Axis, I ſay, 
that the Fluxion of the Surface generated by the Curve Line 

AC, is tothe Fluxion of the Cy- 
lindricSurface, generated by the D d 2 
right Line FC, as the Rectangle 
under the Periphery deſcribed C 
by the Radius BC, and the Fluxi- F E 
on of the Curve Line A C, to | 
the Rectangle under the Peri- 
phery deſcribed by the ſame Or- — 
dinate B C, and the Fluxion of A 3 
the Abſciſſe A B. 

IMAGINE the Ordinate B C in a flowing State, and let 
Ce and Bb (= CE) repreſent the naſcent Augment of the 
Curve Line A C, and Abſciſſe A B, generated in the ſame very 
{mall Particle of Time. Now if the Surface A Dc be con- 
ceived to revolve about AB as an Axis, then will the Surfaces 
generated by theſe naſcent Augments Ce and 4e (= Bb) be 
the naſcent Augments of the Surfaces generated by the naſcent 
Curve Line AC, and the Abſciſſe A B, in the ſame very ſmall 
Particle of Time; but the Surface generated by the naſcent Aug- 
ment Cc, is to the Surface generated by the naſcent Aug- 
ment Ic CE = B 6, as the Rectangle made of the naſcent 
Augment Cc, and the Periphery of the Circle deſcribed by 
the Radius B C to the Rectangle made of the naſcent Augment 
dr = CE = Bb, and the Periphery of the Circle deſcribed 
by the Ordinate B C; but by Section III Part I. the Eluxion 


29 2 of 


| 
: 
; 
| 
| 
F 
| 
| 
| 


208 FLUXIONS. PatW 


of the Curve Line AC is to the Fluxion of the Abſciſſe 
AB, as the naſcent Augment Ce is to the naſcent Augment 
de = CES BC; therefore the Fluxion of the Surface, ge. 
nerated by the Curve Line A C, is to the Fluxion of the Cy. 
lindric Surface, generated by the Right Line FC= AB, x 
the Rectangle made of the Periphery deſcribed by the Ordinate 
B C, and the Fluxion of the Curve Line A C tothe Rectangle 
made of the Periphery deſcribed by the ſame Ordinate BC, 
and the Fluxion of the Abſciſſe A B. 

AN p ſince the Fluxion of the Cylindric Surface, generated 
by-the Right Line FC, is a fixed and conſtant Quantity, the 
Fluxion of the Surface, generated by the Curve Line A C, will 
be every where as the Circumference of the generating Circle, 
and the Fluxion of the Curve conjunctly. Whence it follows, 

THAT the Product ariſing from the Multiplication of the 


Value of the Circumference of the Circle generated by the Ro. 


ration of any Ordinate about the Axis of the Curve into the 
Fluxion of the Curye Line, will give the Fluxion of the Sur- 
face generated by the Rotation of the Curve, whoſe Fluent will 
give the Value of the Surface itſelf. Wherefore 

Ir ACE repreſent a Curve, A D its Axis, DE and BC 
Ordinates rightly applied, and we put 
AD=a, DE Sr, the Circumſe- 
rence of the Circle generated by the 
Point Ec, AB = x, and B C=y, 


A. 


we ſhall have — for the Circumfc- 
C4 B s 


rence of the Circle generated by C, 
| the extream Point of the Ordinate B C; 
E | D | cy 


for as 1:1: 


Jo1x the Points C and A by the Right Line C A, and 
imagine the Ordinate B C to return back again 'till the Points B, 


C and A coincidez then will the Triangle, formed by the Lines 


A B, BC, and the Curve Line A C, in its evaneſcent Form, be 
ſimilar to the right-angled Triangle A B C, 
BuT 


Sec III FEEUNTTONA 30 
Bor by the 47th"of Bulls J. CY XB+ FC; 


char is, AC =xx+5yy; ud putting 2 = AC, we ſhall 
have & & = * +I), pawl by AN Part I. 


28 * ＋ 53 e e (AS: will be the 
Fluxion of the Curve Line A C. This therefore being multi- 


plied by 2 the Circumference of the Circle generated by the 


e. | 
Point, C, will give -- 855 Xx #x + 395 for the Fluxion of the 


Surfaces generated- dy the Curve Linc A C about the Abſeiſſe 
AB, as an Axis. | 

Now if in the room of 4 x ; be ſubſtituted i its Value decks 
ced from the Equation expreſſing the Nature of the Curve, the 
Flucnt ariſing from this laſt Fluxion will give the Value of the 
Surfaces itſelf, 


EXAMPLE I. 
Let it be required to find the Value 10 the Super fir ies of 


4 Priſm * 


Le r us ſuppoſe the Priſm to have a f. quare 

Bale, and put AB = a, ander for one of the 

dides of the Square of the Baſe, then will 47 be 0 
the Perimeter of the Baſe, and 4 à will be the 
Fluxion of the Superficies. But inaſmuch as the | 
Priſm is generated by the uniform Motion of the 
Square A, according to the Direction A B, and 
that the Sides of the generating Square are con- 


ſtant and permanent Quantities, «hereforc 4 7 4 
will give the Superficics itſelf, A PF; 


Now if in the room of 4 r, we ſubſtiture the .. 
Perimeter of the Baſe of any Sort of Prim, we B 
ſhall have an Expreſſion whereby the as of the Priſin 


may be found, 
WHENCs 


g3to FLUXIONS. Part III 
Warxct it follows, that the Surface of any Priſm is equal 
to a Parallelogram, whole Height is equal to that of the Priſm, 
and its Baſe equal to the Priſm's Perimeter. 

AGAIN, if we ſuppoſe the Baſe A to be a Circle, then 
will the Solid generated thereby be a Cylinder; wherefore if 
we put C for the Circumference of the Baſe, then 2c will be 
the Superficies. 33 

WHENCE it follows, that the Surface of a Cylinder is 
equal to a Parallelogram, whoſe Height is equal to the Height 
of the Cylinder, and Baſe equal to the Circumterence of the 
Baſe of the Cylinder. Whence it follows, 

THAT the Surface of the circumſcribing Priſm is to the 
Surface of the inſcribed Cylinder, as four times the Diameter of 
the Cylindrical Baſe is to its Circumference. | 

AND after the ſame manner may the Surface of any right 
Solid (that is, ſuch a Solid whoſe Surface ſtands at right Angles 
to its Baſe) be found, whether the Baſe be Elliptical, Paraboli- 
cal, Hyperbolical, or any Sort of Curve Line whatſoever. 


EXAMPLE II. 


Let it be required to find the Surface of a Pyramid. 


Lr the Pyramid be ſuppoſed 
to have a Square Baſe, and lct the 
Triangle AEE repreſent one of the 
Faces, 

Pur AD, EES r, AB=x, 
and CC = then will y x be the 
Fluxion of the Area; but becauſe the 
Triangles ACC and A E E are ſimilar, 
it will be as : 5: : 4:6; whence 


y = 2. and ſubſtituting this Value of y, in the Expreſlion 


51 
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3 5, in the room of y, we ſhall have E, for the Fluxion of 


— 


ne Space A CC, whoſe Fluent 2 » equal, 2 22 — (by ſubſti- 


wing / in the room of 22 to which it dari the 


Property of the Triangle) will be the Area of the ſame Space. 
Now if we imagine the Line C B C in a flowing State, and to 
move till it arrives at, or is coincident with E D E, then AB will 
become equal to A D, & will 3 equal to a, ꝙ will become 


equal to 7, and we ſhall have — ” for the Area of the whole 


Triangle E B E, whoſe Quadruple 2 222274, vill be the 


Area of the whole Superficics of the Pyramid, 
Now if we putthe whole Perimeter of the Pyramid * 


veſhall have; = tor the whole Surface, 


WHEN C2 — find the Surface of any Pyramid, we muſt 
multiply the Perimeter of the Baſe by the-Sidey and half the 
product will be the Superficies. 

AGAIN, if we put c for the Circumſercace of a right 


Cone, and à for its Side, we ſhall have — = for the Sur face, as 
vill appear by the following Example. | 


' 
* 
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| EXAMPLE HI. 


Let it be required to find the Surface of 4 Right Cone. 


Ie the right-angled Triangle ADE. be revolyed about the 
Line AD asan Axis, then will 


N ene the Side AE deſcribe a Conical 
* Superficies, as will the Triangle 

| AD E at the ſame time generate a 

| right Cone, whoſe Axis will be 

C 2 C AD, and its Section thr the 


X ough 
B \ the Vertex will be the Triangle 
a  EAE. 
E | — E Nur AD, = 6-D:E-=f, 
ed ar B C = y, A B= x, AES, 


and c for the Circumference of the 


Circle generated by the Point E ; whence 7 will be the Cir 


cumference of the Circle deſcribed by the Poine C ( for as 710 


5.20. whence we ſhall have ix L wor the Ae 


the Surface, equal Ze ; becauſe 2 KT +77 


by the foregoing Propoſt tion. Again, becauſe as * :: 6: r 


therefore x==; whettee x = <2. r 
rr 


_ Subſtituting therefore this Quantity in the general Equation 


= xx +3 in the room of x x, and wo ſhall haye z 

| ; 

c a a 

x2 = x 7 +55 r 
77 rr 
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2 4 T7 4 N 2 


1 


177 for Re Fluxion of the Surface, whoſe Fluent 


2 * + my, „will give the Surface of the Cone CAC; 


but when B C, by flowing, becomes equal to D E, then y be- 


comes equal to 2; conſequently we ſhall have < x aa +rr 


for the Surface ofthe whole Cone EAE ; butr xr + 4 4 = & 


= AE (by the 47thof Euclid.) Wherefore == will be 


the whole Surface, the lame as was deduced in the former 
Example. 

AGAIN, if we put AE = , AC= x, 5 for the Cir- 
cumference of the Circle generated by che Point C, and c for 
the Circumference of the Circle generated by the Point E, 
and 8 for the whole Surface, we ſhall have y * = $ for the 
Fluxion of the Surface; but becauſe of the Similitude of the 
Triangles ABC and AD E, as AC:AE::BC:DEz; 
and ſo is the Circumference of the Circle generated by 
BC, to the Circumference of the Circle generated by DE : 


Wherefore as x : 9 :: $5: 63 whence y = — Subſtituting 
this Quantity therefore in the room of y, in the Equation 
S y, and we ſhall have 8 = br the Fluxion of the 


Surface, whoſe Fluent S = _ will give the Surface of the 


Cone deſcribed about AB; but when AC flows into, and be- 
comes equal to A E, then x becomes equal to ⁊, _— 
Rr : ve 


SY 
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have $ = A for the whole Surface, as was before 


found. Whence it follows, Be 

Firſt, Taar the Surface of a Cone is equal to a Triangle, 
whoſe Height is equal to the Side of the Cone, and whoſe 
Baſe is equal to the Circumference of the Baſe of the Cone. 

Secondly, THAT the Surface of the Cone is to the Sur- 
face of a Cylinder, whofe Baſe is the ſame with the Baſe of 
the Cone, and whoſe Height is equal to the Side of the Cone 
as I to 2. 

Thirdly, ThAr the Surface of a Cylinder, whoſe Height 
is equal to the Radius of its Circular Baſe, is to the Surface of 
the ſame Circle as 2 to 1; for the Surface of the Cylinder is 


"0. cr 
er; but the Surface of the Baſe * + and as c : — 1121 


In like manner any Portion of a Cylindrical Surface, cut 
by a Plane paſſing through the Axis, which hath for its Baſe 
the Arch of the Sector of the Baſe, and for its Altitude the 
Radius of the generating Circle, will be to the Area of the 
Sector of the Baſe as 2 to. 

Fourthly, TRHAr the Cylindric Conic and Circular Spaces 
are as 2, V2 and 1, and by Conſequence they are continual 
Proportionals. _ 

Fifthly, THAT the Surface of any Cone is to the Surface 
of its Baſe, as the Side of the Cone is to the Radius of its Cir- 


cular Baſe; for the Surface of the Cone is =; and the Sur- 


: cer Ser | 
face of the Baſe is — 3 butas -—: T 2. 


Sixthly, Tha the Surfaces of two right Cones are to 
each other in a Ratio compounded of their Sides, and the Ra- 
dii of their Baſes; for let z and 6 repreſent the Sides of two 


Cones, and c and d the Circumferences of their Baſes; then 
| — 


2 6 4 
will their Surfaces be — and =, No the Semi- diameters 
of 


N 5 N 9940 71 =. 
IIXxX—2rxxx+xxxX 
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of Circles are to each other as their Circumferences ; whence 
the Surfaces of the Cones will be to each other in a Ratio com- 
pounded of their Sides, and their reſpective Radii. . 
Seventhly, Ir the Surfaces of the Cones are parallel to each 
other; that is, if their generating or deſcribing Triangles are 
ſimilar, then their Surfaces will be in'a duplicate Ratio, or as 
the Squares of the Semi-diameters of their Baſes. | 


"EXAMPLE IV. 
. Let it be required to find the Surface of a Sphere. 
Le the Semi- circle A C F D E be carried about irs Diameter 


AD, as an Axis, till it return to the 
Place from whence it began to move, C F 


the Semi · circumference AC F D will 
deſcribe the Surface of a Sphere, as 8 
will at the ſame time the Semi- circle 


ACFED E deſcribe a Sphere, whole A.” BE 9 
Axis will be.the Line AD. 
Pur AE=7, A B = = xXx, BC = y, the Circumference of 


the Circle generated by the Point F = c, then will = — be the 


Circumference generated by the Point C (for as r: ::: 7 


whence 25 * N „will be the Flaxion ef the Surkice 


but becauſe, from the Nature of the Circle, y y = 2 rxX—XX, 
wan, =rx— x x, and 
22 — Fr x xX 2raxx+xxXX 


75 | 
(by putting ar x — x x 


E, conſequently 75 


27 X—XX | I 
Rr 2 „ 


1 
yy 

2 
- - 
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in the room of y y, to which it is equal) and ſubſtiruring tis 
laſt Quantity in the general Equation 2 x # x +5 I inſtead 

k —— e, — 
of 55, we ſhall have 2 x W = x r 


(by ſubſtituting in the room of 2 r x xx = — — 
„ | J 
— If =cx, for the Fluxion of the Surface generated 


r 

by 8 A C, whoſe Fluent c x will give the Surface itſelf; 
but when A B flows into, and becomes equal to A D, x will 
become equal to 2 1; whence we ſhall have ar 7 for the Sur. 
face of the whole Sphere. e | 

BECAUSE, from the Property of the Circle, the Ordis 
nate is to the Radius as the Subtangent is to the Tangent; and 
becauſe by Propoſition II, of Secfion 1, Part III, the Sub- 
tangent is to the Tangent as the Fluxion of the 'Abſciſte is to 
the Fluxion of the Curve Line; therefore as B C: CE: :* 3 


that is, as y :: K whence & = 7 and mulciplying 


this Quantity by 5 the Circumference of the Circle gener - 


ted by the Point C, we ſhall have = crx, for the Fluxi- 
on of the Superficies generated by the Arch A C; whence c &, 
the Fluent of this Fluxion, will be the Superficies itſelf, and 
zer will be the Superficies of the whole Sphere; for when 
to 2 r. * Notes 5 N 

Bur if the Diameter A B be ſuppoſed equal to Unity, then 


S = _ which being multiplied by 2 £4, the Area of the 
| | ola: Circle 


Cc 


le 


— 


— 
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oute geen by the Penn, will give E = © &, for 
the Fluxion of the Surface generated by the Arch A C z whence 
c x will be the Surface itſelf; and if we put 4 for the Diame- 
tet AD of the generating Circle, we ſhalt have 4 c for the whole 


Surface, as before; for when the Point B by flowing arrives at 


D, then x becomes equal to 4 and putting 4 = 2 r, we ſhall 
have 20 r for the whole Surface, the fame as has been already 
determined. Whence it follows, | 

Firſt, T Ha T the Surface of any Sphere is equal to four 
times the Atea of its greateſt Circle; fox 2 & 1 is to 20 r as 
210 2, or as 4 to 1. 5 

Secondly, T H a x the Superficies of any Segment of a Sphere 
is to the entire Superficies of the Sphere, as the Altitude of the 
Segment is to the Diameter of the Sphere ; for pur the whole 


Diameter equal to Unity, then as c &: 1c :: 1 whence 


it follows, that any Portion of a Sphere cut off by two pa- 
rallel Planes is to the whole Surface, as the intereepted Part of 
the Diameter is to the whole Diameter. 

Thirdly, Tn r the Surface of a Sphere is equal to the 
Surface of a Cylinder, that has for its Bafe the Circumference 
of the great Circle of the Sphere, and for its Height the Diame- 
ter of the Sphere; for if the Height of the Cylinder be put 
equal to 2 7, then its Surface will be 27 c. 

Fourthly, THA r the Surface of a Cone is to the Surface 
of a Splere; havihg'the ſame Radius with the Baſe of the Cone, 
25 the Side of the Cone is to four times the Radius; for if 5 be 
put for the Side of the Cone, then as 35 Cc: 20 :: 15: 21, 


or as to 47, 


Fifthly; Tua r the Portion of the Surface of any Sphere 
cut off by tc great Circles, which have for their common Tn- 
terſection the Diameter of the Sphere, is to the whole Surface 
of the Sphere, as the Angle of Inclination of theſe two. great 
Circles is to four right Angles, 


2 Sixrhly, 


" "I" " * 1 * p , 
g f 7 ad 9 42 — £ 4 * 1 9 N 5 8 . - . 
Ad. Te 9 * : : * ! 
- * o * * 
* x . k , * 
* * 2 be — 
** . „ * 


* 
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Sixthly, Thx the Surface of the Cylinder ci 


the Sphere, whoſe Height is equal to the Diameter of the Sphere) 


is quadruple of its Baſe, which is equal to the great Circle ; 


for the Cylindric Surface is 2 © r, and the Baſe is 3 c and as 


rn 2 | 
\ Seventhly, Tn Ar the Surface of the circumſcribing Cy- 
linder, excluſive of its Baſes, is equal to the Surface of the 
inſcribed Sphere; for each are equal to a cr; but the Surface 
of the Cylinder, with its Baſes, is to the Surface of the ſame 
Sphere as 3 to 23 for each of the circular Baſes being | cx, the 
whole Surface will be c r, which is to a2 as; to a; hence 
it follows, that the Sum af the Surfaces of the Baſes is equal 
to the Surface of the inſcribed Hemiſphere. 


"EXAMPLE v. 


Let it be. required to find the Surface of a Spheroid, generated 
by the Rotation of the Semi-Ellipſis D A F about the 
PUT AE =, DE=b, AB = x, and BCS. Now 
i becanſe, from the Nature of the Ellipſis, as 

11 44 10a - u .; therefore 5 


>, 4s wb # r 
= —X24X —XXz whence 2 4 K 


| E | | 4 4 | . v.*: 4 

| -<qual toy yX , and 24 * —2xx= 
k . 4a 4h 1 . | - . -4 4 and 
F 2 FX TT an r later He 7 (2 | 


4 9999 | 


ware I RR NT 54 
wa boa = U, þ RO" N= ZN D 
— — bur becanle, fromthe Pro 


* -b KATA x 


perty of the Curve, bbx 2 ax — xX=443), if ve ſub- 


11 2 
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| | flirute this Value in the former Expreſſion in the room of 


** 


T2 9999 
12 ay we ſtll have # x r 
equal, by dividing by # +10 © 2222, and en laſt 


b*—bbyy 
Value of x x i in the general Equation — +35, we 


* 3 b* 5 
ee +. 5 2 2 +2 2 


* + — 55 fs, 
oth. he 2, and putting 4 4 in the room 


bb —yy 


: - 2 6 Mug any 
88 — 

of bb 44, ve ſhall have r N —. 

AGAIN, becauſe CH is equal 0 7 xb b „, therefore 


the 1 of the Circle generated by the Point C, 


will be 25 bb — 7 3 (where ris put for the Radius of a 
Circle, sf which c _ for the N which being 


' — 44 
—_— ax. — 22. , the Harzon of gy Arch 
AC, we ſhall have © . «<7 X FSHY for the Fluxi- 


on of the Surface 3 by the Arch of the Ellipſis A C; 
but the Square Root of 6* — 4 y* is b* — if 4 


200 2 LE 


| FO 
| uplied by 2 a 7 win give — 14 — bx Ap 7 


. 
t 
i 
[2 
# 


* K 
2 
- 
r 
- 
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ie 4 Ge. This Series therefore being mul. 


s$d*y 
r ee who@ Fluent 94 * Fr * = 
LE Ec. being multiplied by 2 vil e x 


— 1152 6** 


5 d 7 3 4 5 ; % F 


7 6 Or. bor the 


40 65 1. 1152 


Surface generated by the Arch A C. 


Now if we imagine the Ordinate B C to move according 
to the Direction A E, till it arrives at, or coincides with the 


Semi- tranſverſe Diameter D E, then will 5 becomes equal to 


2c 4.65 4 b* dV 
b, and we ſhall have — x 6 — TE — — 8 


22 Cit 4 _- 5 4* 


1152 77 = * — 6 5 pe. 1152 6” 

0 equal (by putting 6 = bebe ge 
I NY EP 264 | 1 

| 8 1152 4, Ge. 7 . 2 X 3 4 
„„ iin IXIX3XS 7 
— 2X4%X5 2X4X6X7 A2X4X6X8x9 *' 


ic. ew Surface of the whole Spheroid. 


EX AM 


con! 
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E x A MPLE VI. 
Surface of a Parabolic Cindid,.. 


Let it be r he ett 
generat by the 
about its Axis AD. 


Fxo M any Point B, let the Ordinate B C be drawn paral- 
lel to DE; then put A B x, 
BC=y, DE= 7x, and the Cir- 4 


cumference of the Circle genera- 
ted by the Point E e; whence X 
- will be the Circumference gene- B C 


nid bj the Pola © (for orie, pw \ 
7: EJs J but, from the Nature of || * 


of the Semi Poul. AD E, 


- 


ne whence = 237, and x = — 


conſequently x x = = . 2295,  Subſtiruring this Quantity 


therefore in the general Equation Z = = xXx + T7 in the room 
f x #, md we ſhall have & = ELL 


i 


3 S711 J eee — 22 ” , which being mute by — == 
4 


circumference generated by the * c, will give A 2 


2222 B 2 — x 22 en 1 PT 
4 4 Ty 
SC 
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e = en, for the 


Floxion of the W by the n but the 
Square Root of 393 Faa, 1 7+ 222 ＋ 2 


ti Ge. — 
„ will gi 22˙3 222 21 7 1075 
1 „ will give yy + == — . e 


+ WS whoſe Fluent + i 27 + = — == 


244 | 
TR * Oc. equal (by putting 4. = 9 1 


2 — 28 Ge. een 


by th a ifs bur if e D E = b, and 
the Ordinate B C to move in the Direction A D, till it arrive 
at, or coincide with the Ordinate DE, then y will become 


equal © 6, and we ſhall have ©. x 4b +30 — 4 þ6 155 


224. 4, for the Surface of the whole Paraboli 
Coneid. 


EXAMPLE vn. 
Let it be required to find os Surface of an Heute cm 


formed by the Rotation of of [yperbola about its CFonſugate 


Diameter E RP. "(See the following Figure Fer? 


Pur AE = EF=6b, BC=x, EB= 5; and be- 


cauſe, from the Nature of the Curve, y y = = 2x * — 44; 
therefore 


the 


of 


85. Un R. LCD T TON 


therefore 287 5= bbxx—bba 5 
and xx = — 5 and x 


46 S 
r e 


but 25 PT whence 


2x $bb=23 546, and æ & Sas; whence weg 


atk = ped n LEL (by ſubſticning 
| he 7 wan | 


yr 08+ bbes 
3 
LIAR, T8 which being 'Cubſtitured in the general E- 
bab 1759 


quation 32 2 & 75 J, in the rvom of + 3 *, we ſhall have 


2D — ——— — rk 


a. room of & x); whence & & 


. MOM _ 
—_— ——_— ——_— 


, FE we 2 A 


1 bb +35 1 6 | bb +gy9*. | 
the Fluxion of the Curve Line A C. "11 


PutTFD= ry, and the Circumference of the Circle gene- 
rated by the Point D equal to c, then will the — 


of the Citcle generated by the Point C, be equal to — for 
812 3 


24 FL IO Patt NI 


— 


1771 
(as 1: c: ite ena es das 3 
n 


5D hence EXIF} 700, vill be the Value 
of the Circumference of the Circle generated by the Point C. in 


the Terms of the Equation of the Curve. This therefore being 
aa + 2a + bbxy 9 — Th 


ultiplied b . the Fluxion of 
9 * bb+35 the 
| 25 AA 
Curve Line A C, will give - ;,X | 
| bbF3 7 
* 3 * 44 75 equal (by put 
ena, 53 x 05 v8 


u F* for the Flurion of the Surface 


generated by the Rotation of the Arch A C about the Semi- 
conjugate Diameter E F, whoſe Fluent, or the Surface itſelf 
will be e + a manner taught in the preceding fifth 


- 4 4 y* d* y 
1 —— —d N 
Example, to be — "xy + —a - p+ 5x! = 
S , Ge. 
1132 
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EXAMPLE vIL. 


Let it be re wired 10 find the an Hyperbolic Conoid, 
generated by the Rotation 0 the Dperbo ACE about 
its Axis AD. 


Lzr E be the Center of the Hyperbola, and put A E, the 
Semi-tranſyerſe Diameter, equal to b, and 
AF, the Semi · conjugate Diameter, equal E 
to a; alſo B C =x, andEB = y. Now 
— _ the Nature of the Curve, | 


xx = TIXIF 3—bb; therefore 2x K A F 
=? X29 5 whence 2bbxx. p, 0 
2455. and h h & 44 and 


D E 
_— 
=5222, 23 
Subſtiruting this therefore in the general Equation, & 
=xx +35 RE _ we ſhall have 


Ed 4 4a video 2222 . ah 
Y = r 


LIES þ I 7 FTI 
| 048 Mom po gx ne — » by ſubſtitu- 
** yy —b 
ting 4 d in the room of 4 42 + bb, for the Fluxion of the 
Curve. | 


Pur AD= x, and the Circumference generated by the 
Point E = c, then will the Circumference generated by the 


Point 
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Point © be = = (for asc: = 7 x 4 bot from 


. the Nature of the Curve * x= 77 * LF bb 3 therefore 


42 — 2 b cia! een 5 > 
* = * 10 z whence x will be equal © +— 
X 59 =, the Circumference deſcribed by the Point C in 


| 4 s | 
ing multiplied +: 7 ham Fluxion of the Carve Line 
| „ is; e 


AC, will give; S = x3 T= = 
| | | Jy —- 66 
 xddyy— , for the Fluxion of the Surface generated by 
the Curve Line AC, about its Axis A B. whoſe Fluent may 
be found after the manner taught in the fifth precedi 
Example. 8 £ 


* 


MA 


Let it be required to find the Surface generated by the Ru 
e lala about the Aſymytote 
AB. (Cee the following Figure.) . 


PurAD=DH=s, AB, BC ud bectuſe, 
0 8 


from the Nature ofthe Curve, 4 a= x ; whenee y = _— 


2 8 3 | 3 
and y = — therefore y y = © eo 


Again, becanſe 


* 9 


* 7 {from the Equation of the Curve 4 a= x9) there 


fore 
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will be equal to —=—= 


— 


e AD B 
i 

= —=£ 

Ne —.— 
e for the Fluxion of the Curve Line H C, 


Red od 20 ::: Due Cir- 
cmſtreng of the Cxcle generated v the Point C. will give 


2 = N * for the Fluxion of the 


garface generated hy the Arch H C, revolved about the 
NE r r but the Square Root of PET 


55 1 
85 1782 ＋ 256 2563 &e. 


Tis ate being multiplies by * wil produce 

447 F 2 n 'y i and; 
7 43222 —4 +4 BE EO 
ſeFlu ins N 
7 


7+ 122 * 2048 4 ** 12 Fl 


* 


; is * 
20 

7 C | 

2 Or. = "Xa 


* 


* 
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t xXx 1X 1X * IXIX3X9"*. 


— "a. + n 


3 NN 2 


IXIX3X$ 
IT Oc. for the Surface itielf. 


EXAMPLE X. 


Let it be required to find the Surface generated the 
infinite Carte Line A C of the Logarithmic Curve formed 
9. Wn Rotation of the ſame Curve a its Aſymprote 


2 ur A T, the Sg, RET? to a, it being an invaria. 

ble or fixed Quantity, and the 
C Ordinate F C equal to. y; then 
| wil T C, me r be e· 


e 3 
an Ordinate righ * e 

but by Propoſition ef. J. 
Part III. as FC: CT: *(9; $3 
| that iy as. 9 3:40 + yy: 716 
. a whence & = 2＋ 7 
will be the Fluxion of the Curve Line ac” This therefore 
being mages by = (for as 1: c:: 05 the Circum- 


| ference generated by the Point 0 will give © = 2 2 


for the Fluxion of the Surface generated by Pry Rotation of 
the Arch A C about its Aſymptote E F; or if the Fluxion of 


the Curye Linc AC = e be multiplied by 29, 
the 


* — 
* m * 


* 
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the Product 23 X44 +3 A will be che Florion df a Square, 
whoſe Side is equal to the Diameter of a Ane equal in Area 
to the Surface of the generated Solid; but the Square Root of 
re 7 * Us gf ig gt ny? 
e ne © 


164 
&:. "This therefore being multipſiec by 2 5 will produce 
r 
ws 2 == 8 Gd fox ee 


="; a 648 1289? 
xr * 238 7 * 
Fluent 2 & y 24 3 4 20 4 * 56 5764 T 1408 a" * 


&c. will give the Side of the ſame Square, or the Diame- 
ter. of. a Circle, equal in Area to the generated Surface. 


ee EXAMPLE XI. 


Let it be required ro find the & urface generated by the Rota- 
tion of the infinite Curve Line A CH, f the Ciffoid of 
Diocles, about the Afymptote D BK. 


HAVING drawn B C perpendicular, and E C parallel to 
the Aſymptote DB K, put A D, wo ts 4 

the Diameter of the generating 
Cirele, equal to d, AE X otT 
then will BC =DE =4— », \\ 
and (from the Property of the Cir- | 


de) EF A I x; and be- 
cauſe from the Property of the 

8 — p 4 
Curve, as DE: AE AE. B 


CE; thut is 2.7 — : We. 5 


x; 3X ———= =—pVeſhall K 5 

0 —— —— | | C | ; Ne" 

— ** . ä : 7 
180 | ave 


% FL UXT0 N Part UL, 


have for the Fluio of the One Lin 
ROW Lone 2 


ACH. — myleiphicd hy £x 3D (for 


TOP eee 


cd x — 
* d=xxd=d 
1 


4. 2 — , for the Fluxion of the Surfice gene- 
27 4— * 
rated by the Curve Line A CH, equal (by pattidg the Di- 
4 
4=3x _* 
ameter of the generating Circle, = 1) » I=; 


deen by the Point C, will give 


3 
„** N; br the Square Roo of 4 — n 


1— * 


3 r 
ing divided by 1 — = * 1 — 6 Tra Ge. 
8 


the Square Root of 1K, will give 2 ＋ 58 
1808 
+= + . er. amen Eon t0 


16304. 
113 1808 


vill produce a += x ＋ ©; Tt * +55 + Tam 16576 
nu, &c, who@ Flnene 8 # +7 157 + ou ＋ 1 5 


+ 
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1808 


$1920 
of the Surface 
tevolved about 


33 
x 5 &e. being multiplied by © > will givethe Value 
Ems by the Arch A CH of the Ciſſoid 


Aſymptote D BK. 


SEC T. IV. 


vp the Uſe of FiuxI1oNs i the Cubature 
of elles or in inveſtigating Methods to find their 
Contents. 


PROPOSITION VI. 


F the plain Surface G A Cc d D be revolved about the Line 
AB as an Axis; I fay, that the Fluxion of the Solid ge- 
nerated by the Rotation of the 

Curvilinear Surface ABC is to the 


Fluxion oß the Solid generated by 
the Rotation of the ReRangular 


2 
E 


Space ABDG, as the Square of 


the Ordinate B C is to the Square A b 
of the: Ordinate B D. [ IB | 
IMAGINE the Ordinates BC. 6 | 
and B Din a flowing State, and let 75% +) o-f4 


B Ce, and Bb AD repreſent 
the naſcent A ments of the Surfaces A CB, and A G D B, 
generated in the ſame very ſmall Particle of Time then 
will the Solids, generated by the Rotation of theſe naſcent 
Augments, be the naſcent. Aygments. of the teſpective 
Solids generated in the ſame yery ſmall Particle of Time. 
Now the Solid generated by the - naſcent Space BC 7c 6, 
+ NES may 


332 FLUNXTON & FartHL 
may be conceived as conſiſting of two Solids, one * 
by the rectangular Surface CE & B, and the other by the 
trilinear Space Ce E; and conſequently the naſcent Aug: | 
ment of the he Solid generated by the Trapezium B Ce, is to 
the naſcent Augment of the Solid generated by the retangy. 
lar Space B b D, as the Cylinder generated by the Space BCEþ 
plus, the Annulus generated by : = Space C7 E to the Cylin- 
der generated by the Space B D; but the Cylindric Solids 
generated by the Spaces CE B, and B 4 D, are as the 
Squares of their reſpective Baſes; that | is, as the n of the 
Ordinates B C and B D. 

LE T us now conceive the TAP Ordinates: Ta b 41 in 
a flowing State, and to move in the Direction 6 A, *till they 
arrive at, or coincide with the Ordinates BC and BD; then 
will the Circles generated by the naſcent Ordinates & e and b 4, 
arrive at, or coincide with the Circles: generated by the Ordi- 
nates B C and B D, the Annulus generated by the trilinear Space 
Ce E, will vaniſh, and the Fluxion of the Solid, generated 
by the Rotation of the Curvilinear Space A B C, will be to 
the Fluxion of the Solid generated” by the Rotation of the 
rectangular Space A B D G, in the evaneſcent State, as the 
Square of the Ordinate B C to the Square of the Ordinate B D, 


AN Þ ſince the Cylind rie Solid generated by the reQangular 
Space AB D G, is a conſtant Quantity, and every where the 
ſame, therefore the Solid generated by the Curvilinear Space 
AB C, vill be every where as the Square of Wr BC, 
or as the generating Circle, Wheretore 

To find the Cubature of any Solid, we muſt mu 
Area of the Baſe deduced from the Equation gh the the 
Nature of the Curve, by the Fluxion of the Axis, and the 
Fluent thence. reſulting will give the Solidity. 


pur therefore A B x, BC =. S = Solidity, and r 
for the Radius of a = whoſe Circumference is c, and it 


will be as : c:: 2, for the Circumference of the Circle 


genera 


- A 
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generated by the Point Cz whence 222, will be the Area 4 


conſequently © - =. > will be the Fluxion of the Solidity, Now 
if in the room of y y we ſubſtitute its Value ariſing from the 
Equation expreſſing the Nature of the generating Curve, the 
luent of this laſt Expreſſion will give the Cubature of the So- 
lid, as will more evidently appear from the following Examples. 


EXAMPLE I. 
Let it be required to find the Solidity of 4 Priſm. 


| 4 
Lx us ſuppoſe the Priſm to have a ſquare Baſe, and put 
AB = 4, and r for one Side of the ſquare Baſe, 


then will 7 7 be the Area of the Baſe, and rr 


=S = Fluxion of the Solidity ; but inaſmuch as 
the Priſm is generated by the uniform Motion of 
the Square A, according to the Direction of the 
Line A B, and that the generating Square is a con - 
ſtant or permanent Quantity, therefore 174 = S, 
will give the Fluent or Solidity; and if, in the 
room of y r, we ſubſtitute the Area of the Baſe of 
any kind of Priſm whatſoever, we ſhall have an 
Expreſſion, whereby its ſolid Content may be 
found. For Example, ſuppoſe the Baſe of the 
Priſm to be a Circle, as in the adjacent Figure, 

then is the Solid called a Cylinder, and let 

r ſtand for the Radius of its Baſe, 4 for its 
Circumference, and 4 for its Altitude, as be- 


fore; then will —be the Area of Baſe z con · 


kequently ==, will be the Solidiry, Whence it 


follows, 
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THAT the Solidity of the Cylinder is to he, Solidity of 
ts circumleribed biin u. fr to @ 71; or as 5" ory 3 th 


is, as the Circle is to its circumſcribed Square. | 
As in Plain Geometry all Surfaces are compared with thecir- 


cumſcribing Parallelograms, ſo in Solid Geometry all Solids are 
compar'd with their circumſcribing Priſms, and when the Ra- 


tio of the circumſcribed Solid to the inſcribed Solid is known, 


the * of. the ür Solid is known alſo. 
EXAMPLE Il. 
Let it be required to find the Solid Content of a Pyramid. 


LET the Pyramid be ſuppoſed to ſtand upon a ſquare Baſe, 


and let r ſtand for one of its Sides: 
 PutAD=4 ABD x, and CC g, 
then will y y x be the Fluxion of the 
Solid CA Cʒ but becauſe the Triangles 
CA and EA are ſimilar, it will be 


and conſequently x = 225 0 
| Putting this therefore in the room 2 
x, in the former Expreſſion 7 9 x, we ſhall l 28 2 2 2. for 


the Fluxion ofthe Solid CAC, the Fluent of which wil be 22 2 44 


Now when AB, by flowing, becomes equal to AD, — 
A 


equal to r, and conſequently 2 = — =: 


SE: 317 3 
ar 7, will be the Value of the Pyramid EAE Whence 


a K 7: : 41 T1 wherefore 9 @= x7, 


it 


| * 
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ic follows, that the Solidity of the Pyramid is to the Solidity 
o the crcumſeriving Pf as 3 tos Tri or n f f to 
34, ot a1 to 3. So that the Pyramid is 3 of the Priſm, 
having the ſame Baſe and Altitude. a 
As Ai, if in the room of yr we ſubſtitute the Area of 
the Baſe of any kind of Pyramid, we ſhall have an Expreſſion 


to find the Solidity. For Example, if the Baſe be a Circle, 
then the Solid becomes a Cone ; 


andif » ſtand for the Radius of A 
the Circular Baſe D E, and C for its 
Circumference, then — will be 4 


en B V 
quently the Solidity will be <=; = 1 
but the Solidity of the circumſcri- bh ee ee 


bed Cylinder has been ſhewn to be 


©? , wherefore the Solidiry of the circumſcribed Cylinder 


to the Solidity of the inſcribed Cone as *— to g or a8 


6acrto24cy7; that is, as 6 to 2,0r as 3 — 1. Whence it 
appears, that the Cone is; of its circumſeribing Cylinder. 
AGAIN, let the right Line F H be drawn through " the 
Apex of the Triangle ADE, parallel 
to the Baſe D E, and imagine the F 
fame Triangle A D E to revolve about 
the Line FH as an Axis; and let it 
be required to find the Value of the 
Solid generated by this Rotation. 
FROM A draw the Line A N, 
to the Baſe D E, and — 
eſent the Height. Now 
any Point, as B, in the Line A N, a Line, as CB 5 


it will 
if 
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be drawn parallel to the Baſe Line D E, this Line CBC, by 
the Rotation of the Triangle A DE about its Mia F H, will 
deſcribe a Cylindrical Supetficies, which ſhall be to the, Cy lin- 
drical Superficies generated by the Line DE. as the Rectangle: 
compounded of theic Radii A B,. A N, and their Altitudes C C, 
D E. Put therefore DE 4, A N= r., CC =, and 
AB= x, and let the Circumference of the Circle generated 
by the Point D, be equal to c; then will à c be the Cylindric 
Surface generated by the Line DE. Whence to find the Surface 
generated by the Line Cc, it will be as D Ex ANr: 


ac, or as : C:: CCX APS xy —. whence 2 
will be the Fluxion of the Solidiry ; but, from the Property 
of the Triangle, it will be 1 4 7115 * whence y = = 
Putting this therefore, in the former Equation, in the room 
of J, We ſhall have £ — 4 the Fluent of which will 


3 . 
acx. | i J . 
= but when the Point B, by flowing, arrives at N, 


be 


+ wit decem i 46s F beet = XX -. acrrr 
= leer Whence it follows olga 

* THAT if the Altitude AN. of the Triangle A D E, be e- 
qual to D N, half its Baſe, DE, the Solid thus generated, will 
be equal to a Sphere formed by the Rotation of a Semi-circle, 
whoſe Diameter ſhall be equal to the Baſe DE: of. the Triangle 
ADE, as will be evident from the following Example, 


FF £&* »'Y 
q , 
; $29 z 
» * * 1 5 . 
, 4 as & „„ +, | 
N 411 4, . . 
* * 
* Aa - 
* 
* . #4 <1 © # 0 * 
' 5 " 4 
. 


e 9er 
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"EXAMPLE m > "TP 
7 find the Solid * of a Sphere. 


Ler AFPR 2 — * Semi- cirele, B d an Ordin nate 
rightly a d, -and imagine the Semi- 
29 about its Diameter 6 — 
AD as an Axis, till it return to the 
Place from whence it began to move; 
then will the Semi- cirele, by this Moti- D 
on, generate a Sphere, as will its Ordi- AE E 
nate B 4, e whoſe Radi- 
us is B 


Put AB x, ace, E F's == f, and the Circumference 


| generated by che Point F = 63 then as 1: ::: _ , the Cir. 
cumference of the Circle generated by the Point G whoſe 


Area will be <2 , for 22 "> multiplied by ry, will be cqual 


dy will be the Fluxion of 


the Solidity ; but from the Nature of the Circle y = 27X 


2 x 
K whence 27 vill be equal to dee 
FP 


by edges 3/72 — x x in the room of yy) c xx 


6 * x x 
= SLIP, and conſequently its Fluent <= — © — will 


be the Solidity of the Portion of the Sphere generated by the 
Semi-Segment A B Cz but when A B flows into, or becomes 
= A D, x becomes equal ws r, and conſequently we ſhall 

u have 
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4rr serr 


by ſubſtituting 2 7 in the room of x, in 


have 


XX Cxxx\ . I2Crr —- 8Cryr 4 


the Expreſſion —— — —— = — — — 


67 GS: :; 6 
1 6.5, | 
= r. for the Value of the whole Sphere. 


AN p the ſame Value of the Solid may be inveſtigated after 
the manner following : 
IMAGINE the Semi- carche AFD to revolve about its Di- 
| ameter A D as an. Axis; then 
F wu.ill the Semi-cixcce A F D gene 


Semi- circle CB C will generate a 
Spherical Surface. 


— circumference A FD 4c, EB 
A C E CD = x; then will the Spherical Sur. 
face generated by the Semi- circle 

AFD=2cr; and to find the Spherical Surface generated by 
the Semi- circle C B C (becauſe the Surfaces of Sphexes are to 
each other as the Squares of their Radii) it will be as 1: xx 


2:20: ===; whence 5 EEE will berheFlaxion of te 


Solidity, and = . — al the Fluent thence reſulting, will be 


the-Value of the Sphere generated by the Semi- circle CB; C: 
Imagine the Semi- circle CBC in a flowing State, and to 
move till it arrives at, or coincides with the Semi-circle A FD, 
then will the Point B coincide with the Point E, the Radius EB 
will become equal to the Radius E F, and x will become equal to 


73 whenee we e ſhall have 24 1 er for the Value of 
one the 


rate a Sphere, while the little 


Pur EF er, the Semi. 


* 
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the whole Sphere, by ſubſtituting r in the room of x, in the 
WW 5 
13 ir nn ei one] AH T Nee 

As AIN, from E, the Center of the Semi · circle A F D, draw 
the Radius E G, then while the whole Semi- circle AF DEA 
generates a Sphere, the Sector GE D will; generate a Cone, 
whoſe Altitude E D will be the ſame with the Radius of the 


| Sphere, and its Baſe the Space deſcribed by the little Arch of 
the Circle G D ; let this be put equal to æ, then will the Soli- 


dity of this Cone be=#X7 3 but when the Ray E G, re · 


vol ving about the Point E, coincides with the Line E A; that 
is, when the Point G arrives at A, the Surface of the Baſe of 
the little Cone E, generated by the Arch G D, will become 
equal to the entire Surface of the Sphere generated by the Semi- 
circumference A F D, equal to 2 c r, and conſequently the 


whole: Solidity will be — ——, the ſame as was be- 


fore inveſtigated, Whence it follows, 


; of its Circumference is to four times its Diameter; for as 


;1Crr:8r97::3c:8r7=4d; andconſequently, that the 
Sphere is to two Thirds of the Cube of its Diameter as the Cir- 
cumference is to four times its Diameter. 
_ Secondly, T Har the Sphere is to its circumſcribing Cylin- 
der as 2 to 33 fince, in this Caſe, the Cylinder is 2c r x 2 7 
77 7 re! | 1 
Thirdly, Tar the Sphere is to the Cone (which 
hath for its Baſe the great Circle of the. Sphere, and for 
its Altitude the Diameter of the ſame Sphere) as 2to1; 
for the Solidity of the Cone, in this Caſe, isz cr XT 
zeyr. : : | 


Uu 2 Fourthly, 


Fir. Tuner the Sphere is to the Cube of its Diameter as 


— — — „ 
3 3 


34% FLUXIONS, N 


Fourthly, TH a T the Cone, the Sphere, and the Cylinder 
having the ſame Height, and the fame Diameter, are as the 


Numbers 1, 2, 3. 
Fifthly, Tha r the Cone is equal to che Exceſs of the Cy- 


Under above the Sphere. 
E XAML E w. 


of „ Paraboli Conoid, 
emi-Parabola ACED 


Let it be required to find the Value 
generated by the e of the 
about its Axis AD. | 


FROM any Point, as B, in the Axis A D, let the Ordi- 
nate B C be drawn parallel to the 
F Bale D E; then put AB x, BC 


* 5 =), and DE r, alio A DPA 
| | *  and.theCircumference deſcribed by 
B Ci hc Point Ec; whence to find the 


Circumference generated by the Or- 
dinate BC, it will be as 1: % 


g F F 
— EEE. © 2 to the Oteumſereneeæ dec 


bed by the Point E,; whence 2 xy = 2 will be the A- 


rea of the ſame Circle. This therefore being multiplicd by 


&, the Fluxion of the Abſciſſe, vill give 2 = — (by 


putting x in the room of LE becauſe, from the Nature of the 
Parabola, 1 * = ) for the Fluxion of the Solid generated 


by the Space A B C, whoſe Fluent = = = (by pur 


=44cr ( by put- 


ting @ in the room of x, and r in the room of ) will be the 
| Value 


ting yy in the room of x) equal to = — 


ww © +% DTD © 


* * | 
« £ , — 
N - 


* 


Value of the Solid generated by the whole Parabolic Space 
ADE; for if we imagine the Ordinate B C in a flowing State, 
and to move till it arrives at, or coincides with the Ordinate 
DE, then AB will become equal to AD, x will become equal 
to 4, and y will become equal to r. Whence it follows, 

Firſt, THAT the Parabolic Conoid is to the circumſcribed 


Cylinder as x to 2; for the Cylinder is equal to _ : 


Secondly, Tn a x the inſcribed Cone is to the Cylinder as 
TE ; * A 

Thirdly, THAT the Cylinder, .the Parobolic Conoid, and 
the Cone, are to each other as the Numbers 3, 2, 1. 

In the Equation expreſſing the Nature of the Curve, if in- 
ſtead of x yy, we aſſume x = 5®,. which is a general E- 
quation for all Kinds of Parabolas whatſoever, we ſhall have 
4 = *, and * =. Putting therefore x in the former 
Equation > in the room of yy (to which it is equal) we 


fall have >> for the Area of the Circle deſcribed by the or- 


S* 


4 


dinate B C; whence = will be the Fluxion of the So- 


lid generated hy the Rotation of the Space A BC, whoſe 
| 92 oat w—__ Ye bs FLOG $4 1 | 
mex“?! Mexy 9 . i 
1 Zur TAT 2 T4 (by CIS of on = 
room of &) will give the Value, of the ſme Solid, 
Bor when AB flows into, and becomes equal to AD, 
then B. C. flows into, and becomes equal to DE; conſequently 
will become Sr, and x will become = 4, and we ſhall 


e r | 
A r re 
| | lid 


, 


N 
, and 2 in the room of K, in the Expreſſion 7 „ TT : 

Ir 9 = 3, the Equation will be y* = x, and we ſhall 
have & a rc for the Value of the Solid, which is to the Cylin. 
3 4 cr acr 5 


:— :: 3 25. 


10 2 


der circumſcribed as; is to 5 ; for as 


TP TAWMPYLEYV; 


L.et it be required to find the Value of the Solid formed by the 
Rotation of the Parabolic Space ADE, about the Line 
F E, parallel and equal to the Axis A D. (See the pre. 


ceding Figure.) 


LET ACE repreſent a Semi-Parabola, A D its Axis, B C 
an Ordinate rightly applied, which being produced to cut F E 
in the Point H, imagine the Semi-Parabola to revolve about 
the Line F E, as an Axis, then will the Line B H generate a 
Circle. Putting therefore FE A D S 3, AB = x, 
BC=y, A For DE r, c for the Circumference of the 
Circle deſcribed by the Point D, we ſhall have CH = r-. 


and — for the Circumference of the Circle generated by 


the Point C; for as 7 6 17 - 
— 77 | 3 
x == 5 —. ol ds as 


* 
the Circle deſcribed by the Line CH, This therefore being 
raken from 2, the Ares of the Circle deſcribed by the Line 


BH, will give 222 for the Arca of the Annals 


deſcribed 
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lid generated by the Space ADE, by putting r in the room of 
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deſcribed by the Ordinate B C; and this being multiplied by 


2074 ES - ex? * for the Fluxion of the Solid ge- 


irued bythe Space AC e: 2 — by put- 


2 r | 
ting xl in the room of y. and x in the room of y, to which 
they are reſpectively equal, from the Nature of the Parabola, 


 /$erato * X 2CT 9X C * 7 
whoſe Fluent EET 15 ( by 


ſubſtituting y in the room of x3, and y. in the room of x) 


= 3 — 2 „ will give the Value of the Solid 


generated by the ſame Space ABC, Now if we con- 
ſider the Ordinate B C in a flowing State, and to move 
till it arrive at, or coincide with the Ordinate D E, then 
AB will become equal to A D, x will become equal 
| 8$CrxXY—=3EXY) 


12 7 


8 c rar — err 84Cr—34r sa er 
vill become — — 2 — = 
11 7 12 12 


the Value of the Solid generated by the whole Space A D E. 
Whence it is evident, that the Solid thus formed is to its cir- 
cumſcribed Cylinder as 5 to 6 ; for the Value of the Cylinder is 
acy d 7 1 -# — 4 
287 2 4e ff SG to 2, or as — to 14 


4 5 to 6. =— % 


x, will give — 


to 4, will become equal to = and 


E X A M- 


Hein een 4h 
E. x A M P IL. E VI. Ny 
* 
Lee it be e. ro find the Value 0 oth Solid FROP 
7 the Rotation of the Parobolic AGED; a 
ut the Line AF, as an Axis, e the Parabol 
in the V. ertical Point W. * 


FROM any point H, in the * AD, Sand * Ordinate 
| H C, parallel to the Baſe DE, it 
B is evident, that while the Cur. 

A a F vilinear Space A ED is reyol- 
| ved about the Line AF as an 
| Axis, that this Line HC will 
1 . deſcribe a Cylindrical Surface, 

H 8 | Put therefdre A D =, DE 
\ TOs ee then 7 will 


D e E be the Flunion of the Ordinate 
B C AH, and let the Circum- 


rence of the Circte formed by the Point C be put equal to c; 
whence &4 c will be the Cylindric Surface formed by the Line 


D E; whence to find the Cylindric Surface formed by the Line 
HC, it will be as DE Xx DA ar:46, or as r to c:: 


| HCXHA =xy: , whence —.— will be the 


Fluxion of the Solid roads by the Space A HC; and be- 
cauſe, from the Nature of the Parabola, 'x x = =y ;- whence 
x N, if we ſubſtitute 93, in the former Equation, in the 


1 
room of x, to which it is equal, we ſhall have L192 = — 9 
2 2 
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for the Fluxion of the ſame Solid, whoſe Fluent 


* os, Bop 
r « 
Þ 9 
= 
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4 — 2 by putting x in the room of yi, will give the 
Value of the Solid itſelf . 

- Now if we conceive the Ordinate H C in a flowing State, 
and to move according to the Direction A D, till it arrives at, 


or coincides with the Ordinate D E, then AH will become 
equal to A D, will become equal to r, x will become e- 


ex | carr 
qual to a; conſeqpently - 5 will become - _ = 


-acr, for the Value of the Solid generated by the whole 


Parabolic Space ADE, | 
AGAIN, if the Value of the Solid be required in the Terms 
of r, becauſe y = x x, therefore y a x x, Now it we ſub- 


ſtitute theſe Values of y and y in the general Equation < == 


in the room of y and y, we ſhall have © — 20 
7 


for the Fluxion of the Solid generated by the Space AH C, whoſe 
o C42 
an — will give the Value of the Solid itſelf; but be- 


cauſe, from the Nature of the Curve, 772 x*, if bis 
9 y, in the former Equation, in the room of x*, we ſhall have 


==> for the Value of the ſame Solid, equal to — pr 


the Value of the Solid generated by the whole Space ADE, 
the ſame as was before inyeſtigated ; for when x, by flowing, 


w__ equal to a, y becomes equal to r. Whence it fol- 
$ 2- 


Firſt, TuA r the Solid is to the circumſcribed Cylinder as 
4to 5. | 


Fluent 


X x Second. 
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Secondly, THAT the Solid generated by the Concave, or 
Supplemental Part of the Parabola A CE F is equal o Ser; 


and that this may more evidently appear, put FE r, the 
Circumference of the Circle generated by the Point E e; 


then to find the Circumference generated by the Point C, it 
£99 .. 
will be as ::: 9: =; whence —22 will be the Ares of he 


{ame Circle; conſequently = - 4 will be the Fluxion of the 


* x 
27 * 


ting x* in the room of yy, to which it is equal; whence 
: 2, will be the Value of the fame Solid equal to 17 
by putting y in the room of x* ; whence we ſhall have 
a LIT = ac r, for the Value of the Solid- generated by 


the whole Space ACE F, the ſame as was before found; for 
when x becomes equal to 4, y becomes equal to r. 


Solid generated by the Space A B C equal to 


EXAMPLE VII. 


Let it required to find the Value of the Solid generated by the 
—_— of the Parabolic Space ADE, about the Baſe D E, 
as an Axis. : 


pur AD=r, DE, BC=y, AB=x, and e 
for the Circumference of the Circle generated by the Point A; 
then will BD=r=— x, and ha 7 als the Circumference of 


the 


6. 7X 


lin 
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che Cirele generated by the Point C (for | | 
coming £5 A+ —F 
asr: C:: -&: - ; hence PS 
A TN the Cylindrical B— * K 1 
Surface. generated by the Ordinate 
B C, and e the D 


E 
Fluxion of the Solid : Bur 'bceanſe; from the Nature of 
the Parabola, 1 x = y y, therefore ,x 25 . Subſti- 
ruting therefore 2 5 „, in the former Equation, in the 
room of x, and y » in the room of x, and we ſhall 
have ery yg = 2059 whoſe Fluent ecfy .. 

r 9 2 9 
will be the Value of the Solid generated by the Space A B C. 
Now if we imagine the Ordinate B C in a flowing State, and 


to move till it arrives at, or coincides with the Ordinate D E. 
then AB will become equal to AD, = _ I equal 


to r, and y become equal to 4 ; conſequently == — 


ee (by 6 room of y y) 


8 | 

| 2 471 c 2470 104 re- 627 
will become equal to e TR aa” > N 

4arc 4 


1 1% che Value of the Solid generated by the 


whole Space A D E. Whence it follows, 


Tnar the Solid thus generated is to the circumſcribed Cy. 
linder as 8 to 15z for the Solidity of the Cylinder is woe 
er. : 


XX 2 r 


my _ — — - _ 
— ſ— —..᷑ — — — — —_— 


FLUXION'S Par 


EXAMPLE ym. 


Let it be required to find the Value of the Solid farmed 
by the Rotation of the Parabolic myo AED — 
AD, when the Ordinates BC and DE are not 5 
Sener to AD, in which Coſt AD is 8 Diener? 0 the 
Section. 
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PUT AD Db, Abs, x, DE = x, and c for theCir. 
cumference of the Circle deſcribed 
by the Point E. 

Now foraſmuch as the Ordi- 
nates B C and DE, by their Ro. 
tation about AD, as an Axis, 
will deſcribe Conical Superficies 
parallel amongſt themſelves; and 
inaſmuch as theſe Surfaces arc to 
each other as the Squares of their 
Sides BCand DE ; and theſe be- 

| E ing to each other as the reſpective 
0 Portions A B and A D of the Di- 
6 meter AD; and ſince 2 r will 
be the Conic Surface deſcribed by 


the Ordinate DE, to find that deſcribed by the Ordinate BC, 


er erx 
2 ad * 
FRo M A let fall the Perpendicular A H upon the Ordinate 
E D produced, and continue the Ordinate CB till it meet the 
Ferpendicular A H in K. Now putting AH 4, and AK 


we muſt ſay as 6 : * 2 


= E, we ſhall have £ - _ for the Fluxion of the Solid; 


but by reaſon of the Similitude of the Triangles ABK, A DH, 
it 


- 
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vi be uv 116. Wherefore a = f. = . 
putting therefore E in the former Expreſſion nue 


room of &, we ſhall haye .J., the Fluent of which 


5 will be Value of the Solid deſeribed by the Space 


AB C; but when the Ordinate B C, by flowing, arrives 8 
ot coincides: with the Ordinate DE, then A B will be equal 
to AD; conſequently x will become equal to 6, and 


cr : 
—— will become = = { 6 er, the Value of the 


Solid generated by the whole Parabolic Space AD E: Whence 
it is evident, that this Solid is to that formed by the Rotation 
of the Parallelogram A FE E D as 1 to a; for this Solid is equal 
to the Conic Surface formed by D E, multiplied into the 
Height AH=2@cr, | 


EXANPLE N. 


The ſame Things being ſuppoſed, as in the former Example, 
let it be required 7 the Value of the Solid formed by 
the Rotation of the Parabolic Space A D E, about the Line 
AF, a ＋ — to the Curve in the Vertex A. (See the 


preceding Figure.) 


IT is evident, that the Ordinates B C and D E, by their 
Rotation about the Line A F, as an Axis, will deſcribe Cy- 
lindrical Surfaces, which will be to each other in a Ratio com- 
pounded of their Radii, and of; their Altitudes. So that the 
Cylindric Surface deſcribed by te Ordinate D E, is to the Cy- 
lindric Surface deſcribed by the Ordinate B C, as DE x AH is 
to BC X A K, or as DEX A D is to C BIT AB. Putting 

| 7 therefore 


1 ad. x = 
8 n a4 ” 2 hed 2 
* 4 7 * 1 * 
— 2 1 F has 27 F Ma 
SEEN 
& 7 5 
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therefore DE 4, AD b, AH =, the Circumference 
deſcribed by the Point H c, AB x, BC ==, AK x. 
it will be as ADxDE= AU 4c (= the Cylindric Surface 


deſeribed by D E) :: (A BBC ny equalto the 
Cylindric Surface deſcrib'd by BC; and multiplying this Quan. 
tity by E, we ſhall have — for the Fluxion of che. Solid: 
But becauſe, from the Property of the Parabola, x = , and 


5 = Putting then theſe Values in the former Equation 


in the room of E and x, we ſhall have 22 the Flu- 


. | 2c % _ 2cyrxngy., 
ent of which will be J == vb J in putting for * 
its Value, x, equal to 5 4 0 1, for the Value of the whole So- 
lid. For when x flows into, or becomes equal to a, then) 

becomes equal to 6, Whence it follows, 

THAT this Solid is to the Cylindric Superficies, deſcribed 
by DE, and multiplied by AH, as 2 to ;; for the Cy. 
lindric Superficies, deſcribed by D E, and multiplied by 
A H = 407, | 


| | EXAMPLE X. 
the Value of the Solid formed by the 


Let it be required to 


Rotation of the Hyperbolic Space EGHAB F, about the 
Aſymptote GE, 


| DR aw the Aſymptote HG = r, (See the following Fi. 
gure) e put HA =4, GQ = CB=x, 


0 
f 


and the Circumference deſcribed by the Point H= c; then will 


the 


1 ꝙ— ﬀ 13 


9 o ne 
«YL - * A 
* o _ Ny 15 
nd ® = 9 
A = 
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the Cylindrical Surface, deſcribed by the Ordinate H A, be equal 
to a ; 1 2 W - | | 

find the Value of | 

the Cylindric Sur- 0 Renee 
face, deſcribed by | ——F 
the Ordinate QB, Q Fa | 

it will be as G-H B 
xHA=4ar:ac 
::GQxXQB=xy 


=: Whence 


H +; 7 0 


—2= will be the Fluzion of the Solid; but becauſe; from 


ar 

» 4 
. 3 

4x (by ſubſtituting = 


the Nature of the Hyperbola, x y = @ r, therefore x = j 


conſequently c XY 
of x) and @ c x, the Fluent thence reſulting will be the 
Value of the Solid deſcribed” by the Space E GHABE; 
but when the Ordinate QB, by flowing, becomes equal 
to HA. GQ will become equal to GH, and x will become 
equal to . and conſequently- the whole Solid will be equal 
to aer. 

WHENCE it is evident, that the Solid thus formed is 
double of the Cylinder formed by the Rectangle GD A H, not- 
vithſtanding the Hyperbolic Solid is formed by an infinite 
Space; and univerſally if x , which expreſſes the Nature 


of all Kinds of Hyperbola's whatſoever; then y = x®, and 
conſequently- if we put x in the room of , in the 
Expreſſion £. — — S, the Fluxion of the Solid, we 
mall 


> ak. FY 3 
1 = 8 TEIN N 1% i N 
9 . 
, ** . * * * 
- 
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4 „ 


11 
a IXy 


MINN | 
= (by e in the room of x, to 


which it isequal : Whence -E en, will be the v. 
lue of the whole Solid, 


EXAMPLE XI. 


The ſame Thing + being poſed, as in the former 
let it be — * ws the Value of 2 Solid = 0 
the Rotation of the Hyp ele Space E HABF, 
about the other Ame, GH. (Ke the preceding 


Figure.) 
Put AH ef, and the Circumference deſcribed by the 


Point A == c, and it will be wr :c 1191 equal to the Cl · 
cumference of the Clrcle deſcribed by the Polnt By whence 


22 will be the Area of the Circle deſcribed by the Ordinate 


0X 


ſhall have = whoſe Fluent will be 


h; conſequently * will be the Fluxlon of the Solid: 
But becauſe, from the Nature of the Curve, x y , there · 


fore y == 5 and Jy = 2927, Subſtituting therefore 
dar 


the former Equation, we ſhall 


ENS ere x 


hive — the Fluent of which will be 


440 7 


| ay 
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_ for the Value of the Solid deſcribed by the Space HA BQ, 


acr 
which will give — A forthe Value of the whole Solid; for 


when the Point Q arrives at H, æ becomes equal to a, and un- 
niyerſally, if 9" = x, then x = m "=" y; and ſubſtituting 


this Quantity 513, in the Expreſſion =, the Fluxi- 
on of the Solid, in the room of *, we ſhall have nog, 


mey"P mexyy 
il 
whoſe Fluent will be —— (by putting x in 


the room of y") ; whence the Value of the whole Solid will 
”m ; | 
be T 1 Td becauſe when x, by flowing, becomes equal 


to 4, y, by owing, will become equal to . 
EXAMPLE XII. 


Let it be required to find the Value of the _—_— Conoid 
formed by the Rotation of the Hyperbola AC F D, about 
its Axis AD. * 


HAV IN d drawn an Ordinate, as | 
BC, put DF =, BC = AB 
„% AD , and AE 16. 
then wIl ED = 4+ 26, andE B A 
= x + 26, and the Area of the 
Circle generated by the Ordinate B 0 


BC = 22. whence & will 
2 * 2 7 


be the Fluxion of the Solid: and D — 

becauſe, from the Nature of the 

Hyperbola, as ED XNA D: DF“: EB NVA B: B C'; there- 
Yy fore 
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fare 4 4 +$24b:rritxxnÞ+ 26x: )); hene yy 


Prax abryu 
22 Putting thefore this laſt Expreſſion 


in the room of yy, in the Fluxlon of the Solid —— ve 


E hefe Fluent ff 
ſhall have r e e Fluen 8 
berxx era barber a 


* T Cf Jie 3 
| | f4OV + 1340 
Solid formed by the Space A B Cy. whence "TEE - 


will be the Value of the whole Solidz for when A B flows in. 
to, or becomes equal to A D, x will become equal to 4. 
Whence it follows, 1 

THAT the circumſcribed Cylinder is to the inſcribed Hy- 
perbolic Conoid, as 4 4 ＋ 6 bisto 4 + 3 6,for the Cylinder is 
2 0. 


for the Value of the 


EXAMPLE XI. 


Let it be required to find the Value of the Solid formed by 
the Rotation of the Hyperbolic Space A CDF E, about 
the Line E E, the half of the Conjugate Axis of the Hy- 
perbola A C DPD). 


E. B 1 FROM any Point, as C, let the 
Ordinate C B be drawn, it is manifeſt 
| that this Ordinate will, by the Rota- 
tion of the Hyperbolic Space about 
the Line EF, deſcribe a Circle ; put 
_ - therefore c for theCircumferenceof the 
D Circle deſcribed by the Point D; alſo 

E Ar , EFSA, EB= x, BC=y, and DF r; 
then will the Arca of the Circle, deſcribed by the Ordinate B C, 
I be 
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be 2 whence 22%, will be the Fluxion of the Solid 4 


Veen Hon the Nature of the Hyperbola, 1 * 4 
1441 therefore 4 4% mths 


5 „„ 10. # Pute 


ting therefore this Value 225. the Fluxion of the Solid, we 


a Wk 44 „ +eabbey whoſe Fluent will be 


2000 
4er 
227 += , an ad paning Tignes. 
ex» . 


we ſhall have 7 fs . 577 for the 


vous of the Solid formed by the Rotation of che Space 
ACBE, 
Now if we conſider the Ordinate BC in a flowing 
State, and to move till it arrive at, or coincide with the Or- 
dinate DF, then E B will become equal to E E, x will be- 
come equal to b, y will become equal to r, and we ſhall have 
36cy for the Value of the Solid — by the Rotation ot the 
whole Space A E F D. 

Wu cs it is evident, that the circumſcribed Cylinder is 
to the inſoribed Solid, as 3 to 23 for z6cr:36c as 3 to 2. 


EXAMPLE XIV. 

Let it be required to find the Value of m_, formed 
the. Nele of the 2 5 7 Fo about its = 
Axis, or tranſuerſe Diameter AD. 

Having drawn the Semi conjugate Diameter FE = x, 
and * Ordinate CB =), put A D 24, EB = x; then 

Yya AB 


_ , * 2 * 5 * 9 x 
T G * bs * s 0 
1* 3 I's 


7 
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1) ADRA 
A whence we ſhall have = x y = 27 tor 


the Area of the Circle deſcribed by the 
Ordinate BC. This therefore being mul. 


tiplicd by x, the Fluxion of the Diameter 


AD, will give == L, for the Fluxion 


of the Solid; but becauſe, from the 
D Nature of the Ellipſis, as CB*: TB 
X B D:: FE“: A E'; therefore 28 

(ORs rrxx 

JI: a8—XX::17:;48; Whence yy =o 7 — ws, 


and putting this Value of 55, in the Fluxion of the Solid, 


inſtead of 5 y, we ſhall have =_ — — for the Fluxi- 


on of the Solid formed by the Rotation of the Space CBE F, 


cr * 
whoſe Fluent — — 2 _ „ will give the Value of theſame 


Solid. Now if we imagine the Ordinate BC in a flowing 
Sta'e, and to move till the Point B arrives at, or coincides 
with the Point A, then E B will become equal to E A, and x 


c 3 
will become equal to 4, and we ſhall have — —_— =} 
2 644 


c r a for the Valucof the Solid formed by the Rotation of the 
Quadrantal Space A E F; whence 3c r 4 will be the Value of 
the whole Spheroid. Whence it follows, | 

Firſt, THAT the Spheroid deſcribed about the longeſt 
Axis, is to its circumſcribing Cylinder as 2 to 3 ; and ſince the 
Cylinder is to the Cone as 3 to 1, it follows, that the Spheroid 
is to the Cone as 2 to 1, 

1 


& 


Secondly, 


1 * 
K J 1 © : F , 7 1 
> 


$4 * 's X , . — 
A "- * 4% * * N 2 
— 2 4 
* 


* 
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_ Secondly, Tnar the Spheroid is to the circumſcribing 
Sphere, as the Square of the leſſer Axis of the Ellipſis is to the 
Square of the greater Axis. 

Thirdly, THAT the Spheroid is to its inſcribed Sphere, as 
the longeſt Axis is to the ſhorteſt ; and ſo is any Segment of 
the Spheroid to the correſpondent»... Segment of the inſcribed 
Sphere; whence the Value of any Segment of a Spheroid, or 
any hc gal of it cut off by two parallel Planes, may be eaſi- 
ly foun 

Fourthly, T n r the Sphere has the ſame Ratio to its circum- 
ſcribing Cylinder as the Spheroid has to its circumſcribing Cy- 
linder; alſo that the Sphere and Spheroid are in the ſame Ratio 
as their inſcribed Cones and circumſcribed Cylinders, which 
have for their Baſe the great Circle of the Sphere, and the ſame 
common Height, 

AFTER the ſame manner it may be proved, that the Sphe- 
roid formed by the Rotation of an Ellipſis, about its ſhorteſt 
Diameter, is to its circumſcribed Cylinder as 2 to 3, and that 
the Spheroid formed by the Rotation of an Ellipſis about its 
longeſt Axis, is to the Spheroid formed by the Rotation of an 
Ellipſis about its ſhorteſt Axis, as the longeſt Axis to the ſhorteſt. 


EXAMPLE Xv. 


To find the Value of the Solid formed by the Rotation of the 
Logarithmic Space A CDF E, about is Aſymprote F E. 


HAVING drawn the Ordinate BC = y, (See the follows 
ing Figure) put EB = x, FD r, and c for the Circumfe- 


rence deſcribed by the Point D; then will 7 be the Area of 
the Circle deſcribed by the Ordinate BC. This therefore be- 
ing multiplied by x, the Fluxion of the Aſymptote F E, will 


give —— for the Fluxion of the Solid; but becauſe, from the 
Pro- 


FLUXIONS. Nn 
D Property of the Loga. 
richie Carve & =, 


if we fubſticuce ri 
Value of x in the 


| Expreſſion 27 2 


he room of &, we ſhall 


x have 222. for the 


Eluxion — 0 Solid 
beet by the Rotation of the infinite Space E B C A, 


whoſe Fluent < — . „ Will give the Value of the ſame Solid. 


Now if we imagine the Ordinate BC to move in the Di. 
rection B F, till it arrive at, and coincide with the Ordinate 
F D, then y will become equal to y, and we ſhall have 4 «cr 
for the Value of the Solid formed by the Rotation of the whole 
Logarithmic Space AC DFE. Whence it follows, 

THAT the Solid formed by the Rotation of the infinite 
Space E F D A, is to the Cone, which hath for its Altitude 
the Subtangent of che Curve, and for its Baſe the ſame as the 


Solid, as 3 to a, for the Value of the Cone is <<. and as 


4:63:33 3. 
EXAMPLE XVL 


On O, as a Center, (See the following Fi 5 with the 
Radius OD, deſcribe the Semi- circle 2 D d produce 
DO *cill O E be equal to DO; then on E, G with 
the Radius E A, deſcribe the Quadrant AF G, and compleat 


the Parallelogram AHIG A. 
LET 


Tens FAN GO 


TT TZI 


2 
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Lir now the whole Space. H A F GI be turned about the 
Line HT, as an Axis; and let 8 N 
it be required to find the Va» 
lue of the Solid thus deſcribed. 
FROM any Point N of the 
Arch A F G, let an Ordinate, C 
as N B, be drawn, and let it 
be produced till it cut the Line D 
HI in Q; then put © for the 
Circumference of the Circle 
deſcribed by the Point F, NB 
„ BQE=*r, ABS x, 
NQ=#r+5&; and becauſe 
theCircumference of the Circle 
deſcribed by the Point F, is to the Circumference of the Circle 
deſcribed by the Point N, as FE to NQ, it will be as 7 2 


nr: LEES equal tothe Circumference deſcribed 


by the Point N; and multiplying this Quantity by 2 Ly £ 2 


ve ſhall have E, fbr kö Fluxion 
2 71 V2 1 

of the Solid: But from the Nature of the Space N'Q' - 

=ABXBG; therefore 1 +S&=42rx— xx, Purt- 

ting then 2 Fx — x x, in the room of a 1 & + 8, we ſhall 


rr . 8 N eren 
e LE, Whoſe Fluent 2 . 22 


27 2 i 2/2 29/2 


c * 


3 will give the Value of the Solid formed by the Ro- 


tation of the Space HAN Q. Now if we imagine the Ordi- 
nate NB to move according to the Direction B G, *till the 
Point B arrives at, and coincides with the Point G, then x 

will 


* 
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will become equil ro 27, and we ſhall TE, na wy 
V2" V2 


— 552 — for the Value of the Solid formed by 122 Notation of 


the whole Space AHF GI. 


Ir is evident, that the firſt Member —= to theCylinder 
deſcribed by the Rotation of the Rectangle A H1G about the 


Line HI; and that-the two other Mani ol ep . 
7 V2 3V2 
20 1 | 


3 equal to the Sphere deſcribed by the Rotation of 
the Semi-circle A DG about the Diameter A G] for in this 


Caſe the Circumference is equal to 7 k Whence the Solid 


formed by the Segment AF G A, is equal to the Sphere formed 
by the Semi-circle A DG. 8 


EXAMPLE XVII. 


The ſame Things being oſed, as in the forme 
be fa be required to il Value of 2 Solid nr Euer. by 
- the Rotation of the Lunula ADG F A about the — HI. 
as an Axis. (See the Figure — 70 the former Ex- 


ample.) 


PRO DUCE the Ordinate QB to meet che Semi · circumſe - 
rence in C, and let the whole Surface HAC D GI be turned 
round the Line HI. as an Axis; then will the Line QC. ge- 
nerate a Circle; and putting DE = ar, CB, AB =x, 
— Sa DN alſo let c ſtand for the Circumference 
of 


gebt IV. FLUXIONS. 361 
of the Circle deſcribed by the Point D; and to ſind the Cir. 
cumference Fea oy nn tho Point C, it will be as 


17 1021 1714.5 wh 1 
0p 


i bd l RIas: and becauſe 3 9 & 


& x, and y=27x—xx*: Putting then z «- XX 
in the room of , and multiplying by , we ſhall have 
| DOE ERIE DES TEES EXITED ES ar the 


ee e 
7 cx 6 
FROM of the Solid, whoſe Fluent —— Fe, e E — 
12 7 


— {* + 
4 (3 


X 2 TE xx 
beam I | __ NEE 


+5 * ABCA, will give the Value of the indeterminate” 
Pain ofthe Solid doe by the Space HA d, which 


cy err 


6 Terrier * A= 4 ft 


rep DL (for the Space SO ee 


Solid; e d Nins by flowing, arrives +6, * 
becomes equal to rr 
c e 2) yd! bene en: 
Now the firſt Member 4 equal cothe Cylinder Teſt, 


bed by the Rectangle A H FG; for is Clecugferenceis equal 


0 , 3 then the two other, Members arc:equal-in Value to t to the 


Solid formed by the Rotation of the Semj, circle A D G about 
the Line H 1, Taking away then from this Value the Solid 
formed by the Rotation of the Segment AF GA equal to jc r 


(by the preceding Example) equal to the Value 'S the Sphere 
2 2 | formed 
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formed by the Rotation of the Semi · circle A D B, the Remainder 
180 fr, Will be the Value of the Solid formed by the Rotation 
of the Lunula A D G F A about the Line H l. 

WnuEN cx it is evident, that if the Value of this Solid 
could be exactly determined, the (Io of the Circle 
would be ee 12 | 


EXAMPLE xvin. Dee 


Let it be required to the E Fb IOED 
the 2 of neu ne G A D F. about — 
Anmptote D 2 


Pur n a3 X; AD= 27, then will BD = 
27 - x, and, from the Nature 


D_ BA of the Circle, BC SAT r; 
Ech. but becauſe, from the Property 
of the Ciſſoid, as DB: B C:: 

AB: BN, it will be as r— x ; 
; 


| — 
i | — 
1K 


Wi as =BN; butasr:c::(DB=) 
F CELLS — cheCireun- 
ference generated by the Point B. This therefore being mul. 


* 2 7 r - 


dplicd by * * , the Value of BN, will give 


b 6e the Surface generated by the Rouen 


of the Ordinate B N. This again being multiplied by 


£4 * 2 xx 
+, will give — mw A , forthe Fluxion of the Solid 


genera · 


| 
| 
| 
] 
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generated by the Rotation of the Space GA DPF about the 
Aßymptote D F. | 

AND to find its Fluent, imagine the generating Semi-circle 
AED, to revolve about an Axis parallel to the Aſymptote 
D E, and to pais by the Point A, then will the Ordinate 
BC deſcribe a "Cylindrical Surface ; whence 2 have 


n 

222 ber the Fluxion of thisSolid which be- 
ing the * with the Fluxion of the former Solid, it is mani- 
feſt, that the Solid formed by the Rotation of the Ciſſoidal 
Space, infinitely extended about one of its Aſymprores, is equal 
to a Solid formed by the Rotation of its generating Semi-circle 
about a right Line parallel to its Aſymptore paſſing through the 
Point A. 


, it * 1 
AGAT e YET of —= - xa * = 


= = (bypurcing ar the Diameter of the ge- 


eee _— 4 N . 1 — PIE - Lo 


a 1 ht 550 


une | the Square — * 
by xt &,weſhallhave £ FT OE. 7 xt xl = wh 5 —— * 


= ts 325 an , Oc. for the Fluzion of the. Solid 


generated by che Rotation of the Kee VASP mn the 


Aſymptote D F, whoſe Fluent =X 5 ” ok: het 74 75 = ah 

| 3 
75 35 
22 2 , * 


* ot e Be: = Ext 2 xm 
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% moda 1 08 en x | 
does TT bee 

LS HINT IRON Py, 


— be 
LN ANN * . 2/X4X,6X 11 
IXIXYXS5X2  IXIX3XSX7-X2 | 
me af x*, &c. 
2X4X6X8X13 2X4 X6XB8XIOX IF 
eee 3 


ae 
eee EAA E **. 


Let it be req WORD fe the Value of if the Solid PER d by 
the Rotation of the 3 yo FBADNE, abow 
us Amptote 929 


L ET the Conchoid be ſuch, char having drawn from ſome 
Point'in the Curve, as B, to its 
A Pole C 4 Line, 3s B C. ;cutting 
P = Aſymptote in the Point N, 
e Rectangle under CN and 
"NB that is, CNX NB may 
be equal to the Rectangle CD 
» D A; and let it be required to 
find the Value of the Solid ge- 
nerated by the Conchoidal Space. 
O Haix e deſcribed upon the 
3 Diameter AD a Semi - circle 
AK D, from ſome Point, as P, in the Diameter draw an Or. 
dinate, as PB; it is manifeſt, that this OrdinateP B will, by the 
Rotation of the Conchoidal Space about the Line E D, de- 
ſcribe a Cylindric Surface 
PUT ACS, AD ar. AP=x; N 
and PD ar- x. Put alſo P B , andPK = and 
becauſe, from the Nature of the Conchoid, as AP:PD:: 
N xk [1 PB? 


. 
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FB: CP* ; therefore as x: 27 —x::22:44—24ax+xx; 
whence 5 2X27 - a - 242 ＋- x*; whence you 


vill have & = 4— xXV/ - — —; and to find the Cylin- 


dric Surface deſcribed by P B, we muſt ſay, asr:c::PD 
x 20 24Cr—acx 


27 — XX F 


XPB=27r —xXa—xxV 


We 8 | 
TEE, >= which being multiplied by x 
ve ſhall have the Fluxion of the Solid. 

Now in order to find the Fluent, imagine the Semi-circle 
AKD to revolve about a Line parallel to the Aſymptote P E, 
and to paſs through the Point C, the Pole of the Conchoid it is 
then manifeſt, that the Line PK will deſcribe a Cylindrical 


Surface: Wherefore as r: c::PKxXPC= 2 XV 2rx—xX 


7 
ſcribed by the Line P K; but K PX PCS -x 2 —, 
2 | | 5 

SP DX PBS az T- K Xx -A NU 8 for as AP 
:PD::PK*; PD'; whence as PK: PD: : p B: CP; 
whence the Fluxion of theſe two Solids are equal, conſequent- 
ly their Fluents will be the ſame. Wherefore the Solid form- 
ed by the Rotation of the Conchoidal Space, infinitely extended 
about irs Aſymptote, is equal to a Solid formed by the Revo- 
lution of a Semi-circle A K D, about a Line parallel to its 
Aſymptote paſling through its Pole. 


— TED qual to the Cylindri ic Surface de- 


EX AM- 
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E XAML X « 

Let it be required to find the Value of the Solid formed 
by the Rotation of the Curvilinear Space A C D about 
' the Axis AD, the general Equation, expreſſng the Ne. 


8 
4 — XXX 


ture of the Curve, being y = —— 


Having drawn the Ordinate B C=, and putting 
F for the greater Ordinate, and c 
for the Circumference of the Cir. 
cle generated by it, we ſhall 


have * for che Circumference 
D dcſcribed by the Ordinate B C, 
and 2.2 for the Fluxion of 


2r 

Q the Solidity ; but becauſe y 

# > „„ - og 

ENT then y — 2 + x cata 
a - PL 

putting this Value in the room of y y, in the Fluxion of the Solid 

ge. 2 =. 

22 wehall hae EZ X—24CX oh . * 
2 7 = 

274 
„„ „ 
4m +2nrXe* 2mb+anrxe® 


4 4 
6 \ _ 
, ov . e — „ 
L of Y F 
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will be the Value of the Solid formed 


am+onrxe® . 
by the Revolution of the Space A C B; whence the whole 
Solid, deſcribed by the Revolution of the Space ACD, 


; nd'c 1 4 n 4 c 
2 impanr 7 
n 4 


z + 24mmn-+ 22mnn? nnn 


at D, x becomes equal to 4. 

II n, and n = 1, the Value of the Solid found by 
the Rotation of the Space A BC, will be found to be equal 
ee nent Som „r 
10447 6 eie _ hy 


2 
equal to Now by the Method de Maximis Mini- 


mis, 1 4, we ſhall have, by putting this Va- 
hne in the Equation of the Curve a4 =4xx— & for 


the greateſt Ordinate y = 7, :* 4. Whence 2 


210r 280 

Now the circumſcribing Cylinder having for the Radius of its 
Baſe the greateſt Ordinate, and for its Height the Axis A D, 
its Value will be ; 44 c. Whence the Solid formed by the 
Rotation of the Curye A C D, is to its circumſcribed Cylinder 
as 243 tO 560. 

THE Value of the Solids formed by the Rotation of the 
Curves ANF, AQ, and their Ratio to each other, may be 
found with the ſame Eaſe, 


to 


SECT. 
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CEE CR 

Containing the Uſe 0 F.ux1ons' i findin the 

9 of Gentry of Lines and 9 


DEFINITION. 


THE Center of Gravity of a Body, is a Point within 
that Body ſo placed, that the Particles of the Body, at 


equal Diſtances from that Point, conſiſt of equal Moments, 


or have equal Propenſities, or Tendencies to Motion; ſo that 
by the mutual and contrary Endeavours of all the Particles of 
which the Body is compoſed, if the Body be ſuſpended or 
ſuſtained by this Point, in whatſoever Situation it is placed, it 
will retain it, and remain at Reſt. by 1 
Now ſince by the Momentum of any Body, we are to un- 
derſtand a Reſult ariſing from the Multiplication of the Quan- 
tity of Matter it contains, into the Velocity it is moved with; 
and as the ſame Body may be impelled with different Degrees 
of Force: | N 
HENCE it is, that the Momenta of the ſame Body are of 
different Values, according to the different Velocities with 
which it may be moved, or according to its different Propen- 
ſities, or Tendencies to Motion. 1 
Fo R Example ; If two Bodies, A and B, of equal Denſity, 
and containing equal Quantities of Matter, be made to move 
with different Velocities; that is, if the Velocity with which 
the Body A is made to move, be double to the Velocity with 
which the Body B is made to move, then the Momentum of 
the Body A is, in this Caſe, double to the Momentum of the 
Body B; and ſince the Bodies A and B are equally denſe, and 
contain equal Quantities of Matter, one may be taken indif- 
ferently for the other, and either of them may be conſidered 
As 
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as one and the ſamo Body i at different Times. with 
different Degrees of Force; and conſequently the Momentum 
of the ſame Body, in one Caſe, sm the Oper 
Caſe as 2 to 1, 

AND. hence it is, thar the different Memenra of the fame 

Body, are in a direct Ratio of the different Velocities with 
which the Body may be made to move, or accofding to its dif- 
ferent Propenlities, or Tendencies to Motion. 
Ap hence it is that the: Momentum of one and the ſame 
Body may become equal to the Momentum of any other Body, 
how great or ſmall ſoever it be; for if the Velocities with 
which they move, or would moye with, were they at liberty 
to move, be in a reciprocal Ratio to their Maſſes of Matter, 
the Momentum of one will be equal to the Momentum of the 
other, and conſequently if placed on contrary Sides of their 
common Center of Gravity, will counterpoiſe one anorher. 
For Example, if the Quantity of Matter in the Body A be to 
the Quantity of Matter.in the Body B as 6 to 4, and the Ve- 
locity that the Body A moves with, or would move with, were 
it at liberty to move, be to the Velocity that the Body B moves 
with, or would move, were it at liberty to move, as 2 to 3, 
the Momentum of the Body A, in this Caſe, will be equal to 
the Momentum of the Body B; ſince 2X 6 = 3X4 = 12. 

Now if the Bodies A and B be fixed at the Ends Aand B 
of an inflexible right 2 ee ene, that right 
Line be ſo divided in 10 
the Point C, that the | wer 0907 
Segment CA be to the 
Segment B C.as the Ve- 
locity the Body B moves 
with, or would move 
vith, were it at liber- 
Body:A moves with or 
would move with, were it at liberty to move, then their Mo- 
ments will be equal; a inflexible right Line A B be 

a a 


9 
28 


- - — - —— * Y 1 W 
| ——— SRL r 
”  þ 9 


fuſpended, or ſuſtained by the Point C, inaſmuch as their 
Propenſities or Tendencies to Motion are equal, and contrary, 
both will remain at Reſt 3. and this Point C is called the com 

mon Center of Gravity of the two Bodies A and B. ; 

Fox let us ſuppoſe the Line B CA to revolve about the 
Point C, as a Center, and to remove from its Situation BC A, 
into the Situation 6 C 4, in which time the Body A will move 
over the Arch A @, as will the Body B move over the Arch 


B; and ſince the Velocities are proportional to the Spaces 
that the Bodies run over in the ſame Time, and ſince theſe 


| Arches are as their reſpective Radii CA and C B; and more. 
over, ſince theſe Radii CA and CB are in a receiprocal Ratio 
to the Quantities of Matter contained in the Bodies C and A, 
it follows, that the Momentum of the Body A is equal to the 
Momentum of the Body B; that their Propenſities, or Tendencies 
to Motion, are contrary and equal, and both muſt remain at Reſt, 
AN p the ſame Conſequences will follow, if ſeveral Bo- 

| Y dies, or Weights, as D, E, F, 

K H F B G, &c. are fixed to the ſame 


* hi A — inflexible Line A B, void of 
| | | 9 ſuſpended, or ſu- 
ined by the Point C, pro- 

0 G 0 © vided that the Sum ür 
D E F G Products of the Bodies, or 


Weights on one Side of the Point C, multiplied by their re- 
_ Diſtances from the ſame Point, be equal to the Pro- 

ucts ariſing from the Multiplication of the Bodies on the other 
Side of the Point C, into their reſpective Diſtances from the 
fame Point ; for if we ſuppoſe the Body A be divided into 
two Bodies F and G, and the Bodies F and G, ſuſpended at ſuch 
Diſtances C K and CB, from the Center C, that C KN FCB 
„G = CAx A: And again, if we ſuppoſe the Body B, divi- 
ded in like manner into two Bodies D and E, and each of theſe 
ſuſpended at ſuch Diſtances C H and C A, from the ſame Point 
c, fothatCHxE + CAN DS CBX B. Now inaſmuch. 


as CAXA=CBxXB; cherefore CK xF +CB — 
| 1E 


4 9 "_ 
+ I b 2 7 * 
n 1 £4.27 
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3 md « r n j 4 a e 
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XET CAN D; and the ſame will hold into how great 
ſoever a Number of Parts the Bodies A and B be divided, pro- 
vided the Law of Suſpenſion be obſerved. 9 454361 | 

L r us therefore imagine the Matter contained in the Bodies 
A and B (See Fig. an Pag. 369) which we will ſuppoſe to conſiſt 
of ten Parts, to be equally diffuſed through the whole Line AB; 
then will the Quantity contained in the Segment CB, be to the 
Quantity contained in the Segment C A, as the Line B C 


” 
o 


is to the Line AB; that is, as 6 to 4; but the Velocity 


of every conceivable Point of the Segment CB is to the Ve- 
locity of every conceivable Point in the Segment C A, at pro- 
portional Diſtances from the Point C, as 3 to 2; conſequently 
the Velocity of the whole Line B C is to the Velocity of the 
whole Line CA as ; to 2; whence the Momentum of the 


Segment B C is to the Momentum of the Segment AC as 3 x6 


is to 2 & 4, or as 18 to 8, or as 9 to 4; and conſequently the 
Segment B C will. rate. And in order to find the 
Center of Gravity ariſing from this new Diſpoſition of the 
Matter, let us ſuppoſe the Line | 

BA to be ſuſpended at one End, B . 
as A, then will the Line BA 2 
repreſent the whole Quantity of 


Matter, as well as whole Velocity... putting therefore 


AB x, „ will repreſent the Fluxion of the Line AB; 
that is, of the Weight or Matter repreſented by it. Now if 
we conſider the Line A B in a flowing State, and beginning 
to reyolye about the Point A, as a Center, it is maniteſt, that 


x x will be the Fluxion of the Momentum of the whole Maſs 
into the whole Velocity; whence 2 x x, its Fluent, will give 
the whole Momentum; this therefore being divided by x, 
the whole Weight or Maſs, will give 7 x for the Diſtance of 
the Center of Gravity from the Point of Suſpenſion A, equal 
to half the Line AB; for as the Momentum is a Reſult of the 
Multiplication of the Velocity into the Quantity of Matter, ſo 
the Velocity (which is in every conceivable Point of the Line 
AB, as the Diſtance of the Center of Gravity from the Point of 
Aaa 2 Suſpen · 
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Suſpenſi on, and is therefore analogous to it, and may 
by it) is a Reſult of the Diviſion of the Momentum by the Quan- 
tity of Matter contained in the Mais; and as the Momentam of 
each Particle of which- a Surface or Solid conliſts, ariſes from 
the Multiplication of the tiry of Matter it contains, into its 
reſpective Diſtance from the Axis of Suſpenſion, ſo if the whole 
Momentum be divided by the total Gravity, the Quotient will give 
rheDiſtance of a Point from the Point of Suſpenſion, by which 
if the Body be ſuſtained, or ſuſpended, it will remain at Reſt ; 
from whence we may draw this YEAR Rule for finding: tho 
Centerof Gravity, © vg | 
Divipst the Momentum of the Whole Weight, or Mat, 
by the whole Weight, or Maſs, and the Quotient thence re- 
fulting will give the Diſtance of the Center of Gravity from 
the Point or Axis of fron, which will always be found 
in that right Line that divides the Surface into two equal Parts, 
which, for Diſtinction fake, I call the Axis of Equilibrium, as 
I do che Foint, Where chis Axis cuts the 3 yen of the Sur- 
face, the Point of Suſpenſion. 
\WnzzzrorEleCAC BC repreſent «Carvitinesr Space, 
AB its Axis, and A the Point of 
Suſpenſion. Put AB= x, BC, 
and let the Nature of the Curve be 
ſuch, that x=9 3, then will &i= y, 


and xy = x* x, be the Fluxion of 
the Mals, or whole Weight; whence 


+ xt will be the Maſs, and x & will 
| be the Fluxion'of the Momentum ; 
ty its Fluent 5 xt will be the Momentum itſelf. 

This therefore being divided by 3 * the Maſs, will give; x for 
the Diſtance of the Center of Gravity D from the Point of 
Suſpenſion A; and by the ſame Method of Inveſtigation may 
the Center of Gravity of any other Surface be found, as will 
pat from the e N 


_— 
a « 


EXAM» 


COR OT SY 
1 — a 
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a EXAMPLE I. 


Let it be required to find the Center of Gravity of a Pa- © 
; rallelogram A H 1D. 


Leer SE repreſent the Axis, and S the Point of Suſpenſi- 
on. Put ADS SE = , AH CC =I, and SB =x, 


then will þ x be the Fluxion of the Maſs, and 6 x the Fluent 
thence reſulting will be the Maſs itſelf. Now if we multiply 


x by x the Velocity, we _ have 6 x x for the Fluxion of 
| * | 
the Momentum, whoſe Fluent = will A8 . 


be the Momentum. This therefore being 
divided by 6 x, tbe whole Maſs, will give — 2 {6 


for the Diſtance of the Center of Gra- T 


vity from the Point of Suſpenſion S; but 
_ when SB, by flowing, becomes equal to D FL 
S E, x becomes equal to a, and conſe- 

quently 2 4 will be the Diſtance of the Center of Gravity of the 
Parallelogram A HID, from the Point of Suſpenſion S, equal 
to 2 the Axis SE. Je | 


EXAMPLE I 


Let it be re red to find the Center of Gravity of a 
1 El riangle D A E. 7 * 


Draw the Line AH, cutting the Baſe D E in equal Par ts 
in the Point H, then will the Triangles DA H and EA H be 
equal, and conſequently the Center of Gravity will be found 
ſomewhere in the Line A H. Alſo from A draw the Line A F 
perpendicular to the Baſe DE, and put A F , AH == 4, 
DE = b, AN = S, AB x, and CC, thenwilly & be 

1 the 
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the Fluxion of the Maſs; but 
becauſe the Triangles N A B and 
F AH are ſimilar, as S : &: 


h : az therefore 8 * 


« 
D F H 1 of the Similitude of the Tri- 
angles A CC and ADE, it will be as /: *: b: 4. Where. 


- forey = ==, and ſubſticuring 2 in 2 jathe room of 


,, 8 hay for the Fluxion of the Maſs, or whole 


Weight, whoſe Fluent — 


— be multiplied "0 the Velocity 4, we ſhall han 


222. the Fluxion of the Momentum, the Fhvent of 


which is — — This therefore being divided by : 8 1 


the whole Maſs, will give; x for the Center of Gravity of 
the Triangle CAC; but when CC flows into the Place of 
DE, then AB will become | equal to A H, x will become 
equal to a, and we ſhall have 5 4 for the Diſtance of the Cen» 
ter of Gravity of the Triangle D AE, from the Point of Suſ- 
penſion A. 

WHEREFORE if the Line AH, which divides the Tris 
angle D A E into two equal Parts, be divided in the Point P, 
ſo that AP be to PH as 2 to 1, che Point P will be the Cen- 


ter of Gravity of the Triangle. 3 
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COROLLARY. 


Ir the Triangle A DE be an Iſoſceles Triangle, then the 
Lines A H, A F will coincide, and the Diſtance of the Center 
of Gravity from A, the Point of Suſpenſion, will be 3 of A F, 
the Perpendicular let fall from the Vertex of the Triangle on 
the Baſe DE. 


EXAMPLE 1. 


Let it be required to the Center of Gravity of the Pa. 
7 Lede Spar E AE LE 


Pur AD=4, EE=6, AB = BC, then 
will 2 y x be the Fluxion of the 


29 in the Expreſſion 2 % x, “,] 
ſhall have 23 x for the Fluxion of the Maſs, whoſe Fluent 


= will be the Maſs, or whole Weight. 


3 . 
Now if we multiply 2+ x by x, the Velocity, we ſhall 
have 2 x3 x x, for the Fluxion of the Momentum, whoſe 


: | 
Fluent — will be the Momentum itſelf. This therefore be- 


ing divided , the whole Weight, wilt give 28 KA ={ x 
for the Diſtance of the Center of Gravity of the Space C AC B, 
from the Point of Suſpenſion A; but when the Line C B C 
flows into the Place of ED E, A B becomes equal to A D; the 
Points B and D will coincide, and x will become equal to 23 

| whence: 


- 
— — — —. 


— -= 
> EE = EE 1328 ˙·—— —ů3ͤ —ͤ«ĩc ¶ ²— 
— _— — —_ 223 — 


1 


— — + — * 
— — — = > - _ 


— — — — 
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whence ; 4 will be the Diſtance of the Center of Gravity from 
the Point of Suſpenſion A, of the whole Parabolic Space. 
EAE DE. 

Now if ve ſuppoſe ym = 1 , which is a general Equation 


for all kinds of Parabolas, we ſhall have = * conſequent- 


ly xx will be the Fluxion of the whole Maſs, as will be 
the Fluxion of the Momentum. Now if the Fluent of this laſt 


Fluxion, which is - —T. 2 ** be divided by the Fluent of 
1 1 Ly W +1 

x® x, which 22 bay e ſhall have : x, for the 

Diſtance of the Center of Gravity of 1 fr Space C BC from 

the Point of Suſpenſion A; whence — = & will be the 


Diſtance of the Center of Gravity of he whole Parabolic Space 
E A E, from A, the Point of Suſpenſion, along the Axis of 
the Parabola A D; for when A B, by flowing, becomes equal 
to AD, x, by flowing, becomes equal to &. 


IF 2 = 2, as in the common Parabola, r 
a2 ＋1 


__— 5 4 will be the Diſtance of the Center of Gravity 


4 
from the Point of Suſpenſion. | | 
oh 5 | 9m + 1\ 

IF m = 3, as in the Cubic Parabola, then 4. 4 


2 +1 


| =o = 5 @ will be the Diſtance of the Center of Gra- 
vity 3 but if ne: we ſhall have 3 of the Axis for the Di- 
ſtance. 

IF m= , which is the Property of the Concave, or Sup- 
plemental Space, then the Axis will become a Tangent to 


ws Vicdcat Foine, "and we all have 4 4 of a for the Diſtance 


m +1 


_— i > "4 5 , y C1 - 2 A 
8 4 0 1 al LASAK 7 © Os 
* Ry a * * 4 * ja 9 * — 7 r * 1 
= * * 


EXAMPLE 1V. 


Let it be re red to find the Center of ravity of the Semis 
T"Paratolic Spare A C E D A. y | 


PUT AD=4, DES, AB=x, BC= y, and let 
the Parabolical Space ACE DA be fuſ- 
pended by the Axis A B D. | Conceive A 
the Line ANH to divide the Space - 
AED into two equal Parts; then will 
the Center of Gravity be found ſome B 
where in this Line, and C N will be 
equal to 2 , and let this repreſent the 


Velocity. Wherefore if y x, the Fluxion Þ 
of the Maſs (equal to xi x, from the 
Nature of the Curve, whoſe Fluent is 3 x+) be multiplied by 


this Velocity, we ſhall have for the Fluxion of the Mo- 


nenten equal to ZZ (by ſubſtituting x in the room of » 5 


to which it is equal) whoſe Fluent 4 x x will be the Momentum. 
Wherefore if this Quantity be divided by 3 xi, the Quotient 
3 x3, equal to $ y (becauſe xt is equal to ) will be the Diſtance 
of the Center of Gravity from the Axis of Suſpenſion A BD of 
the Space A BC. 

Bur when AB, by flowing, becomes equal to A D, then 
B C becomes equal to D E, and conſequently y becomes equal 
to h, and ñ b = F DE, will be the Diſtance of the Center of 
Gravity from the Axis ABD. ne 

IT wasſhewn in the laſt Example, that when the Parabolic 
Space was ſuſpended by the Tangent Line A F, that the Di- 
ſtance of the Center of Gravity from the Point of Suſpenſiog 
A, was equal to; 4, or the —_—- the Curve. bs. 


* dhe * A a " 8 — 6 Fl * m 
hay + 1 * * 2 
„ * \ 
- 
= 
— 
9 
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8 
if through the Point P, diſtant from the Vertex A, 5 of AD, 
be drawn a Line, as P C, parallel to A 
A. S F DE, and through the Point Q, diſtant 
- from DS of D E, a Line, as QC, be A 
1 be drawn parallel to A D, where theſe 
R I two Lines interſe& each other, as in A 
— the Point C, will be the Center of Gra- 
O vity of the Space AE D. A 
AND univerſally if x x = 4, then 
_— YI i, & - the 
g | eee bol 
tuting x® in the room of y y) will be the FHuxion of the Mo- * 
„ 
mentum, whoſe Fluent . x , vill be the Momentum. 
This Quantity therefore divided by — 7 - x=+*, the Fluent 1 
\= e 
of x x, the Fluxion of the Maſs, or whole Weight, will f 
£ 7 
give — a. — xm, for the Diſtance of the Center of Gravity ] 
of the Space AB C from the Axis of Suſpenſion AB (See the 4 
* in Page 377) ; but when A B flows into, or becomes Per 
AD, B C becomes equal to D E, and y becomes equal to &; bec 
whence we ſhall have : b, or DE, for the Diſtance of _ 
the Center of Gravity of the whole Space ADE from the * 
Axis of Suſpenſion AB D. Wherefore Flu; 
| : | 
IF Mn 2, as in the common Par — + 6, will | ver 
give 3; 6 for the Diſtance of the Center of Gravity but 
Axis of Suſpenſion ABD, the fame as was before My 
mined, | whe 
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Ip m= 3, as in the Cubic Parabola, then A will be 5 of 
Ir m=4 win he iquadrat Parabola, then A Þ = 5 of 

AD, and DQ dE : 
IF m 5, as in the Sur- Solid Parabola, then A P = i of 

AD, and DQ F. 

IF ” = 24 as in the Supplemental or Concave Parabola, then 
ꝙaS 21 AF, and Ar = is AD. 

IF wn „as in the Complement of the Cubic Parabola, 
then AS = AF, and Ar AD. 

IF 2, as in the Complement of the Biquadrat Para- 
bola, then AS AA. and Ar = 73 AD. 

IF m, as in the Complement of the Sur-Solid Para- 

bola, then AS 2? AF, and Ar iA D. 4 


EXAMPLE V. 


Let it be required to find the Center o 7 Gravity of the Space 
APF, incloſed between two equal Parabolas A CD, Ac E, 
touching one another in the Point A, and the right Line 
DF parallel to the common Axis E K. 


PurT AB=y, BCS x, . DH =, and the 


Perameter 21; then 
becauſe, from the Na- 
ture of the Curve, x E Q-. 


=} y, therefore x y 2 | 
2, will be the 


Fluxion of the Maſs, 


| whoſe Fluent 3% will | =Y 
be the Maſs itſelf ; C 5 O 


but y y is the Fluxion 
of the Momentum 3 D H 1E 
wherefore 7 4 * will 

give the Momentum. This therefore being divided by 5 y*, 
| B b b 2 the 
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the Mais will give 4 y for the Diſtance of the Center of 
Gravity of the Space AC B C from the Point of Suſpenſion 
A. Now if we ſuppoſe the Line CBC in a flowing State, 
and to move till it arrives at, or coincides with the Line 
D HF, then A B will become equal to A H, y will become 
equal to a, and we ſhall have 4 @ for the Diſtance of the Cen- 
ter of Gravity of the whole Space A DF from the Point of 
Suſpenſion A. 


Now if we ſuppoſe 1 x* = y®, which is a general Equa- 
tion for all Kinds of Parabolas whatſoever ; then x , and 
% = 9" y, will be the Fluxion of the Maſs, whoſe Fluent 
u mn | 241 . mt , 

Is” » will be the Maſs itſelf ; but z*" y=y 1 


will be the Fluxion of the Momentum ; Wherefore | 
8 m + 11 
m- n 


* „Fits Fluent, will give the Momentum.. This therefore 


22 
being divided by y * , the whole Maſs, will give 


m ＋ 2 1 
| * 2 +-r 3 
ELL ri „ 4, for the Diſtance of the Center 
ww” "0 | 
m + n* 5 


of Gravity of the Space AC B C from the Point of Suſpenſi 


on A; but when A B, by flowing, becomes equal to A H, 


y will become equal to 4, and conſequently we ſhall have 
1 

5 5 4, for the Diſtance of the Center of Gravity of the 

whole Space AD F from the Point of Suſpenſion A. 


Ir u= 1, and m= 2, as in the common Parabola,. then 
mu 


m + 2 A 


2 
4 


— 
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EE = - 4 = 4 4, will be the Diſtance of the 
Center of Gravity from the Point of Suſpenſion, the ſame as 
was deduced'from the former Inveſtigation. | 
Ir 3 = 2, and y = 3, as in the Cubic Parabola, then the 
Diſtance of the Center of Gravity from the Point of Suſpenſi- 


; 3 ＋ 2 
on will be —— 


45 =7 6 


EXAMPLE VI. 


Let it be required to find the Center of Gravity of the 
Arch of a Circle. 


Lr the Arch of the Circle, whoſe Center of Gravity is 
to be found, be E. HF, leſs than H 


the Semi-circle D HI, It is evident CE 

that the Center of Gravity of this Wim. 1 
Arch will be found ſomewhere in E 7 
the Ray A H, which divides the Arch of | r 


E H F into two equal Parts in the D B A 
Point H. | 
DRAW DI, a Diameter, paral- | 


lel to E F, the Chord of the given G 
Arch E H E, and CB an Ordinate 

rightly applied. Put DI 2 (which we conſider as the 
Axis of Suſpenſion) E F = 2 4, the Arch E HF = 2 6, the 


Arch CH = S, AB D x, andBC= y; then will „ be 


the Fluxion of the Momentum; but as : : *: & (for 
when the Point C arrives at H, y becomes equal tor, and 
2 and x, in their evaneſcent State, become equal to each other); 


wherefore y = rx; conſequently v x will be the Fluxion 
of the Momentum; whoſe Fluent x 7 will be the Momentum 
itſelf. 


i 
N A 4 
r * 
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itſelf. This therefore being divided by the whole Maſs 2, 


will give — for the Diſtance of the Center of Gravity of the 


Arch CH from the Point of Suſpenſion A; but when the 
Point C arrives at E, x becomes equal to à, and z becomes 


equal to c; and conſequently the Diſtance of the Center of 


Gravity of the Arch E H 1, from the Point of Suſpenſion A, 
will be . Put this equal to 4, then will c = ar; and 


conſequently as 4: :: a: :: 24: 20. Whence it follows: 


Firſt, THA r the Diſtance 4 of the Center of Gravity of an 
Arch from the Point of Suſpenſion, is to the Radius r as the 
Chord of the Arch à to the Arch itſelf c; whence in the Semi- 
circumference it will be as the Diameter to half the Cir- 
cumference, | 


Secondly, BECAUSE _ 4 ander being a known and 
conſtant Quantity, it follows, that if the Ratio of the Chord of 
an Arch to the Arch itſelf be known, the Center of Grayity 
of the Arch is given; and on the contrary, if the Center of 
Gravity of an Arch of any Circle be known, or given, the 
Ratio of this Arch to its Chord, is likewiſe given; and con» 
ſequently the Ratio of the Diameter of a Circle to its Cir- 
cumference will be known alſo, which gives the Quadrature 
of the Circle. | | | 

Thirdly, THAT the Diſtances of the Centers of Gravity of 
ſimilar Arches of different Circles from the Center of the Cir- 
cle, or Point of Suſpenſion, are in the ſame Ratio to their 
reſpective Semi-diameters. 


HENCE it will be eaſy to find the Center of Gravity of any 


Portion of the Surface of a right Cylinder, intercepted between 


two right Lines drawn from the Extremities of the generating 
Arch, perpendicular to the Baſe of the Cylinder; for the 
middle of that right Line, which paſſes through the Centers of 

ty Gravity 


'Gra 
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Gravity of the Line cut off at Top and Bottom, will be the 
Center of Gravity required. 


EX AMPLE VII. 


Let it be required to find the Center of Gravity of the 
| Sector of a Circle. 


LET CFCAC be the Sector of a Circle; draw the 
Line FB A biſecting the 4 
ſame, then will the Cen- 

ter of Gravity be found 

ſome where in this Line. ” > 

ON E, as a Center, with 5 | 
the Diſtance F N, deſcribe N 
the Arch NP N, and 
draw the Chords, CC, | N Wo 
NN, then put FC r, D F E 
the Chord CC = 24, the 
Arch CA CS a2 c, and FN x. 

Now the Momentum of any Arch C A C, in reſpect to 
the Axis of Suſpenſion, is equal to the Chord of that Arch 
multiplied into the Radius; therefore the Momentum of one 
Arch is to the Momentum of another Arch in a Ratio 
compounded of the Ratios of their Semi- diameters and 
Chords ; that is, becauſe the Chords 'are as the Radii or 
Semi-diameters in a duplicate Ratio of their Semi-diameters ; 
whence to find the Momentum of the ArchN PN, it will be 
28 1 1 to x x, ſo is the Momentum of the Arch CAC = 2 a7, 


to the Momentum of the Arch NP N — * - and multi- 


plying this by x, we ſhall have 2< - equal to the Fluxion 


24XXX 


„ Will be the 
- 


of the Sector N FN P, whoſe Flucnt 


* R N * —_— n 
nm * 


* - \ . "4 — 
1 


. 
e 


384 FLUXIONS. Part Ill 
Momentum of the Sector N FN P. This therefore being di- 


vided by c, the Value of the Maſs, will give = for the 


Diſtance of the Center of Gravity of the Sector N FN; but 
when the Arch N P N flows into, and becomes C A C, then 


28X xXx , 24r 
x becomes equal to , and rr will become _ for the 


Diſtance of the Center of Gravity of the Sector C F A C, from 
the Point of Suſpenſion F. | 

WHENCE it follows, that the Diſtance of the Center of 
Gravity of any Sector of a Circle from the Center of Su. 
penſion, is to; of the Radius, as the Chord of the Arch is 
to the Arch itſelf; for if 4 be put for the Diſtance of the 


„„ 


Center of Gravity, then 4 = e Wherefore as 


d:fir::a:fr::24:2c, Whence to find the Diſtance of 
the Center of Gravity of a Semi. circle, from the Center or 
Point of Suſpenſion, we muſt ſay, as half of the Circumfe. 
rence is to the Diameter, ſo is 3 of the Radius, or 3 of the 
Diameter to the Diſtance required. | 


Secondly, B knowing the Diſtance of the Center of 
Gravity of the Sector CF CA, and of the Triangle 
CF CBC, from the Point of Suſpenſion, we may find the 
Diſtance of the Center of Gravity of the Sector C A C from 
the Center F. 

Thirdly, Tr is evident, that the Diſtances of the Centers 
of Gravity of ſimilar Sectors of different Circles, from the 
Center or Point of Suſpenſion, are as the Radii themſelves 3 
foraſmuch as like Parts are in the ſame Proportion as their 
Wholes. 


E X AM- 


Li 
55 * 1 1 
” 


5 
1 — * 
oy * 


Sect. V. FLUXTIONS. 335 


> IF v . 


EXAMPLE VII. 


Let it be required to find the Center of Gravity of the 
Space incloſed by an Hyperbola, and its Aſymptote. 


LET A BF repreſent a Semi-Hyperbola, GE, GH its 
Aſymptotes, B Can 
Ordinate, and put 
G C = &; B * =, 
and becauſe, from Q 
the Nature of the 
Hyperbola, , 
therefore & x will LI A 
be the Fluxion of 
the Maſs, or wholeWeight ; and multiplying this by x = GC, 
we ſhall have & x, for the Fluxion of the Momentum, 


whoſe Fluent is 75 which being divided by the whole Weight, 


| 


== an infinite Quantity, ſhews that the Diſtance of the Cen- 


ter of Grayity from the Axis of Suſpenſion, is infinitely ſmall, 
AND univerſally if * = x, which expreſſes the Nature of 


all Hyperbola's to Infinity with regard to their Aſymptotes, n 
repreſenting a Negative or Poſitive, whole Number or Fraction, 


we ſhall have y = x®, and xx, equal to the Fluxion of the 
whole Maſs, or Weight, and , equal to the Fluxion of the 


Momentum; whence the Fluent —— == at ", Will be the 


Momentum, which being divided by == : xu, the Fluent | 


5 m + 1 
of Ax, the Fluxion of the Maſs, will give ES, for 
| Ccc the 


"I" : * 
* l r * a 
* 5 oz 
7 - * : * , 
Y — be” Ul * 
by — = * 
| * 
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the Diſtance ofthe Center of Gravity of the Hyperbolical Space 
EGHABF, from the Axis of Suſpenſion GE; but when 


CB flows into the Place of DA, then G C becomes equal to 
G D, and & becomes equal to 2; whence we ſhall have 


r- for the Diſtance of the Center of Gravity of the 


whole Space E GH AB F, from the Axis of Suſpenſion G E. 
AND becauſe in ſuch Caſes the Value of m is negative, 
the Diſtance of the Center of Gravity from the Axis of Suſ- 
penſion is equal to — — - 4 = _ — 4 Wherefore 
if n be negative, as in the common Hyperbola, then the Diſtance 
of the Center of Gravity from GE, the Axis of Suſpenſion, 


is equal to . „which ſhews, that the Diſtance is infinitely 


fmall, as was determined m the former Inveſtigation. 

IF m be equal to — 2, as inthe Cubical Hyperbola, we ſhall 
have 5 @ for the Diſtance required, 

IF 73 = — 3, we ſhall have; à for the Diſtance ſought. 

LE r it now be required to find the Center of Gravity of one 
half of the Hyperbolic Space EG HAB F, and let the Aſymp- 
tote G H be the Axis of Suſpenſion. Put, as before, G C = x, 
CB = 5. then will y x be the Fluxion of the whole Maſs; 


which being multiplied by 2 , the Velocity, will give 


. * xm 

for the Fluxion of the Momentum, equal to — (be- 
2 | 

cauſe in the Hyperbola y = x"); whence the Momentum it- 


we | W '3br _— 
ſelf will be equal 6" "7 + wa which being divided by 


25 „ the Fluent of ** * equal to y * ( becauſe 
I 
4 = x®, the Fluxion of the whole Maſs, will give = : xn 


fre 


| m I 4 
equal to = = (by ſubſtituting y in the room of x* ) 


for the Diſtance of tlie Center of Gravity of the indetermi- 
nate Space EGH A B F, from the Axis of Suſpenſion GH; 


and putting H A=b, we ſhall have 2 Erg 6, for the D. 


ſtance of the Center of Gravity of the entire Space; for when 
G C, by flowing, becomes equal to G D, CB becomes equal 
to D A, and y becomes equal to 6. 
Bur it has been ſhewn in the former Part of this Example, 
that the Diſtance of the Center of Gravity from the Axis of 
I 
Suſpenſion G E, is EN 
Wherefore if a Line be drawn parallel to the Aſymptote G E, 
8 1 1 
at the Diſtance T a, and another Line parallel to the 
m + 1 


Aſymptote G H, at the Diſtance of — * 6, where theſc 


two Lines interſect each other, will be the Place of the Center 


of Gravity. 
Ir m = — 3, the Diſtance of the Center of Gravity from 


the Aſymptote GE, conſidered as the Axis of Suſpenſion, will 
be 5 4, and from the Aſymptote G H, the Diſtance will be e- 


; 1 2 
qual to &, or G H itſelf ———- D 


m I yo ORE 
2m +4 —6+4 


2 14 will be 7 a, for the Diſtance 
m + 1 


from the Aſymptote G E, and = -6= 4 6, for the Di- 
ſtance from the Aſymptote G H. 
Ccc 2 SECT. 


a, where à is put equal to GH. 


and a==b=b. 


IF m— —4, then 


- * 


* I * A 90 ' . 
C \ as y 4 v : * k — "x Cady 4 M0 
0 oy & , ' \ a 7 6 
* An, ; x # , d * * 5 N als l 4 7 * 
' , , — 9 

$ 9 198 4 o 

. x 
| : * , 
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r 


Containing the Uſe of FLUx LIONS in finding the 
'- * Covers of Graviey of Slick 


S the Center of Gravity of a Plane Surface is found in 

that Line that divides the Surface into two equal Parts, 
ſo the Center of Gravity of a Solid will be found in the Axis 
of Equilibrium of that Plane, which paſling through the Point 
of Suſpenſion of the Solid, will divide the Solid into two 
equal Parts, or, which is the ſame thing, in that Line about 


which the Generating Surface is revolved; or if the Solid be 


generated by the uniform Motion of a Plane Surface moving 
conſtantly parallel to itſelf, which is the Caſe of all Priſms, 
then the Center of Gravity will be found in that Line which is 
deſcribed by the Center of Gravity of the Generating Surface. 
Wherefore in | 


ESAMPLE TL. 
Let it be required to find the Center of Gravity of a Priſm. 


LEr the Priſm ABD C (Cee the following Figure) be a 
ſquare Priſm, then it is evident that the Center of Gravity will 
be found ſomewhere in the Line ABD, deſcribed by the 
Point A, the Center of Gravity of the deſcribing Plane. Put 
the Side of the generating Square = r,, AD= #4, ABD x, 


and BC = y; then willy y x, be the Fluxion of the whole 


Maſs, d, the Maſs itſelf, Alſo yy x & will be the Fluxion 


of the Moment um, and 2. —, the Momentum. Now if this 
Quantity 
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2 ” be divided by 2 , the whole f 


Maſs, the REES will be = 2 the Diſtance of 


the Center of Gravity of the part ABC from the A. 
Point of Suſpenſion A; but when AB, by flow- 
ing, becomes equal to A D, then x becomes equal 
to a, and conſequently the Diſtance of the Center C 
of Gravity from the Point of Suſpenſion A, | Fu 
of the whole Priſm, will be equal to ; 43 and 
the ſame will hold good of any other Priſm, let | 

the Baſe be of what Form ſoever. yl ” 


D 


EXAMPLE II. 


Let it be required to 2 the Center of Gravity of a 
Cylinder. 


Ir is manifeſt, that the Center of Gravity will be found 
ſomewhere in the Axis AB H. Put there- 
fore AH= . HE = x, and the Cixcum- R 


ference of the Circle D H _ = 3 then will 

the Circle itſelf be equal to 8 — L equal to the + 
T. [ 

Circle generated by the Line B C; becauſc, 

from the Nature of the Solid, BC = HE. bt, 
C — 


Put AB = x, then will be the Fluxi- |." 
2 | 


on of the whole Maſs, and . the Fluxi- DC | PE 
2 
on of the Momentum, ier _— is - 


—=, which being diyided by —— the Iluent of 2 * the 
Fiaadha 


he WB, <Q, 


— 
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Fluxion of the Maſs, will give 7 for the Diſtance of the Center 


of Gravity of the Segment of the Cylinder C FIC from the 
Axis of Suſpenſion C, equal to 24, for the whole Cylinder; 
for when CB C flows into the Place of D H E, A B becomes 
equal to A H, and x becomes equal to 4. 


EX AM PI E m. 


Let it be required to find the Center of Gravity of a Pyramid. 


LET the Pyramid be ſuppoſed to ſtand upon a ſquare Baſe, 
and let r repreſent one of the Sides, 


Put ADS a, AB=x, and CC=y, 
then will 5 y x be the Fluxion of the 
Solidity; but as y:X::7:8, becauſe 
the Triangles ACC and AEE 


are ſimilar, therefore y = 2 and y y 


rrxx ; rr xx. 
Putting then inthe 
a aa 


room of y 7. in the Fluxion yy x, we ſhall have — 


which being multiplied by x, the Velocity, we ſhall have 


4 - — X for the Fluxion of the Momentum, whoſe Flu- 
rr xt Frxxx 


ent is 1 This therefore being divided by 8 the 


Fluent of —— 2 the Fluxion of the Maſs, will give 


2 x for the Diſtance of the Center of Gravity from the Point 
of Suſpenſion A, of that Part of the Pyramid whoſe Altitude 


is AB; but when AB, by flowing, becomes equal to A D, x 
3 becomes 
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becomes equal to 4, and conſequently we ſhall have 3 4, or 
A D the Altitude, for the Diſtance of the Center of Gravity 
of the whole Pyramid E A E, from the Point of Suſpenſion 
A; and the ſame Law will hold good, let the Baſe be of what 
Form ſoever, as will more eyidently appear in the following 


Example, 
EXAMPLE IV. 
Let it be required to find the Center of Gravity of a Cone 


PutTAD=4, DE = x, the Circumference of the Baſe 
EDE=c; allo AB x, and 


BCS y; thetras y: c:: 5: >, the H A. 
Circumference of the Circle 0 B A 
which being multiplied by 2 = will 


give = for the Circle deſcribed by 


the Radius B C; but as y: &: 7: a, 
| 77. 
424 


therefore = — „and yy 


conſequently creek will be the Fluxion of the Maſs, 


rex N & 


and the Fluxion of the Momentum, whoſe Flu. 


4 3 


err 
ent is ——, which being divided by 77 the Fluent 


of — 22. the Fluxion of the Maſs, will give 4 x for the 


Diſtance of the Center of Gravity of the Portion of the Cone 
deſcribed 
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deſcribed by the Triangle CA C from the Point of Suſpenſion 


A, which will give j for the Diſtance of the Center of Gra- 
vity of the whole Cone from the ſame Point A; for when 


to 4. 
EXAMPLE V. 


Let it be required to find the Center of Gravity of 
a Jphere. \ 


Ler PAM be the Axis of Suſpenſion, touching the 
Sphere in the Point A; whence it is 
P G evident, that the Center of Gravity 


will be found ſomewhere in the 
Diameter AD. 
Pur AB =, BC . EF 


A D Ar, and the Circumference of the 
B E Circle generated by the Point F= c; 
then will 22 be the Area of the 
M H Circle generated by the Point C; and 
becauſe, from the Nature of the Cir- 

8 „7 2c Y —=CXXx 
cle, yy = 2 r ux. A par — „ 
whence 2 207 x X— r vill be the 

2 1 2 7 


Fluxion of the whole Weight. This therefore multiplied by 
=, for the Fluxion of the Me- 


3 e 
&, Will give c XX X — _ 


c xx cx x x x . F 
— ———— , being div- 


mentum, whoſe Flucnt 


A B, by flowing, becomes der to A nur x becomes equal 


2. 2 2 0 
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ded by — 
1 TH ITO Moy 8X -M 


ltr - 4e xXx  I2r+4x * 2 
of the Center of Gravity of the Segment of the 8 form- 
ed by the Rotation of the Semi-Segment of ircle ABC 
about the Axis AD; but when the Point B, by flowing, ar- 

8FX—3XX 


tives at D, x becomes equal to 2 1, _ 
127 —4x 


"ah 

n for the Diſtance of 
the Center of Gravity of the whole Sphere from the Point of 
Suſpenſion A; from whence it is cyident, that the Center of 
Gravity is the ſame with the Center of the Sphere. 


Ir x be put equal to r, then — — will become 


pe ch hon .. K D of dn Cen 


tar - 47 81 
of Gravity of the Hemiſphere generated by the Quadrant AFE 
from the Point of — A. 

H NE we are taught how to find the Center of Gravity 


of any Segment of a Sphere, or af * Portion cut off by two 
parallel Planes, | | 


EXAMPLE VL 


Let it be required to find the Center of Gravity. of a Solid 
formed by the Rotation of the Semi. Parabolic Space 
ACE, about its Axis AD. 


IT is manifeſt, that the Center of Gravity will be found 
ſomewhere in the Axis AL D (See the e following ap put 


—— 2 4 


3 


394 
Circumference generated by the Point E, equal te 


5 Ae the Circumference of the Cir- 
cle generated by the Orc WIG 
N and == its Area but b 


from the Nature of the Curt 
JE 1 * , if we ſubſtitute x in 
the room of ., in the Expreſſion 


can 


= , we ſhall have © *. for the Ates of the ſame Circle; 


2. will be hh union of the whole Maſs ; ai 


27 


xxx the nne of the Momentum, whoſe Fluent will 
2 7 


— This therefore being divided by _ the Fluent 
o 


ge 2 2 x for the Diftance of the Center of Gravity of the So- 
lid generated by the Space A B C, from A the Point of Suſ- 
penſion ; but when B C, by flowing, arrives at, or coincides 
with DE, x becomes equal ro4z and conſequently the Di- 
ſtance of the Center of Gravity from the Point of Suſpenſion 
A of the whole Solid, will be; 4, or 3 AD. 

AND univerſally if 1 x =, Which is the general Equa- 


tion for all Kinds of Parabolas whatſoever, then y = x®, and 


* 
Jy = * 3 whence we ſhall have — ' for the lan of 


4 * 


the Maſs, and * for the Fluxion of the Momentum, 


whoſe 
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0 c, then will 


* 


ll 
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. 
whoſe Fluent is 22, | which being divided by 
4M+T4Xxr 
| 3 » | 
2 12. y the Fluxion of the 
29% ＋ 4 r | 
Maſs, will give ——— . 2 * for the Diſtance” of the Center 


2 m + 2 
of Gravity of the Solid generated by the Space A B C from 
the Point of Suſpenſion A; and when B C flows into the Place 
of DE, then x becomes equal to a; whence we ſhall have 


2+, for the Diſtance of tha/Center of Gravity of the 
whole Solid from the ſame Point A. 
IF 3 = 2, as in the common Parabola, then 
. 35 — 
4+2 
Ir #.= 3, as in che Cubic Parabola, then ——— 


= AL 24, for the Diſtance, Sc. 


m + 2 


4 
2m +2. 


a=}s, for the Diſtance, Gc. 


Qlh 


m2 
Z FZ 


wm + 2 


2Mm+2 


Ir m= 4, as in the Biquadrate Parabola, then 


4 +2 6 
= * a= San 2 45 for the Diſtance, Cc 


Ddda 
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EXAM ?LE vu. 


| "1 bh 
Let it be required to find the Center of Gravity of a Solid 
formed by the Rotation of a Semi-Parabola A 8 $ about 
the Line F E parallel to the Axis A D. (See the pre- 
ceding Figure.) | | | 


Ir is manifeſt, that the Center of Gravity will be found 
ſomewhere in the Line FE, the Axis of Rotation. 

Pur FE=s, AB=FH=x BCS, AF=DE 
=, then will CH=r — , and put c for the Circumfe. 
rence of the Circle generated by the Point D; then will 


A bethe Circumterence of the Circle generated by the 


Point C, and —— 22 Area of the ſame 


Circle, which taken from — the Area of the Circle, whoſe 


Radius is H B, will give Ar. 2 — hw dg 
(by putting xt in the room of y, and x in the room of y yj for 
the Area of the Circle deſcribed by the Ordinate BC; + han 


3c LE vill be the Fluxion of the Maſs, and 


1＋ 11 — a ln 12 | 
=, the Fluxion of the Momentum, whoſe 


27 
Fluent will be 2crff* ex o& lacræt n-; * 
5 7 WS. or 7 

. YT hea 8 os. 
which being divided b — £2, che Fluear 


of 


* _ 4 
4 * 9 * FS * 
N 
* 
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of 9 the Fluxion of the Maſs, will give 
a oK 24 r* — 109x 
the Q e247 10080 _ 
= 40 R — 15x 40 7 —159 (by 
dividing by xt, and ſubſtituting y in the room of xi); but when 
BC flows into or becomes equal to DE, AB becomes equal to AD, 


at which time x becomes equal to 4, and y becomes equal to 7; 


24 7 4 — IOFS 


whetts we BAL Ee r= ITT = „for the Di- 


ſtance of the Center of Gravity of 3 Solis from the 
Point of — F. 


EXAMPLE VI. 


Let it be required to find the Center 0 2. Gravity of 4 þ 
formed by the — muy of the Semi-Parabolic Space about 
the Line A F (as an Axis) touching the Par in the 
Vertical Point A. { 

Ix is manifeſt, that the Center of Gravity will be found 
ſomewhere in the Line AF, 

Put DEA F, A D=FE A 3 

Sr, e for the Circumference of | : 

the Circle deſcribed by the Point 

D; alſo ABS HC Sↄ x, AH 

= BCS; whence 4 c will H 

be the Cylindric Surface formed 


byD E, and —> for the Cy- 
lindric Surface formed by HC; 


D — 
whence 23 22 (by putting yl in the room of x) will 
be 


* 
7 * * of 2 T 
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be the Fluxion of the Maſs; and multiplying this by yi, we 


ſhall have 2.2 for the Fluxion of the Momentum, whoſe | 


* 
' Flucne will be , which being divided by 


sr 
Fluent of LY, will give 5 51, equal to ů  ; but when H C 


flows into or becomes equal to D E, then x becomes equal to 
a, which gives $4 of A F for the Diſtance of the Center of Gra- 


vity of the whole Solid from the Point of Suſpenſion F. 
E X AMP L E N. 


Let it be required to find the Center of Gravity of the Solid 
formed by the Rotation of the Sem>Parabola A CED 
about the Baſe D E. 


IT is evident that the Center of Gravity will be found ſome. 


where in the Line D E. 
PuTDE=4&4 AB= x, BC 


* 


A — F AD=r, and\c ir 
rence of the Circle deſcribed by the 
| C + Point A; then will BD=< pr —x; 
B H Cr -en | 
conſequently - will be the 
D E Circumference of the Circle deſcribed 
by the Point C (for as 1: c: pax 
: =), whence nj — —. i 


be the Area of the Circle deſcribed by the Ordinate BC; but 
becauſe, from the Nature of the Curve, x = y y; whence 
x=2.9 9, Subſtituting therefore theſe Values of x, and x in the 

I Ex. 


| 6. WS c 


Toe. 


ty 


OV 2.20% = 
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Eipre en uh FxF ad we hal have L 
for the Fluxion of the Maſs ; which being multiplied by .), 
will give LZ for the Fluxion of the Momentum, 


ar 65" 3orFonncy® -|,. 7; 
whoſe Flucnt FT 7 a being divided 


7 4 . : 
10 cry) — 6 the Flu of L A 


15 7 
F 15155 — 109 
of the Maſs, will _ 

Fluxion ls, give — equal to 


gegr. . 5 5 7 
r a for the Diſtance of 
the Center of Gravity of the whole Solid from the Point of 
Suſpenſion F; for when B C, by flowing, becomes equal to 
D E, the Point B will coincide with the Point D, then x will 


become equal to r, and y become equal to 4. 
EXAMPLE xX. 


Let it be required to find the Center of Gravity 0 any Por. 
tion of a Solid, generated by the Rotation of 22 Pa- 
rabola about its Axis, cut by one or more Planes paſſing 
through the ſame Axis. 


As the whole Solid is formed by the uniform Motion of 
the Space A E D about its Axis AD, (See the Figure in the 
preceding Page) ſo any Portion of it, generated in any Part 
of Time, will be to the entire Solid, as the Baſe of the Por- 
tion is to the Baſe of the entire Solid; and conſequently 
the Portions ariſing from the Section of the Solid by Planes 
paſſing through the Axis, will be ſimilar to each other; and 
conſequently the Diſtance of their Centers of Gravity _ 


zo FLUXIONS. rm 
the Axis of Suſpenſion A F will be 2. &, che ſame with 
that of the whole Solid found in the laſt Example. It remains 
therefore to determine the Diſtance of the Center of Gravity 
of any one of theſe Portions from the Axis AD, conſidered 
as the Axis of Suſpenſion. | 

Pur ABS x. BC =, DES r. AD a, and the 
Circumference deſcribed by the Point E equal to ce; whence 


vil be the Circumference, and 22 will be the Arca ; 


whence B = will be the Flurion of the Maſs. But it has 
been ſhewn in Example VII, Section V, that the Diſtance of 
the Center of Gravity from the Center of the Circle, is to; 
of the Radius, as the Chord of the Sector is to the Arch; 
whence putting c for the Arch of the Sector of the Baſe, and 


a for the Chord, we ſhall have —, for the Diſtance of the 
Center of Gravity from the Axis of Suſpenfion A D, and 
4 „ axns 


3 7 9 


(becauſe x® = 5) for the Fluxion of the 
: ma xa? 


3m+gr 
A «© 
Fa Xx 


Momentum, whoſe Fluent being divided by 
* 5 

— the Fluent of 
2 1 ＋ 47 

im F4aanm 245 | 
will give 2 _—— for the Diſtance 
of the Center of Gravity from the Axis of Suſpenſion A D of 
the Portion of the Solid formed by the Rotation A B; but 
hen B C flows into the Place of D E, y W 


4 


8 the Fluxion of the Maſs, 


— — N 


8 
0 
0 
2 
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and conſequently we ſhall have . N for the Di- 
ſtance of the Center of Gravity of the whole Solid. 
IF mm = 2, as in the common Parabola, we ſhall have * 3 4 


ſor the Diſtance of br > tag of Gravity from the Axis of 


Suſpenſion AF, and 3 > for the Diftance from the Axis 


of Suſpenſion AD. 
Ir mm = 3, as in the Cubic Parabola, the Diſtance of the 


Center of Gravity from A FE, Will be a, and from AD 
Lr 


oc 
IF m = 7, we ſhall have {, 4 for the Diſtance from A F, 
and r er the Diſtance from A b. 


EXAMPLE XI. 


Let it be required to 2 the Center f Gravity of 4 
Solid formed by the Rotation of a Parabola, about one of 
its Diameters A D. 


Pur AD = b, AB = x, | 
DE = r, and c for the Cir- F 
cumference of the Circle de- 
ſcribed by the Point E. 

BECAUSE the Ordinates 
BC and DE deſcribe Conical 
Surfaces parallel to each other, 
and that the Conic Surface de- 
ſcribed by the Ordinate DE is 


=, the Conic Surface deſcribed 


ErXx 


by che Ordinate BC, will be —-. | 
x Eee FROM 


— 
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FROM the Points C and E draw the PerpendicularsC I and 


E G, it is manifeſt, that D G and B I, will be Axes of right 


Cones deſcribed by the right · angled Triangles E G D and C IB, 


by the Rotation of the Space about its Axis; but it has been 
already ſhewn, that the Center of Gravity of a Conic Surface is 
diſtant from the Point of Suſpenſion 5 of the Length of the 


Axis. 


Pen 
equal to B I; conſequently 3 4 7 is the Diſtance of the 
Center of Gravity of the Conic Surface deſcribed by B C from. 


you 
the Point B; whence ; a / f + x, will be the Diſtance from 


| $ — 
the Vertex A. Multiplying therefore 1 by 4 V * 


2660 
we ſhall have © © — £ qual rotheFluxion 


24aacr x3 acra 


of the Momentum, whoſe Fluent 15 T being 


divided by the Maſs, or whole Weight — . — will give 


$ Ix 
rv d ; +13 x, for the Diſtance of the Center of Gravity of 
the Solid form'd by the Space ABC, from the Point of Suſpen- 


ſion A; but when B C flows into, or becomes equal to D E, 


the Points B and D will coincide, and x will become equal tob ; 
whence we ſhall have j a +3 b for the Diſtance of the Cen- 
ter of Gravity of the whole Solid, from the Point of Suſpen- 
ſion A. „„ 


\ EXA M. 


or 
pour therefore DG = 4 ; whence we ſhall have a * y/ 5 
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EXAMPLE _ 


Let it be required to find the Center of Gravity of the Solid 
formed by the Rotation of the Parabolic Space A D E, about 
the Tangent AF. (See the preceding Figure.) 


Ir is evident, that the Ordinates BC and DE will deſcribe 
Cylindrical Surfaces, which will be to each other in a Ratio 
compounded of their Radii and their Altitudes. Putting there- 
fore DE A, AD =, AH=r, AB= x, BC= y, and 
c for the Circumference generated by the Point E, we ſhall 


c 
have — = ＋ (by putting yy in the room of x, to which 
it is equal, from the Property of the Curve) for the Value of 


che Cylindric Surface generated by the Ordinate B C. But 
foraſmuch as the Center of Gravity of a Cylindrical Surface is 
placed in the l Axis, putting therefore DH = d. 
we ſhall have B K = = and 7 ＋ will be the Diſtance 
of the Center of Gravity from the Axis of Suſpenſion 
AH. Multiplying therefore the Fluxion of the Maſs, or 


whole Weight, equal to 2 72 by = + L, and putting for 


x, its Value, yi, we ſhall have 22 42 eaabe” 4 for 


24 bbb 


3 
the Fluxion of the Momentum; whole Fluent will be — 


= 75 7 which being divided by the Maſs, or whole 
| 4 
25 Ws + 77 for the Diſtance 


of the Center of Gravity of the Solid deſcribed by the Space 
Eee 2 ABC 


ld 


444 FLUXIONS. atm. 
A B C from the Axis of Suſpenſion; whence we ſhall have 
755 a + D d for the Diſtance of the Center of Gravity of the 
Whole Solid ; for when'A B, by flowing, becomes equal to 
A PD, then B C, by flowing, will become equal to D E. 


EXAMPLE XIII. 


Let it be required to find the Center of Gravity of the Solid 
formed by the Rotation of an Hyperbola about one of its 
Aſymptotes GE. | | 


Pur GH r, QB =, HA=4, G =BC=x, 
and the Circumfe- 
G D E rence deſcribed by 


B dric Surface genera- 
ted by HA = ac, 

as will the Cylin- 

" mn Sar © dric Surface genera- 
' ted by QB equal 


to — but becauſe from the Nature of the Hyperbola x y = 


c&ͤ | | 
ar, therefore x * whence —= wil be equal to 4 c, 


and conſequently ac x will be the Fluxion of the Maſs, or 
whole Weight; and becauſe the Center of Gravity will be 
found ſomewhere in the Line that paſſes through the Middle of 
the ſeveral Ordinates, put it equal to 25; whence we ſhall have 


Vor the Fluxion of the Momentum; but becauſe y =, 
2 


acyx „ 4 r* | 
therefore xt” An JO, 2 16D » Whoſe Fluent 

2 2x 2 | 
will 


| the Point H c;. 
0 F” whence the Cylin- 


( 
| 
: 
4 
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44er 


495 


, which being divided by the Maſs & c x, will 


will be — 


give T the Center of Gravity from the 
Axis of Suſpenſion G H 5 whence the Diſtance of the Center of 


Gravi 


flows into the Place of HA, . tor; vhence it 
appears, that the Diſtance of the Center of Gravity from the 
Axis of Suſpenſion is infinite. . 


AN D univerſally if * = x, then y = x; whence we 


ſhall have < — = for the Fluxion of the Maſs,. or whole 
Weight. This therefore being multiplied by : I, or its Va. 


1 
2 2. we ſhall have . for the Fluxion of the Me- 
nc 


4m +4Xxr 
the Fluent of the Ma, or whole Weight, will 


menu, whoſe Fluent being divided by 


N. 
2m+1x# 


give 7 , for the Diſtance of the Center of an 


of the Solid l by the Rotation of the Space EGHABEF 
about GE, from the Axis of Suſpenſion GH; whence we 


ſhall have - = __ - 4, for the Diſtance of the Center of Gra- 
vity of * whole Solid; for when the Point Q, by BONG 


arrives at H, y becomes equal to 4. 


E XA M- 
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EXAMPLE Vr. 
Let it be required to find the Center of Gravit e of the 


Solid formed by the Rotation of the qe 3 
N about the other Aſymptote G H. Igure in 
e former Example.) 


PUTTING then AH r, the Circumference deſcribed 
by the Point A = 0c, we ſhall have — for the Circumſetence 


deſcribed by the Point B; whence £39 will be the Arca, and 


= will be the Fluxion of the whole Maſs, equal to 


2 5 (by ſubſtituting mz®=—* y in the room of x, to 


which it is equal from the Equation of the Curve). Multi. 
plying this therefore by x, or its equal y®, we ſhall have 


m1 
2 Z for the Fluxion of the Momentum, whoſe Flu- 


do 
WOK... 10. 4 Ao 1 which bring iidd by 
ambaxr. 4m+4xr 

mexyy m ＋ 2 

Maſs, or whole Weight —_—_— » Will give 1 x ; 
for the Diſtance of the Center of Gravity of the Solid formed 
by the Rotation of the Space E & HAB F about G H, from 
the Axis of Suſpenſion G E; whence we ſhall have == 4, 
for the Diſtance of the Center of Gravity of the whole So- 
lid; for when Q, by * arrives at H, x —_— 

equal to 4. 4 
. HY 


S& VI FLUXIONS 407 
IF. ws be a negative Quantity, as it really is in the common 
Hyperbola, then we ſhall have ——— 4, for the Diſtance of 


2 — 2 
the Center of Gravity; whence it is eaſy to ſee which Solids 
have Centers of Gravity, and which have none, in ſuppoſing 
m to be greater, equal or leſs than ſome poſitive Number 

taken at Pleaſure, | 


EXAMPLE XV. 


Let it be required to find the Center of Gravity of a Solid 
formed by the Rotation of the Semi-Hyperbolic Space 
ACED about. the Axis AD. P 


Pur DF=r,AD=4aAE =2b,AB= «x, BC=y; 
then will EDA + 2 6, and E B | 
x + 2 6. But as cr 5 the 
Circumference of the Circle generated 


by the Ordinate BC ;. whence 2. x 


= 2, wilt be the Aren. This B 
27 . H| 


therefore being multiplied by x, 
will give — — for the Fluxion D 
of the Maſs ; but becauſe, from the Nature of the Curve, 
as EBT AB: EDA D:: B C': DF, it will be as 
(x + 2bxx=) *#Þ2bx:(a+2bxXa=z) 42722 
rixxb2brrx . 
%% : r ; whence yy = 222 Subſtitu 
ting therefore this Value of , in the Expreſſion '2=Sin the 


| 
| 
| 
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er xxx 2ber%x 
— for 
 244-+4860 | 
cr x x+26bcrexx 


room of . and we ſhall hay 


theFluxion of the Maſs ; andconſequentdy 2 74 T TIE 


cru 
for the Fluxion of the Momentum, whoſe Fluent: — 


772 ＋ 77 
| bey of z3erx* +86ber x 
TiooFoos © "Ie 0+ 47 af dei divided by 
cr p3berwn 40rx Tia ber xx 


Ca TTS © 2444 ＋48 4 the Fluent 
| 3xx+3bx | 
of the Maſs or whole Weight, will give — rr 0 for 


the Diſtance of the Center of Gravity of the Solid formed by 
the Rotation of the Space A BC about A B, from the Point 


348 +846 
of Suſpenſion A; whence we ſhall have * 


the Diſtance of the Center of Gravity of the whole Solid from 


the Point of Suſpenſion A; for when the Point B, by flowing, 
arrives at, or coincides with the Point D, æ becomes equal to 4. 

WHENCE it is evident, that the Diſtance of the Center of 
Gravity of the Hyperbolic Conoid from the Point of Suſpenſi- 
on, or Vertex of the Solid, is to the whole Axis as 3 4 + 86s 
to 44 ＋ 124 


IE, 


EXAMPLE XVI. 


4 Solid 
ADEE, 


Gravity 


Let it be r equiredro fad to find the Center o 
lic Space. 


form'd by the Rotation of the Hyper 
about the Semi-Conjugate Axis E F. 


Pour C for the Circumference of the Circle generated by 
chePoingD (See the following Figure) ; CA EOLI. 4, FE 7 


St. ea... > at rr Er. 


td. oct "ins a 
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E B = x, BC =, and FD , then will the Area 
. eee eee, RB E 


2 —2 
827 2), whence A = 


£295 wil eee ofthe Mak, ET D 


0x whole "Wag, equal to e Ceres (becauſe, 


aaxx + aabt 


. 
will be the Fluxion of 


from. the Mature of the . 
< 7 x +$eabbexx 


266r 
| aacx*  aabbexx 
the Momentum, whoſe Fluent trons + = == _ 


ex 2bbexx 
= LEES ALLEE SEE ee room 


of 4 a, its Value — being divided by ha Fluent of 


ex"\y3 +$386cwu9y 
the Maſs, s whole Weight — Try" T7 73 will give 
* +666 
Jr each — for the Diſtance of the Center of Gravity of 
4xxÞ+126bb 


the Solid formed by the Rotation of the Space A E B C about 
E B, from the Axis of Suſpenſion A E; whence we ſhall have 
16 6, for the Diſtance of the Center of Gravity of the whole 
Solid ; for when B C flows into and becomes equal to FD, x 
flows into or becomes equal to 6. 


Fff WHENCE 


410 


Wu Nc it folows, that the Diſtance- of the Center of 
Gravity of this Solid from the Point of Suſpenſion E, is to the 
whole Axis E F as 9 to 16, | 


EXAMPLE XVII. 


Let it be required to find the Center 0 Gravity of 4 9h 4 
formed by the Rotation of a Semi-Ellipſis A T D about its 
Axis AD, the Axis of Suſpenſion A H being perpendicu- 
lar to A D, and paſſing through the Vertex A. 


IT is cvident the Center of aner will be fouud ſome- 
where in the Au A D of the Solid. 
Pur FE Der, CB=y, AD 222 


A AB=x; then will 22 be of 
B the Circle deſcribed by the Online B C, 
E and 2 x , the Fluxion of the Maß, or 


whole 3 but becauſe in the Ellipſis 


as YI: 24xX— XX::77:44, therefore 
D 287fx—=rrxX, putin 


cherefore in the room of , in the Fluzion of the Maſs 


22 , and we ſhall have wrt — for the Fluxi- 
2 1 | 


on of the Maſs, This being again multiplied by x, will give 
| a4 xxXX—Cr x S for the Fluxion of the M run 


244 
er x crx 8acre —3rx* 
a — — — — di - 
whoſe Fluent - RE ETD 2446 being divi 
I24CrXX Acer 
ded by IP z the Fluent of the Maſs, or 


whole 


FLUXIONS fat n 


OO WH ACA ww mw pa © tA Ar 


e ES Fa AR _ — * 9 * 
* * 


2 * a Fa A 
8 A EI. = 
\ 4 * bes jp \ * — 
_—_ 4 — ox * a 
4 — * *** 


. - 
7 * * 7 1 
- 1 ? 2 = x , 0 ** 
"4 7 * 
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| RN | | | 
whole Weight, will give ... for the Diſtance of the 


I24—4X 

Center of Gravity of the Solid formed by the Rotation of the 

Space A BC about AB, as an Axis, from the Point of Suſpenſion 

A; but when the Point B, by flowing, arrives at, or coincides 

with the Point D, then x becomes equal to 2 4, and we ſhall 
1644 — 1244 44 


have — = — = 4, for the Diſtance of the 


124 —88 4 
Center of Gravity of the Spheroid from the Point of Suſpenſion 
A, equal to 3 A D, equal to AE; which ſhews, that the Cen- 
ter of the Solid is the Center of Gravity. 
Wurz Nc it follows, that the Diſtance of the Center of 


— will become ——— =——={# 4. 


124—4 2 84 

THz Center of Gravity of any Plane or Solid Figure being 
given, together with that of one of its Parts, the Center of 
Gravity of the other Part may be readily found. 

Lr the Parabolic Conoid, formed by the Rotation of the 
Semi-Parabolic Space ADE 
about the Axis A D, be the 


Solid propoſed, and ler G be 

its Center of Gravity; and let | 

it be required to find the 4 
C 


Center of Graviry of the Fru- 
ſtrum E C CE, cut off 
by a Plane paſſing through 
CBC. 

LET che Conoid be ſuſ- 
pended by the Point A, and E 
ſuppoſe F to be the Center 
of Gravity of the Segment CA C. Put FG S 4, the Mag * 

Ff f 2 CAC 


* 


CAC 2, alſo the Maſs, or whole Weight, E CCE mz 


and becauſe the Diſtances of the Centers of Gravity are reci - 


procally proportional to their Maſſes, it will be as 1: 114: 
== equal to G H, the Diſtance of the Center of Gravity of 


the Maſs ECCE from G the Center of 2 of the whole 
Solid ECAC E. 
By the Help of the Center of Gravity may the Value of 
any Surface or Solid be found. 
FoR if we imagine the Line A B, whoſe Center of Gra 
vity is C, to be carried with an uniform 
. Motion along the Line A D, according to 


9 Direction A D, it is manifeſt, that 
While the deſcribing Line A B gene- 
rates the parallelogramie Spaces AH Q, 


H AD EB, the Center of Gravity C, will 
| deſcribe the Lines CP, CK; but the 

| parallelogramic Spaces AHQ B, A DEB 
A — are as the Lines CP, CK (by the 1/8 of 


Euclid the 6th). Wherefore (by Exam- 


ple I. of . of Part III.) the Areas of the Parallelo- 
rams A H QB, AD E B, are as the Rectangles made of the 


generating Line A B, and the Lines CP, CK, deſcribed by 

the Center of Gravity C in the ſame Time. 
AGAIN, if we imagine the ſame Line A B, whoſe Center 
of Gravity is C, to revolve about the Point 


D A as a Center, it is manifeſt, that the 


Line A B will deſcribe the Circular Space 
n ABDE, while the extreme Point B 
will deſcribe the Circumference B D E, 
and at the ſame time the Center of Gra- 
vity C will deſcribe the Periphery CF G. 
E N ow if we put the generating Line 
AB = r, and the Circumference BDE 


* by the Point B = c, becauſc the Center of Gravity | 


& 
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C, of the Line AB, is in the middle of the Line AB; there- 
fore the Circumference C F G, generated by the Center of Gra- 
vity C, will be equal to: c; but the Area of the whole Circle 
AB ED has been ſhewn to be equal to; c, equal to} c, the 
Circumference of the Circle generated by the Center of Gra- 
vity C, and y the generating or deſcribing Line A B. 

AG ATN, inaſmuch as in the ſame time that the deſcribing 
Line AB, generated the Circular Space A B D E, the Part 
CB generated the Annular —_ CBDE GF; and be- 
cauſe the Center of Gravity of the Line C B is placed at the 
Diſtance of 4 of the Line A B, from the Point of Suſpenſion A, 
therefore the Circumference of the Circle generated by the Center 
of Gravity of the Line C B, will be 4 of c, or the Circumference 
of the Circle BDE. Wherefore 2 r * fc re, will be the 
Area of the Annulus CB DE GF; but the Area of the whole 
Circle is 2 or For; whence it follows, that the Area of the 
' Annulus is to the Area of the whole Circle as 3 to F, or as 3 
to 4, conſequently the Amulus is equal to 5 of the Area of 
the whole Circle; whence the Circle generated by the Line 
AC will be zof the whole Circle AB DE, and; of the An- 
nulus C BDE GF. 

AGAIN, if we ſuppoſe the Semi- circle AD B to revolve 
about its Diameter A B as an Axis, the | 
Semi-Circumference A D B will deſcribe A 
the Surface of a Sphere, as will ar the 
ſame time the Center of Gravity C, of the D 

F 


ſame Semi-circumference A DB, deſcribe D 
the Periphery of the Circle C F. Put 
therefore the Diameter AB Sar, the 
Semi-circumference ADB Ie, then B 
will the Diſtance of C, the Center of Gra- 

vity of the Semi=circumference A D B, from E the Center of 


the Circle, be. Wherefore as 7 is to c ſo is —— to 


4 r, the Circum ference of the Circle deſcribed by the Center 


of Gravity C. This therefore being multiplied by the Semi- 
cumference, 


e * . * 2 Oo. * 
+» | * AR 4. 4» A 
CEL * 
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circumference, or generating Line, equal to 3 c, will give 

47 Xx © equal to 2 rc for the Surface of the Sphere equal 
to 4 x 2H, or or four times the Area of its greateſt Circle. 

AGAIN, if we imagine the Triangle A B to revolve about 

the Line AP as an Axis, the Line A B, 

Abt whole Center of Gravity is D, will de- 

ſcribe the Surface of a Cone, as will at 

the ſame time the extreme Point B of the 

Line A B deſcribe the Circumference B C, 

and the Center of Gravity D the Circum- 

ference DE. 
C Now put AB=24, the Circamfe- 
rence generated by the Point B Se, then 


will the Circumferenoe generated by the Point D be 1 c; for 
as 2 4: 4: c: 2c. This therefore being multiplied by 2 4, 


— 


E 


the generating Line, will give 2 4 Xz& = ©, for the Surſace 


of the Cone: whence if à be put for the Altitude of a Tri- 
angle, and c for the Baſe of the ſame Triangle, it will then 
follow, that the Area of this Triangle is equal to the Conic 
Surface, and conſequently that the Surface of every Cone is 
ual to a Triangle, whoſe Baſe is equal to the Circumference 
of the Baſe of the Cone, and. Altitude equal to the Side ot the 
ſame Cone. 
AGAIN, let AE BDC repreſent a Circle, A B its Diame- 
ter, and C irs Center of Gravity. Now 
Fe G if we imagine the ſame Circle AEB DC 
| | to be carried with an uniform Motion 
along the right Line AF, in the Directi- 
| on AF, it will deſcribe or generate the 
1 — * Cylindric Solids ABI K and AF GB, 
while the Center of Gravity C deſcribes 


[I. or generates the Lines CP and CH, 
A = - IB which are as the Cylindric Solids gene- 
5 rated in the ſame Time (by the 11th of 


Euclid 122%); wherefore the Values of 


che Solids themſelves ( by Wa I. Sed. IV. Part III) 
| will 


* . 
1 — ic. S a — 


] 
] 
4 
I 
1 
t 
r 
C 
I 
c 
C 
d 
8 
C 
: 
8 
ſt 
© 
0 
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will be as the Products ariſing from the Area of the generatin 
Circle AE BDC, and the Lines CP and CH, generated by 
the Center of Gravity C in the ſame. time. 

Bor if the generating or deſcribing Plane be of any other 
Form, -ſuppoſe a Triangle, a Square, or Pentagon, &c. the 
Value of the Priſmaric Solid, generated by the Motion of this 
Plane, will always be a Refult of the Product of the Value of 
the generating Plane, and the Line deſcribed by the Center 
of Gravity. 

Le r us now conſider the Cylindet as generaged by the Ro. 
tation of the right-angled Parallelogram 
H G BC, whoſe Center of Gravity is the +- — G 
Point P, about the right Line HC, as an 5 
Axis, till it return to the Place from whence 
it began to move. Now it is evident, that 
in the ſame Time that the Extremity B, of 
the right Line G B, deſcribes the Circumfe- 


rence of the Circle B DAE C, the Center of — 
Gravity P, will defcribe the Periphery PO. A 5 B 
Put therefore the Line G B= a, the Cir- D 


cumference B DE AC r; then becauſe the 

Center of Gravity P, of the Parallelogram, is found in the Mid- 
dle of that right Line that divides the right - angled Parallelo- 
gram C HG B into two equal Parts, the Citcumference of the 
Circle, deſcribed by the Center of Gravity P, will be equal to 
tc; and putting CB, the Radius of the Circular Baſe or 


Side of the generating Rectangle CH GB, equal to r, we 


ſhall haye ar for the Area of the generating Parallelogram ; 
conſequently 3 cx 4 =4aXze x7, will give the Value 
of the Oplindric Solid AF GB, the fame as was before in- 
veſtigated. 

A1 — if we imagine the Semi - cirele A D B, (See the 
following Figure) whoſe Center of Gravity is E, to revolve 
about t re) 0 A B, as an Axis, in the fame time as the 
Semi-circle AD B ſhall generate a Sphere, the Center of Gra» 
vity E will deſcribe the Circumference of a Circle FE, Now 

putting 


| 
4 
| 
| 


= 
— —— — mt eee — re RY — — 
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putting the 1 — of the generating Circle equal to c, 
its Radius C D = r, becauſe the Diſtance 

Ar of E, its Center of Gravity from C the 
Center of the Circle, has been found 

(in Example VIL of Sect. V. of Part Ul.) 


D 877 jo #8 
r to be — it will be a 7 1: r 


B L- — 8 of the Circle ge- 


3 
nerated by the A of Gravity E, This therefore being 
multiplied by 4 6 4 the Arca of the generating Semi- circle 


ADB, will give - ” equal to zer r, for the Solidity of 


the whole Sphere, p ſame. as was inveſtigated in Example 
III. of Section IV. of Part III. 

AGAIN, let us imagine the right-angled Triangle APC, 
whoſe Center of Gravity is E, to re- 
volve about its Perpendicular AP as 
an Axis. Now in; the ſame time as 
the Triangle A P C, by this Revoluti- 
on, ſhall generate the Cone B A C, the 

| Center of Gravity E will deſcribe the 
Circumfexence of the Circle E E; but 
(by Example II. of Section V. of 
Part II L) che Diſtance of the Center of 
Gravity from A, the Point of . 
ſion, is 3 of AH. Wherefore putting AP= 4, PC =r, and 
the Circumfcrence generated by the Point C.= c we ſhall find 
the Circumference of * Circle F E, generated by the Center 


of Gravity F, to be 5 This therefore being multiplied by 


= the Arca of PR I P C, will give —_ 


be the! Slidiry of che whole" Cone, the fame as wy a 
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veſtigated in Keri IV. of Part III. Example II. and after 
the ſame manner may the Value of any Sur fare or Solid be 
determined. 

LIT ADKEBC repreſent the Section of a Priſmatic 
Solid cut by a Plane thro? 
the Axis CK, and at D K 


right Angles to the Baſe 
ACB, then will the Line 
CPE repreſent the Line 
that is deſcribed by the 
Center of Gravity of the 
deſcribing Plane; and let 
the fame Solid be cut by 
another Plane NH S, 8 oath 
which forms oblique an- Ss a 
gles with the Plane of the 
fame Baſe. Now I ſay, that if through the Point P, where the 
Plane cuts the Line C K, deſcribed by the Center of Gravity, 
another Planebe imagined to cut the Priſmatic Solid A DE B, 
ſo as to cut the Axis KC at right Angles, it will cut off a Seg- 
ment A FP G B equal to the Segment AH P N B, cut off by 
the oblique Plane NH S. 

For if we conſider the Point S as the Axis of Suſpenſion, 
it is evident, that the Moments of the Points A, C, B, are as 
their reſpective Diſtances SA,SC, S B, from the Point of Suſ- 
penſion S; but by the 4th of the 6th of Puclid, the Lines A H, 
CP, BN, are as the Diſtances 8 A, S C, S B; conſequently the 
Moment of the Points A, C, B, are as the Lines A H,CP, BN, 
and may therefore be expounded by them. Now if we conſi- 
der the Lines SA and AH ina flowing State, and imagine the 
Point A to move with an uniform Velocity along the Line A B, 
in the Direction A B, at the ſame time that the Point A arrives 
at, or coincides with the Point B, the Line A H will arrive at 
or coincide with the Line BN, and by its uniform Motion 
will deſcribe the Space AHN B; as will the Line AF, equal 
to the Line CP, by which the Momentum of the Center of 

G gg Gravity 


P 


d 22 < Þ 


P 


N 
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Gravity. C, is expounded, deſcribe the Space A FP GB; and 
conſequently the Spaces A HP NB and AFPGB will be 
equal the one to the other. Whence it follows: 

Firſt, THAT if the Priſmatic Solid be cut by ſeveral Planes, 
howſoever inclined, yet if they paſs through the ſame Point P, 
in the Line CK, deſcribed by the Center of Gravity, they. 
will cut off Segments, or Ungulas, equal to. each other, and 
to the Priſmatic Solid AF GB. 

Secondly, THAar if another Plane, as u p h, cut the ſame 
Priſmatic Solid, and if through the Point p, where it cuts the 
Line C K, deſcribed by the Center of Gravity C, a Plane, as 
Fp g. be imagined to paſs, it will cut off a Segment Ah pn B, 
equal to the Priſmatic Solid A fg B; and conſequently that the 
Solid þ H N n comprehended between theſe two Planes, will be 
equal to- the Solid F F Gg comprehended between the two pa» 
rallel Planes F G and Fg; that is, to a Priſmatic. Solid, whoſe 
Baſe is equal to the Baſe A B. ok. the given Priſmatic Solid, and. 
whoſe Altitude is equal to the right Line Pg. Bo. 

_ Thirdly, THAT the Surface of. the Ungula AHN B, ex» 
cepting its Baſes, . is equal to the Surface of the Priſmatic. So- 
lid AFPGB, excepting its Baſes alſo; for if C be confider'd 
as the Center of Gravity, of the Perimeter. of. the. Baſe. A B of 
the Priſmatic Solid AD E B, it. is evident, that the Momenta. 
of the ſeveral Points A, C, B will be as their reſpective Di. 
ſtances from 8, the. Axis of Suſpenſion ; and. conſequently 
may be expounded by the Lines A H, CP, BN. And con- 
ſequently, by the former Method of reaſoning, it will fol- 
low, that the Space A HN B, by which the Surface of the 
Ungula A HN B, excepting its Baſes, is expounded, will. 
be equal to the Space AF GB, by which the Surface of the 
Priſmatic Solid, excepting its Baſes, is expounded, And con · 
ſequently, 8 | & 

Fourthly, THAT the Surfaces of all Ungulas cut off by 
Planes paſling through the. Point P or y in the Line C P, de- 
ſcribed by the Center of Gravity C will. be equal to each other, 
and to the Surface of the Priſmatic Solid. AF GB, or A fg B. 

1 | the. 


_—_— 
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the Baſes excepted; and conſequently, that the Surface of any 
Ungula, as H N » 6; cut off by any two Planes H N and n, 
howſoever inclined, will be equal to the Surface of the Priſ- 
matic Solid F F G g, the Baſes excepted, cut off by two Planes 
F G and fg, abs to each other, and to the Baſe A CB of 
the whole Priſmatic Solid ADEB. 

L r usnow imagine the Line AB, whoſe Center of Gravity is 
C, torevolve about the Point 


of Suſpenſion S, as an Axis, N 
then will che Points B C, A, 

deſcribe the Arches B Ce, 

A a in the fame time, which G 


Arches are to each other as 
their reſpective Radii SB, SC, 
SA; and inaſmuch as the 
Momenta of the Points B, 
C, A, are as the ſame Radi 
SB, SC, SA, it follows, 
that the Momenta of — | 
Points B, C, A, are as B — 
Ce, As, deſcribed by the 8 A 6 
ſame Points B, C, A, and 
may therefore be-expounded by them. Let CP be made equal 
to the Arch Ce, deſcribed by the Center of Gravity C, and 
draw the Line E PG parallel to the Baſe A B, alſo the Line 
SH PN. Now becauſe CP is equal to the Arch Ce, and the 
Triangles SBN,SCP, S AH are ſimilar, as alſo 8 B 5. S Ce, 
SA a, the Line B N will be equal to the Arch B &, the Line 
AH will be equal to the Arch A a, and the Space AHN B 
will be equal to the Circular Space A B44; but the Space 
A-H NB has been proved equal to the Space AEG B, where- 
fore the Surface A B & 4, deſcribed by the Revolution of the 
Line A B about the Axis of Suſpenſion S, is equal to a Paral- 
lelogram, whoſe Height is equal to the Periphery deſcribed by 
the Center of Gravity, and whoſe Baſe is equal to the genera- 


ting Line. 


'Ggg * 2 Now 
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Now if we ſuppoſe the Line A B to repreſent a Surface of 
any Form whatſoever (for when Surfaces lie in the ſame Plane 
with the Eye they appear as ſtreight Lines) and C the Center 
of Gravity of the ſame Surface, it will follow, from the ſame 
way of reaſoning, that the Solid A B 4 A, generated by 
the Revolution of the Surface A C B about the Axis of Suſ- 
S, will be equal to a Parallelopipedon, whoſe Height 
is equal to the Periphery deſcribed by the Center of Gravity, 
and whoſe Baſe is equal to the given revolving Surface. 
Whence it follows, | 

Firſt, THAT if the Diſtance of the Center of Gravity of 
any Line or Surface, from the Axis of Suſpenſion, and the 
Magnitude of the Line or Surface be given, the Value of the 
Surface or Solid generated by a total or partial Revolution may 
be found, and conſequently any two of the three being given, 
the third may be eaſily found. | | | 

Secondly, THAT if the generating or revolving Lines or 
Surfaces are equal, but the Diſtances of their Centers of Gra- 
vity from the Axis of Motion be unequal, then the generated 
Surfaces or Solids will be as the Diſtances of their Centers of 
Gravity from the Axis of Motion directly. 

Thirdly, THAT if the Diſtances of the Centers of Gravity 
of the generating or revolving Lines or Surfaces from the Axis 
of Motion be equal, but the generating Lines or Surfaces 
unequal, then the generated Surfaces and Solids will be as the 
generating Lines and Surfaces, Bur, | 

Fourthly, Ix neither the generating or revolving Lines or 
Surfaces, nor the Diſtances of their Centers of Gravity from 
the Axis of Motion be equal, the generated Surfaces or Solids 
will be to each other, in a Ratio compounded of the Ratio of 
the generating Lines or Surfaces, and the Ratio of the Di- 
ſtances of their Centers of Gravity from the Axis of Motion. 

Tavs, for Example, the Triangle is to its circumſcribed 
Parallelogram as 1 to 2, and the Diſtance of the Center of 
Gravity of the Triangle from its Vertex is 3 of the Axis; but 
the Diſtance of the Center of Gravity of the To | 

2 from 
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from the ſame Point is 2 of the Axis; therefore the Diſtance 
of the Center of Gravity of the Triangle from the Axis of 
Motion, is to the Diſtance of the Center of Gravity of the Pa- 
rallelogram as 4 to 3. Now if both the Spaccs are ſuppoſed 
to reyolve about a Line touching the Vertex of the Triangle, 
and parallel to its Baſe, then the Solid generated by the Tri- 
angular Space, is to the Solid generated by the Parallelogramic- 
Space as 4 to 6, or as 2 tO 3. 

AGAIN, the common Parabola is to its circumſcribing Pa- 
rallelogram as 2 to 3, and the Diſtance of the Center of Gra- 
vity of the Parabola, is to the Diſtance of the Center of Gravity 
of the Parallelogram, from the ſame Point of Suſpenſion, as 6 
to 5; Wherefore the Solid generated by the Parabolic Space, 
is to the Solid generated by rhe Parallelogramic Space, each re- 
volving about the ſame common Axis paſling through the 
Vertex of the Parabola, and parallel to its Baſe, as 12 to 15, 
or as 4 to 5 3 and conſequently the Solid generated by the 
Triangular Space, is to the Solid generated by the Parabolic 
Space, in a Ratio compounded of the Ratios of 5 to 4, and 
of 4 to 6; that is, of 20 to 24, or of 5 to 6; and after the 
ſame manner may the Value of any Surface or Solid be found, 
and the Values of all ſorts of Surfaces or Solids be compared 
together. 

Wur Nc it is abundantly manifeſt, that the Value of any 
Surface or Solid is always equal to the Product ariſing from the 
Value of the generating Quantity multiplied into the Line de- 
ſcribed by the Center of Gravity, in the ſame time that the 
Surface or Solid is generated, which is the celebrated Property. 
of the Center of Gravity. 
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422 FLUXIONS. Part III 
Se a. 


Containing the Uſe of FLUx1oONs in finding the 
98. th of Percuſſion of Lines and Surfaces. 


DEFINITION. 


HE Center of Percuflion of a Body in Motion, is chat 
Point wherein all the Forces of that Body are united in 
one, or, which is the ſame thing, wherein the whole Per. 
cuſſive Force is collected, ſo that the Force of Percuſſion in 
that Point is greater than any where elſe; and if the Body 
meets with any Obſtacle in its way, it will ſtrike it with a 
greater Force in that Point than in any other Part of the 
Bod 0 | x P } | 
80 that as the Center of Gravity is that Point in which all 
the Momenta of a Body are united in one, and by which, if it 
be ſuſpended, it will remain at Reſt in any Situation whatſo- 
ever, the Center of Percuſſion is that Point in which the whole 
Percuſſive Force is collected; and if it meet with any Ob- 
ſtacle in its way, it will ſtrike it with the greateſt Force. 
And as the Diſtance of the Center of Gravity from the Point 
of Suſpenſion is found by dividing the Momentum of the 
Body by the Quantity of Matter contained therein, ſo the 
Diſtance of the Center of Percuſſion, from the ſame Point of 
Suſpenſion, is found by dividing the whole percuſlive Force by 
the Momentum of the ſame Body. 
For if we ſuppoſe theLineS c 6 to be 
ſuſpended at the Point 8, it is manifeſt, 
by the preceding fifth Section, that 
the Momentum of the Point 6 is to 
the Momentum of any other Point, 
ſuppoſe c, as S &, the Diſtance of the 
3 Point from $ the Point ot Suſpenſion, 
to 


—— ß ,, ß ß ß 


9 W 9 P 
. 3 4 e A hams VT * * 144 | ' 

4 2 w — * * , 8 9 
9 


* | a 
| 


Sect. VII. FLUXIONS 423 
to Sc the Diſtance of the Point c, from the ſame Point of Suſe 
penſion 8. Now if we imagine the Line Sc 6 to revolve about 
the Point of Suſpenſion S, it is evident, that the Velocity of 
the Point b is to the Velocity of the Point c, as the Arch 
B, generated by the Point &, is to the Arch e C, generated by 
the Point c in the ſame time; that is, as their reſpective Radii 
S, Se; and conſequently the Momentum of the Point B, 
acquired by this additional Velocity, which I call its percuſſive 
Force, is to the new acquired Momentum of the Point c, 
which I call its percuſſive Force, as SX SB-roScxSC; 


that is, as S B* toSC* ; and as the ſame Conſequence will 


happen, whereſoever the Point c be taken; that is, in every 
conceiveable Point in the Line $6, if 8 B. which we will ſup» 


poſe equal to x, expound the whole Velocity, then we ſhall 
have x x x for the Fluxion of the Forces, whoſe Fluent 2 
will be the whole percuſſive Force; which therefore being di- 
vided by—, the Momentum of the ſame Line S B, will 


give 3 x for the Diſtance of the Center of Percuſſion from 8 


the Point of Suſpenſion : For as the Momentum on each Side 


the Center of Gravity is equal, ſo the whole percuſſive Force 
on each Side the Center of Percuſſion is equal alſo. And if 
ve conſider the ſeveral percuſſive Forces on each Side the 
Center of Percuſlion at the Inſtant of Percuſſion, as the ſeve- 
ral Moments on each the Center of Gravity, it is evident, that 
if the whole Momentum; in the.preſent Cale, be divided by the 
total Gravity, the Quotient will give the Diſtance of a Point 
from the Point of Suſpenſion,. at which, if the Body be ſuſ- 


pended, it will remain at Reſt; and conſequently the Center 


of Percuſſion is found in the ſame manner as the Center of 
Gravity is found; if we ſuppoſe the Gravity or Weight of the 
Body to be increaſed in Proportion to the Velocity at the In-- 


tant of Percuſſion ; for ſince the Velocity of every Particle 


af a Surface or Solid revolving about an Axs is encreaſed» im 


Proportion. 


> 
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Proportion to its Diſtance from the Axis of Rotation, if the 
Fluxion of the Momentum be multiplied by this new acquired 
Velocity, the Product will give the Fluxion of the whole per- 
cuſſive Force, whoſe Fluent being divided by the Momentum, 
muſt give the Diſtance of the Center of Percuſſion from the 
Axis; from whence we may draw this general Rule for find - 


ing the Center of Percuſſion. 
MuLT1PeLY the Fluxion of the 1 the whole 


Body by the Velocity, or multiply the F luxion of the whole 


Maſs by the Square of the ſame Velocity, and the Product in 


either Caſe will give the Fluxion of the whole percuſſive Force, 


whoſe Fluent being divided by the whole Momentum, will give 
the Diſtance of the Center of Percuſſion from the Point or Axis 

of Rotation, which will always be found in that Line in which 
is the Center of Gravity. | 


EXAMPLE I. | 


Let it be required to find the Center of Percuſſion of a 
Line, as A B, ſuſpended by one of its 1 
about which it ts jp ppoſed to revolve. 


pur AB= 8&4, ACS x, then will x + be the Fluzioa 
of the Momentum, which be- 
A C B ing multiplied by x, the new 


r 


1 i acquired Velocity, will give 


x x x for the Fluxion of the 


Force, whoſe Fluent — being divided by —, che Fluent 


of x x, the Fluxion of the Momentum, will give 3 x for the 
Diſtance of the Center of Percuſſion of the Line A C from 
the Point of Suſpenſion A; but when the Point C, by flow- 
ing, arrives at, or coincides with the Point B, the Line 
AC vill become equal to AB, and x will become equal to a; 

| | whence 
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whence the Diſtance of the Center of Percuſſion of the whole 
Line will be; 4 from the Point of Suſpenſion A. 


EXAMPLE IL 
Let it be re 


quired to find the Center of Percuſſion of a 
Parallelogram A H 1 D, OY about one of its 
Sides A H. 


Ir is evident that the Center of Percuffion will be found 
ſomewhere in the Line 8 B E. put 
SE AH=CC=6, ad SB A S$ H 
= x ; then will 4x be the Fluxion of 
the Maſs, or whole Weight, This be- 1 
ing multiplied by x, which repreſents the C C 
Velocity, will give 5 x x, for the Fluxi- g 
on of the Momentum; and this a- 
gain being multiplied by the acquired 
Velocity x, will give 6 x x x for the D E L 
Fluxion of the Force, whoſe Flu- 


| bx 5 
2 being divided by = the Fluent of b 1 d. 


the Fluxion of the Momentum, will give in the Quotient 3 

for the Diſtance of the Center of Percuſſion from the Point 8 
in the Axis of Rotation of the Space A CCH; but if we 
conceive the Line C C in a flowing State, and to move till 
it arrives at, or coincides with the Line D I, then the Point B 
will coincide with the Point E 3 whence x will become equal 
to 4, and we ſhall have; 4 = 3SE for the Diſtance of the 
Center of Percuſſion of the Parallelogram AHID, from 
the Axis of Suſpenſion A S H. 

LET us now imagine the Parallelogram AHID to oſci- 
late or ſwing by the ſole Force of its own Gravity about the 
Line AH, as an Axis, by which - is ſuſpended ; W * 

H h 


ent 


— 
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Parallelogram may be conſidered as a compound Pendulum 
(that is, a Pendulum conſiſting of ſeveral Bodies, or Weights, 
fix d together) which will perform an equal Number of Vi- 
brations, in any given Space of Time, with a ſimple Pendu- 
lum conſiſting of one ſingle Body, or Weight, conſider'd as a 
Point, whoſe Length is equal to the Diſtance of the Center of 
Percuſſion from the Point of Suſpenſion, and which is impel- 
led by a Force equal to that by which the Center of Percuſſion 
is impelled. | 
Pon ſince all the Forces of the Parallelogram are united in 
the Center of Percuſſion, if we ſuppoſe the Parallelogram to 
be contracted into that Point, and the fame Force to remain, 
it is manifeſt, that both Pendulums will be ſimple Pendulums 
and becauſe they are agitated by equal Forces, their Vibrations 
muſt be Iſochronal. And as the Center of Oſcillation is a 
Point in the Axis of a Compound Pendulum, whoſe Diſtance 
from the Point of Suſpenſion is equal to the Length of a ſim- 
ple Pendulum iſochronal to the former, and as there is but 
one Point in the Parallelogram wherein all the Forces are uni- 
ted, there can be only one ſimple Pendulum, whoſe. Vibrati- 
ons, the Forces being equal, will be equal to that of the Pa- 
rallelogram; and becauſe the Point. in the Parallelogram, 
wherein all the Forces are united, - determines the Length 
of the ſimple Iſochronal Pendulum, and is that Point 
wherein all the Forces are ſuppoſed to be united while it yi- 
brates, and is therefore called the Center of Oſcillation, it 
follows, that the Center of Oſcillation and Percuſſion, - in 
every Body, are the ſame; and conſequently the Method 
made uſe of for finding the one, will find the other alſo. 
Wherefore in e 
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EXAMPLE 1. 


Let it be required to find the Center of Percuſſion, or ns 

lation, — Iſoſceles Triangle A D E, revolving, or 
oſcillating about the Line F H, drawn parallel to the 
Baſe D E, and paſſing through the Vertex A. 


Pur AN 2, DE, AB D x, and CC =. 


then will y x be the Fluxion of 
the Maſs ; and becauſe, from the 
the Property of the Triangle, D 
| 2 * 

* : 5:14:63 therefore y = —, 


and ſubſtituting this Value of & in 
2 e x, we ſhall have 


cor the Fluxion of the Maſ. 
This therefore being multiplied bythe 
2 xXx for the Fluxion of the Me- 
mentum; and this being again multiplied by the ſame Velo- 
city x, will give EY for the Fluxion of the Force, whoſe 


Velocity x, will give 


| * 
Fluent — „ being divided by Erk „the Fluent of — x 
a 


the Fluxion of the Momentum, vill give 4 * for the Diſtance 
of the Center of Percuſſion, or Oſcillation, of the Space CAC 
from the Axis of Rotation. 
' Now if we conceive the Line CBC in a flowing State, 
and to move till it arrives at, or coincides with the Line DNE; 
then ABwill become equal to AN, x will become equal to a, 
and. we ſhall have 4 4 for the Diſtance of the Center of Percuſ- 
Hhh 2 ſion 
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428 FLUXIONS. Part III. 
ſion, or Oſcillation, of the Triangle ADE from the Point of 
Suſpenſion A, in the Axis of Rotation F A H. 

AGAIN, let it be required to find the Center of Percuſſion, 
or Oſcillation, of the ſame Triangle A D E revolving about its 
Baſe DE. | ps | 

Pur, as before, AN= 4&4, DE = b, CC=y, ABD x, 
then will BN = A- x; becauſe y x, the Fluxion of the 


bxx 


Maſs, has been ſhewn in the former Part to be equal to . 
If this Expreſſion be multiplied by 4 — x, the Velocity in the 
preſent Caſe, we ſhall have 6 x — r for the Fluxion of 


a | 
the Momentum; and multiplying this Fluxion again by the 
fame Velocity 4 — x, we ſhall have 4 U XR * — 2bxxx 


+ — for the Fluxion of the Force, whoſe Fluent 


5 — 3-4. bxx 4 
3 3 being divided by —— — Jae the 
2X XX the Fluxion of the Momentum will 


6 — 4X | ; | 

— , EO PIE 
Percuſſion, or Oſcillation, of the Trapezium D C C E from 
the Axis of Rotation D E; but if we conceive the Line CBC 
in a flowing State, and to move till it arrives at, or coincides 
with the Line DNE, then A B will become equal to AN, 


Fluent' of I x x — 


give 


x will become equal to 4, and we ſhall have (by putting 4 in 


the room of x, in the Expreſſion 


6aa+ X 842 * 
. 


6Ga8+344— 844 944—844 


64 — 484 PE 24 z 4, or: the Axis 
AH, 
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A H, for the Diſtance of the Center of Percuſſion, or Oſcil - 
lation, of the whole Triangle ADE. 


EXAMPLE IV. 


Let it be required to find the Center of Percuſſion, or Oſcil- 
lation, of a Parabolic Space ECACE, revolving or of- 
cillating about the Line H I, parallel to its Baſe ED 
and paſſing through the Vertex A of the Figure. 


Pur AD, EE=6b, ABD x, BC Sg; then will 
2 9 x be the Fluxion of the | 

whole Maſs : but becauſe from H A I 
the Parabola 1 x = y, there- 
fore y = x3, and 2) = 2 &i. CO 
Subſtituting therefore this va- C, B 

lue 2 y in the Expreſſion 2 x, 
in the room of 25, and we — 
ſhall have 2 x3 x, for the Fluxi- E D * 
on of the Maſs, which being 3 

multiplied by the Velocity x, will give 2 * x, for the Flux- 
Jon of the Momentum; and this again being multiplied by the 


ſame Velocity x, will 2 v "x, for the Fluxion of the Force, 
whoſe Fluent 7 x3, being divided by ; x#, the Fluent of 


4 . 4 , 

2 * , the Fluxion of the Momentum, will give 7 of x for 
the Diſtance of the Center of Percuſſion of the Space CACBC 
from the Vertex A ; but if we conceive the double Ordinate 
CBC ina flowing State, and to move till it arrives at, or 
coincides with the Baſe E DE, then A B will become equal 
to AD, x will become equal to 4, and the Diſtance of 
the Center of Percuſſion, or Oſcillation of the whole Para- 
bolic Space E A E, from the Vertex A, will be 3 4, or 
AD, _ the Point of Suſpenſion A in the Axis of Rota- 
tion H A 1. 


AND 


— — a 
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"AND univerſally fx 2 then y = x ; whence we 


| ſhall have & x, for the Fluxion of the Mafs. This being 


multiplied by x, the Velocity, will give ** " x for the Fluxi- 
on of the Momentum; this again being multiplied by! che ſame 


velocity x, will 2 ** , for the Fluxion of, che Force, 
whoſe Fluent * _ 5 being divided by — 71 


the Fluent of 1 x, the Fluxion of the eee will 


give DT ah for the Diſtance of the Center of Percuſs 
ſion, or Oſcillation, of the Parabolic Space CA C B C from 
the Vertex A; but if we conceive the double Ordinate CBC 
in a flowing State, and to move till it arrives at, or coincides 


with the Baſe EDE, then A B will become equal o AP, x 


will become equal to 4, and we ſhall have 2 . 4, for 


the Diſtance of the Center of percuſſion, or Oſcillation, of the 


whole Parabolic Space E A E, from the Point of Suſpenſion A, 
in the Axis of Rotation H A I. 


_ IF m x, «5 in the common Parabola, then 47s 


3m + 1 * 
wil be > = 7 6. - 1 
| : 2 Mm * 
Ir m=a 3, as in the Ong Theres ben i 
rl bo 51 
W 991 8 . | 
Ir M a8 in theBiquadratic Parabola, then 2 a 4, 
34 1 
= 9 3 4, &c. 
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Lr us now imagine the ſame Parabolic Space E CA CE 
to revolye about its Baſe E D E, chen will DB=a—x; 


conſequently 4xtx— wits x, the Reſult of the Multiplicati- 
on of xt xby a — x, the Velocity, will be the Fluxion of the 
Momentum, This therefore being multiplied by , the 


ſame Velocity, will give 4 4 K x 4 412 * . for 
3 the Fluent of which is 3 a 4 . 


| IT Fo 211 
— 74 +5 4 2 7 = PS 2 wt he bs Des- 


| 102 9 batt | 
which being divided by Trepe will give 
— x ; 
n ha I ey: the Center of 
Percuſſion, or Oſcillation, of the Parabolic SpaceE G C E from 
the Axis of. Rotation E D E. f 
Bur if we conceive the Line CBC in a flowing State, and 
to move till it arrives at, or coincides with the Line E D E, 
then AB will become equal to AD, x will become equal 
3544 — 4248 + 54.4 8 4 
to a, and we ſhall have Nr oy = 
I 725 for the Diſtance of the Center of Percuſſion, or Oſ- 
cillation, of che whole Parabolic Space E AE from the Axis 
of Rotation. 


Now if = x. 1 *, which is the 3 
Equation for all kinds of Parabolas whatſoever, we ſhall have 


x® x for the Fluxion of the Maſs ; and this mi multiplied 


by 4— x, the Velocity, will give 4 *** — * for the 
Fluxion of the Momentum. This being molcpic again by 


#=— x, the ſame Velocity, will give 4 ax — 2 4 ll 
* 


. 
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+ , for the Flurion of the Force, whoſe' Fluent 
4 x 2 4 2 3 "= 

mn r = Tit + om being 


”m * N 


* m +1 


*, the Fluent of 


3 I , the phe the Momentum, will give 


on Fomm+1 mx 44—6 = M — xx 
En +5; mm 1mx a—3m — Au- M 


for the Diſtance of the Center of Percuſſion, or Oſcillation, of 
the Parabolic Space E C C E revolving about the Baſe E D E as 
an Axis from the Point of Suſpenſion; but when A B becomes 
equal to AD; that is, when the Line CBC, by flowing, ar- 
tives at, or coincides with the Linc E DE, then x becomes 


equal to a, and we ſhall have ——— 7 7 a, for the Diſtance of 


the Center of Percuſſion, or Oſcillation, of the whole _— 
lic Space E A E from the Axis of Rotation EDE. 


Ix ay N then 


2m 
r 
will give J- 7. a ws as in the emer Example. 


- Ir m=3, en in the Cubic farben, then FE 


4 


12 | 
2 mm 
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| EXAMPLE % 


| Let it be required to find the Center of Percuſſion; or 
pr 2X of the Space A DF, incloſed between two 

Parabolic Curves A CD, ACE, touching one another 
2 the Point A, and the ri hr Line D F, parallel to the 


common Axis E K, about which it is ed to revolve, 
= ſuppoſe 


Pur AB=y, BC = x, AH = DH= 6, then will 
* y be the Fluxion 4 | 
the Space ; but becauſe, 
from the Property of the =. 9 — 22 
Curve, x = y y, if we | | a 
ſubſtitute yyin the room id 42 
of x, in the Expreſſion 
x y, we ſhall have y yy : 
for the Fluxion of the — C 
' Maſs. This therefore 
being multiplied by , 1 — | 
the Velocity, will give DW 2 * 
* y for the Fluxion of the Aa and being again mul- 
tiplied by the ſame Velocity Is will give y*.y forthe Fluxion of 
the Ee. whoſe Fluent ; y being divided by 1%, the Fluent 
of y , the Fluxion of the Momentum, will give 2 y for the 
Diſtance of the Center of Percuflion,”-or Oſcillation, from the 
Point A of the Space C A C. But if we conceive the Line C BC 
in a flowing State, and to move till it arrives at, or coincides 
with the Line DHF, then AB will become equal to A H, y 
will become equal to a, and we ſhall have; 4 for the Diſtance 
of the Center of Percuſſion, or Oſcillation, of the whole Space 
AD H. F A, from E K the Axis of Rotation, or Oſcillation. 
Now if we ſuppoſe xa = y®, which i is a general Equation — 


for all Kinds of Parabolas, then x = 9 z Whence ys y will 
. be 


Iii 


* 
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be the 5 of the Space, gt 7 the Fluxion of the _— 


tum, and F Ph the Fluxion of the Fo 1 Its 


2 * the Fluent of 5 i the 


Fluxion of the Momentum, will give 6 — for the Diſtance 


JE 


of the Center of Percuſſion, or Oſcillation, of the Space CAC 
from the Point A; but when C BC, by flowing, arrives at, or 
coincides with the Line D H F, then A B becomes equal to 


AH, y becomes equal to &, and we ſhall have 2 


or A H, for the Diſtance of the Center of Percuſſion, or 
Ofcillation, of the whole Space ADH F A, from the Axis of 
Rotation, or Oſcillation, E A K. 


IF n= 1, and Mm = 2, as in the common Parabola, 4 


m Na 2 ij 2 +2 
1 2 = z= © = 5 4 Will be the Diſtance of the Cen. 
ter of Percuſſion, or Oſcillation, the ſame as was deduced from 
the preceding Inveſtigation, 

Ir #=2, and = 3, as in the Cubic Parabola, then the 
Diſtance of the Center of Percuſſion, or Oſcillation, from 


the Axis of Rotation, or Oſcillation, will be - — 328234 
Sc. | 


\ 
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SECT. VII. 


Containing the Uſe of Fulux1oNs in finding the 
Centers of P on, or Oſcillation, of Solids. 
HE Center of Percuſſion, or Oſcillation, of a Solid in 


1 Motion will be always found in that Line in which the 
Ceater of Gravity is found, Wherefore in 


EXAMPLE I. 


Let it be required to find the Center of Percuſſion, or Oſcil- 
lation, of a ſquare Priſm revolving, or oſcillating, about 
one of its Extremities A. 


Purer for one Side of the Square of the Baſe, the Alti- 
then will . x be the Fluxion of the Maſs, 
which being multiplied by the Velocity x, will 
tum. This being multiplied again by the ſame A 
Velocity x, will give y & for the Fluxion 
2 | , Lf? 4 
* . | | 
ded by —, the Fluent of y* x x, the Fluxi- 4 
ſtance of the Center of Percuſſion, or Oſcilla- 
tion, from A the Point of Suſpenſion of the D 
ing, arrives at, or coincides with the Point D, then x becomes 
equal to 4; whence we ſhall have 3 4 for the Diſtance of the 


tude AD =4, put AB x, and B C= y, 
give y 9 x x, for the Fluxion of the Momen- 
of the Force, whoſe F luene — being divi- 
on of the Momentum, will give ; x for the Di- * » 
Part A BC; bur when the Point B, by flow- 
Iii 2 Center 
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Center of Percuſſion, or Oſcillation, of the whole Priſm from 
the ſame Point A. And the ſame Law will hold good in any 


other Priſm, let the Baſe be of what Form ſoever, as will more 


evidently appear from the following Example. 
EXAMPLE U. 


Let it be required to find the Center of Percuſſion, or Oſtil- 
lation, of a Cylinder ſuſpended by one of its D 
about which it is pe; to revolue, or oſcillate. 


Lz r the Cylinder be ſuſpended by the Extremity A of the 
Axis A B H, about which it is ſuppoſed to 
revolve, or oſcillate. Put AH=4, HE 
= BC= r, and the Circumference of the 


WI. 1 Circle DHE CBC Se. then will — 


| | be the Area of the Circle generated by the 

C C Radius HE or BC. Put AB= x, then 
*1'B : | 

will be the Flurion of the Maſs, or 

e whole Weight, which being multiplied by 

H x, the Velocity, will give —— for the 


Fluxion of the Momentum ; and this being again multiplied by 
the ſame Velocity &, will give : 5 for the Fluxion of the 


EF XXX 


Force, whoſe Fluent will be I, This being divided 


Cr XX 


by „the Fluent of eres , the Fluxion of the Momen« 


4 
tum, will give 3 x for the Diſtance of the Center of Percuſſi- 


on, or Olcillation, from A the Point of Suſpenſion in the 
Aris 


1 


ah tian Do an 6.» 


Y 
1 
t 
b 
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Axis A H of the Cylinder, which hath for its Altitude A B; 
but when the Point B, by flowing, arrives at, or is coincident 
with the Point H, then x becomes equal to 4, and we ſhall 
have 3 4, or AH, for the Diſtance of the Center of Pereuſ- 
ſion, or Oſcillation, of the whole Cylinder from the ſame Point 
of e „ 


EXAMPLE II. 


Let it be required to find the Center of Percuſſion, or Oſcil> 
lation, of a ſquare Pyramid revolumg, or oſcillating, about 
2 ets HAF, paſſmg through the 22 A, and parallel 


70 nn ahifh 
3 Fluxion of the S- 
lid; but becauſe, from the Na- 68 


ture of the Triangle DAE, it will F- 


be as a: 1: : *: hence 


Jy = 2 . Subſtituting this 


therefore in the Expreſſion yy in D 
the room of y y, and we ſhall have 


0 5 * for the klurion of the Maſh which being multiplied 


—— 


by the Velocity x, will give e for the Fluxion of 
the Momentum ; and this being again multiplied by x, will 


give — tor the Fluxion of the Force „ Whoſe Fluent 


rr x? 


— rr — — — 
4 * 
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| 2 being divided by wr, the Fluent of 2 x 
aa 4 4 


54 4 
the Fluxion of the 1 will give 7.x for the Diſtance 
of the Center of Percuſſion of the ee ACC from the 


Vertex A. 
Now if we imagine the Line C B ci in a State of flowing, 


and to move till it arrives at, or coincides with the Line 


D NE, then x will become equal to'@, and we ſhall have; 4 


for the Diſtance of the Center of Percuſſion, or Oſcillation, 
of the whole Pyramid D A E from the Point of Rotation A. 


And the ſame Law will hold good, let the Baſe be of what 
F orm n ſocycr 3 as will more evidently appear, if we ſuppoſe 


the Baſe to be a Circle, then will 

the Solid repreſent a Cone, as in the 

H A TI adjacent Figure; and let it be re- 
— quired to find the Center of Percuſ- 
ſion, or Oſcillation, of this Solid re- 
volving, or oſcillating, about an Axis 


C C - HAT, paſling through the Vertex A, 
B and parallel to the Baſe E DE. 
PUr AD 2, DE Sr, the 
K Circumference of the Baſe EDE = c, 
—D E AB = x, andBC = 5; then 


Vill 2 be the Area of the Circle 
deſcribed by BC; and beets as Y:xX::7:4, therefore 


FX Tru FrXX 
erat” and y y = 24 . Subſtituting therefore . 


in the Expreſſion — in ths won of yy, and we ſhall 


have —— he the Fluxion of the Maſs. This therefore 


being multiplied by x, the Velocity, will give © 7 25 for the 


Fluxion 


ſan 


wh 


* _— MET 
* = = 7 


Fluxion of the Momentum; which being again multiplied by 
the ſame Velocity x, will give por the Fluxion of the 


2 4 4 
being divided by 2 „the 


bk BG. ab | 
Fluent of —.— L. the Fluxion of the Momentum, will 
give 5 x for the Diſtance of the Center of Percuſſion, or Oſcil- 
lation, from the Axis of Rotation of the Cone CAC. 

Now if we conceive the Diameter CBC in a flowing 
State, and to move till it arrives at, or coincides with the Dia- 
meter E DE; then x will become equal to 4, and we ſhall 
have 5 @ for the Diſtance of the Center of Percuſſion, or Oſ- 
cillation, from A, the Vertex of the whole Cone, the ſame as 
in the Pyramid. 


er xt 


10 44 


Force, whoſe Fluent 


E X A M P I. E IV. 
Let it be required to find the Center of Percuſſion, or Oſtit« 


lation, of the ſame Cone A E E, revolving, or oſcillating, 
about its Baſe ED E. (See the preceding Figure). 


Pur, as before, AD 23 DE er, «for the Circumference 
ot the Baſe, BC= y, and AB=x; then will BD A- K; 
and a8 7:2 c : , the Circumference deſcribed by the 
| 22 


X y = —= will be the Area of the 


Point C; whence = 
ſame Circle; whence, becauſe as 4: :: K-: — = y; 


rrXIX 
4 4 


» Which being ſubſtituted in the Ex- 
preſſion 


whence yy = 


| 


6 * aq t 4 
preſſion -——, in the room of y , will give _—_— 


for the Area of the ſame Circle, and this being multi- 
plied by x, will give , for the Fluxion of the 
Maſe. This therefore being multiplied by 4 — x, will give 


arc e — for the Fluxion of the Momentuos 


and being again multiplied by the ſame Vu 4 — x, will 


PXXX = 24070 x 2c r* * 
g Py = for the Fluxi- 


era err ern 


Wen + 


44 1043 
oa 42 s — 15 . 4 


= — which being di- 


44cr x* — 307 x* : a cr 


vided by < 272 4 — , "the Fluent of 2 


on of the Force, whoſe Fluent is 


£4 *, 
24 4 


2 for the Diſtance of the Center of 
20 4 15 


Percuſſion, or Oſcillation, from the Arig of Rotation HAI 


the Fluxion of the Momentum, wil give 


of the Fruſtum of the _ CCE; but if we imagine the 


Diameter C B C in a flowing State, and to move till it ar- 
rives at, or coincides with the Diameter E D E, then AB will 
become equal to A D, x will become equal to a, and we ſhall 
have + 4 for the Diſtance of the Center of Percuſſion, or Oſ- 
cillation, of the whole Cone E AE DE, from the Axis of Ro- 
tation E DE. | 


EXAM- 
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EXAMPLE V. 


Let it be required to find the Center of Percuſſion, or Oſcilla- 
lation, of a Sphere revolving about, or oſcillating, the 
Line PAM, 4 Tangent, to the generating Circle FAH 
in the Point A, as an Axis. 


I T is evident that the Center of Percuſſion, or Oſcillation, 
will be found ſome where in the Diameter AD. 

PuTAB=x, BC, EF r, and c for the Circumference 
of the great Circle of che Sphere, 


e 
then will —= be the Area of the p 0 5 


Circle deſcribed by B C, equal to 
— — ( becauſe y y 10 ö 
equal to 2 1 K xx); whence A B |E D 
2ETXX—CXXX 3 * 
27 | 
M 


. will be the Fluxion of 
2 7 
the Maſs. This therefore being multiplied by the Velo- 


4 
city a, will give ec x & — =, for the Fluxion of 


the Momentum; and this being again multiplied by the ſame 
: _ for the Fluxion of the 


4 ' 4 


4 10 
c ** 


— — the Fluent of ex *** D, the Fluxion of 


Kkk | the 


Velocity x, will give c.x* x — 
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the Momentum, will give 5 — 15 Et for the Diſtance of 
the Center of Percuſſion, or Oſcillation, of the Segment of 
the Sphere generated by the Semi-Segment of the Circle ABC, 
from the Axis of Rotation P A M. 

Now if we conſider the Point B in a flowing State, and to 
move till it arrives at, or coincides with the Point D, then x 


30 X - la& * 
will become = 2 7, and 7 7 1 will become 


60 rr —4877 127 „ 
3 ir, for the Diſtance of the Cen» 
ter of Percuſſion, or Oſcillation, of the whole Sphere from 
the Point of Rotation A, or t of the whole Diameter A D. 
WHEN the Point B, by flowing, arrives at E, the Center 
of the generating Circle, then x becomes equal to r, and 


oT — 
a 9 — will become equal to 25 r, which is the Di- 
ſtance of the Center of Percuſſion, or Oſeillation, of the He- 


miſphere from the Point of Rotation A. 


EXAMPLE VI. 


Let it be re quired to find the Center of r or 2 
lation, of a Parabolic Conoid revolving, or ofci 
about the Line AF as an Axis, parallel to the Baſe D 4E 


and paſſing through the Verte v A. 


Ir is manifeſt, that the Center of Percuſſion, or Oſcil- 
lation, will be found ſomewhere in the Axis of the Solid 


AD. 
PurAD=s, D E, AB x, BC , and e for the 


— 2 the Baſe (See the following Figure); then 
will = . 25 2. — = (becauſe 7 0 de the Area of che 


Circle 
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* 


Circle generated by B C, and I be the Flurion of the whole 
Mak, whence r will be the A F 
Fluxion of the Momentum, by mul- > 
plying >, by x the Velocity, and B "OE 
. 2-4 the Fluxion of the Force, by D big. 
multiplying A again by x the Velocity, whoſe Fluent 


— X the Fluent of © . the fun- 


87 

on of the Momentum, will give 4 x for the Diſtance of the 
Center of Percuſſion, or Oſcillation, of the Solid generated 
by the Space AB C from the Axis of Rotation ; but it we 
conſider the Ordinate B C in a flowing State, and to move till 
it arrives at, or coincides with the Ordinate D E, then x will 
become equal to a, and we ſhall have 3 4 for the Diſtance of 
the Center of Percuſſion, or Oſcillation, of the whole Solid 
from the Point of Rotation A, 


Nowifix =, whence y = , which is the general 
Equation for all kinds of Parabolas, we ſhall have y y=x®; 


and becauſe A is equal to the Area of the Circle deſcribed 


by the Ordinate B C, if we ſubſtitute x® in the room of y, 


E' x 
_— for the Area of the 


in the Expreſſion — we ſhall have 


ſame Circle ; whence _ 4 will be the Fluxion of the Maſs. 
4  Q 


Kkk 2 This 
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This therefore being multiplied by che Velocity x, will give 

* 
2 7 


for the Fluxion of the Momentum; and being again 


2 . 
c * 


multiplied by x, will give — for the Fluxion of the 


mÞ+3 
n e Xx . 1241 $: 
4 1 0 


wt 
. theFluzion of the 


Force, whoſe Fluent 


M 3 
4 rr , T 


Momentum, will give 


the F lucar of 


WE, for the Diſtance of the Cen- 


ter of Percuſſion, or Oſcillation, of the Solid formed by the Space 
ABC revolving about A B, from the Axis of Rotation A F; 


but when B C flows into, and becomes equal to D E, then x 
becomes equal to a, and we ſhall have . 4, for the Di- 


ſtance of the Center of Percuſſion, or Oſcillation, of the whole 
Solid from the Point of Rotation A. 
a2 41 


38 141 


IF 2, as in the common Parabola, then 
= 7 a, Will be the Diſtance required. 
2m +1 

Ir m= 3, as in the Cubic Parabola, then 2, 


| 3m-+1 
= 16 a, Will be the Diſtance required. 
5 n n 
IF n , as in the Biquadrate Parabola, then TTA 


= 13 a, Will be the Diſtance required, &c. 


EXAM- 
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EXAMPLE vn. 


Let it be required to find the Center of Percuſſion, or Oſcil. 
lation. 2 Spheroid ( formed by the Rotation of a Semi. 
Ellipſis about its longer Axis) revolving, or oſcillating, about 
A Har the Axis of Motion, a Tangent to the Point Aa. 


Tr is evident the Center of Percuſſion, or Oſcillation, will 
be found ſomewhere in the Axis of the Solid AD. 
Pur FE=s, CBS y, AD=as; 
AB= x, then will 22 be the Area of HN 
the Circle deſeribed by the Ordinate B C, C, 


S3X1 
and * the n & Þ E 
W bei 
| | 244 
37 —— DEE, dee l d D 


tiplying by the Velocity x, we ſhall have 23 — * 
for the Fluxion of the Momentum, and multiplying this 
laſt Quantity again by the Velocity x, we ſhall have 


3 4 
| — X for the Fluxion of the Force, whoſe 
4 


cr x 
Fluent 
| . 44 1044 


a4 cr creo : 
Fluent of — 5 — the Fluxion of the Mo- 
2 4 4 
30 4 «K — lz * „* 


mentum, will give 78 157 for the Diſtance of the 


7 | Center 


er x* erx cr 


os „being divided by in fr the 
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Center of Percuſſion, or Oſcillation, of the Segment of the Sphe- 
roid generated by che Semi-Segment of the Ellipſis AB C revol - 


ving about A B; but when the Point B. by flowing, arrives at D, 
30 4 * - aK Xx 
„will 


ok * becomes equal to 243 whence — 


404 — 1 
5 6044 48 aa 1244 
become — 


rr. 8 = 3 ſor the Diſtance of 


the Center of Percuſſion, or Oſcillation, of the whole Sphe- 
roid from the Point of Rotation A. 

Bu r becauſe à is equal to the Semi- wunſverſt Diameter, 
therefore 5 of the whole Tranſverſe Diameter A D will be the 
Diſtance of the Center of Percuſſion, or Oſcillation, from 
the ſame Point of Rotation A. 

W HEN x becomes equal to 4; that is, when the Point B 


30 44—I208, 
arrives ar the: Center E. then 78 — 15 x will * 


— — 18 44 PF: 


14 42 — 13 4 258 © hp 
of AE, the Semi-tranſverſe Diameter, for the Diſtance of 
3 Center of Percuſſion, or Oſcillation, of the Semi · Spheroid 
generated by the Space A E F revolving about A E, from the 
Point of Rotation A. 


EXAMPLE VIII. 


Let it be required to find the Center of Percuſſion, or O 0 
lation, jr yo Solid formed by the Rotation of the 
Hyperbolic & 5 CF D, about the Axis A D, the Solid 
—_ ſuppo poſed o revolve or oſcillate about the Line A H 
drawn t =, es Vertex A, parallel to the Baſe DF. 


pur ADS, AE=26, AB=x, BC, DF r, 
and c for the Circumference of che Circle deſcribed by the 


Poins F (See the following F igure); ; then will 22 be the 
Area 


Sect. MII. FLUXIONS. 447 
Area of the Circle deſeribedby BC, whenice 22 vil be the 
-Fluxion of the Solid : But becauſe, | 


from the Nature of the Curve, E 
| rr xXx TA it | 

VE TanFaiad * 12 

ſubſtitute this Value of y 5 in the | * MOB 
cy99x A * 

Expreſſion —_— in -the room of 

. eraxx+2bcrxx B C 

9 y, we ſhall have 1 7 1 

for the Fluxion of the Maſs. This D IF 

therefore being multiplied by x, will 
++ x 

give 22 = for the Fluxion of the Momen- 


244+ 446 | 
tum; and this being again multiplied by the fame Quantity 
| . 2 pp | 
x, will give . for the Fluxion of the 
244 +446 


cr x* ber x* 
Force, | whoſe Pluant 10 44 ＋ 2046 * 444 +84ab * 
2c r T ler _ cr * 
20 48 ＋440 46 being divided by $4 4a + 2 
ber“ zerw＋slerr 
+ TIT Ty) babe Ty" 7" the Fluent of 
> * ; 
— 422 = the Fluxion of the Momentum, will 
24444460 
„ 12 2 ＋ 30 b +:24b xx + 60bby bor th 
give — FAR +30 6.x'+ 40 ba + 8066 „ 
Diſtance of the Center of Percuſſion, or Oſcillation, of 
the Solid formed by the Revolution of the Space A B C, 
from the Axis of Rotation, or Oſcillation; but if we 
imagine 


—ͤ——ñ : N 
- 
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imagine the Ordinate B C in a flowing State, and to 

till it arrives at, or coincides with the Ordinate D F, then 
A B will become equal to A D, and. x will become 
12444 + 54 a4b + 60461 


to 4, and we ſhall have — Croats” , for 


the Diſtance of the Center of Percuſſion, or Oſcillation, of the 
whole Solid from the Axis of Rotation, or Oſcillation, & c. 


EXAMPLE IX. 
Let it be required to find the Center of Percuſſion, or 
Oſcillation, of a Cylinder oſcillating or revolving about the | 
Line N RN, per to the Aris A H produced, und 
parallel to the Diameter F I and DE 1 * 
Bottom. 


Tur RH = 4, RA=b, nd AB= a; then will 

RB=b+x, and AH= 4 —6. Nowif 
N K N we put c for the Circumference of the ' Circle 
. | CBC, and r for the Radius, we ſhall have 


F | L — for the Area of the ſame Circle ; whenee 


| 
i Jo n de the Fluxion of the Ma This 
being thiiltiplied by 6 + x = RB, the Velo 


on of the Momentum; and this being a- 
gain multiplied by the fame Velocity „ + x, will give 


5 the Fluzioa of the 


2. 
22 berxx Crxxx 


Force, 10% Flea — 5 + - „being 
Ferre” divided 


— 
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. 


2 4 2 


the Fluxion of the Momentum, will give 1 
for the Diſtance of the Center of Percuſſion, or Oſcillation, 


from the Axis of Rotation, or Oſcillation, N RN, parallel to 
Fl, or D E, of the Cylinder C FIC, wbich hath for its Alti- 
tude the Line A B; but if we imagine the Diameter CB C in 
a flowing State, and to move till it arrives at, or coincides 
with the Diameter D HE, then will become equal to 4 — 6, 


and we ſhall have — OA the Diſtance of the 
34 ＋3 6 


Center of Percuſſion, or Oſcillation, of the whole Cylinder 
FIE D; and after the ſame manner may the Center of Per- 
cuſſion, or Oſcillation, of any Surface, or Solid, be found, re- 
volving, or oſcillating about any Line, as N RN, drawn per- 
pendicular to the Axis produced. 

THE celebrated Mr, Huygens, the firſt Man that adapted 
Pendulums to Clocks, in his Horologium Oſcillatorium, pub- 
liſhed in the Year 1673, has ſhewn a Contrivance to make the 
Ball of a Pendulum, during its Vibration, to deſcribe a Cy- 
cloid.; and that is, by cauſing two Plates to be bent into the 
ſame Curvature, between which the Ball, being ſuſpended by 
a Thread of a determined 
Length, will, by its oſcillating 
Motion, deſcribe a Curve of 
the ſameKind. For Example, 
if we ſuppoſe the two Plates 
HA and P NC to be Semi- 
Cycloids, and the Pendu- 
lum to be ſuſpended at the 
Point P, which while it of- 
cillates, may apply itſelf to the Cycloidal Plates PH A 
and P N C, which it is ſuppoſed conſtantly to touch 
by the Application of the Thread to the Plates, the 

LI Motion 


ö 


6bb+6bx + 2xx 
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Motion of the Ball will be carried in the Curve AB E C, 
which Curve is deſcribed by the Evolution of the Cycloidal Curves 
P H A and PNC, and conſequently will be a Cycloid, by Ex- 
am ple VIII. Sect. IV. Part II. whoſe Axis is equal to E D, or 
PD ; that is, to half the Length of the Pendulum; and that 
a Pendulum oſcillating in this manner, whether it deſcribes 
greater or leſs Arches, yet will perform its Vibrations in equal 


Times, may be demonſtrated after the manner following. 


LET HRBQD repreſent a Semi-Cycloid inverted, and 
| er put HR, the Axis, or 


, 7D Height, equal to 5, the 
N F Arch R B Q D of the 
Cycloid = E; and ſup- 


* poſing Q the Point from 
B whence the Pendulum 
| | begins ro deſcend. Put 
| PR, its Altitude, = 2 x, 

alſo the Arch of the Se- 

mi=-circledeſcribed about 

the Diameter PR =c; 
then putting PA x, 
we ſhall have ARS A2 
— x, and AN equal to 


* 2rx— &&, from the 
Nature of the Circle. Now becauſe the Velocity acqui- 
red by a falling Body, is as the Square Root of its perpen- 
dicular Deſcent, and as the ſame Body will acquire the fame 
Velocity in deſcending through the Arch Q B, as it does in de- 


» oþ wm 


ſcending through its perpendicular Height P A, therefore 


the Velocity of the Pendulum in the Point B will be x* 

whence putting t for the time of the Deſcent through the 

Arch D QB R, we ſhall have # = =;- Bur from the Na- 
| x 

ture of the Cycloid, R E is parallel to T B, a Tangent 


to the Curve in the Point B, therefore the Triangles T BA 
| I and 


* 
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and R E A will be ſimilar; confequently as T B: TA: :RE 


2.4.7 but (by Propoſition II. Section I. Part III.) as &: x 


::TB: TAs therefore by Equality of Ratios, as S: :: RE 
RA. Again, becauſe the Lines HR, R E, and RA are con- 


cinual Propordional, therefore as RE: RA :: TFN: XK; 
whence S: &: HR. AN, or as 5. 17x conſequently 


a 1 

— — — £ and 7 = ZR will be quit ro EXE 
ar- * x* 27 7 xx 

. | oh . 

e 2 1 4 L; and be- 

2 1 Xx 27 = 2 * 27 X—XxXx*_ 
cauſe (by Propoſition II. Section I. Part III.) as c: * :: CN 

| a * 

:N A; that is, 28 : TT; hence = = ls 
21 X—XX 


if we ſubſtitute & in che room 2 - — inthe Expreſ- 


2 
ſion — 7» we ſhall have # = TING 
27 X21X—=XX 
2X Mie 
2 — ltr x wes 2 Mx e; whence 


27 


> h 
as f: H:: 2 c:27; but = i = tothe Time of the per. 


pendicular Deſcent through the Axis H R; therefore the Time 
of an whole Oſcillation through any Arch of a Cycloidis to the 
Time of the Deſcent through the Axis, as the Circumference 
of a Circle is to its Diameter; that is, in a conſtant Ratio; 
whence it follows, that the Vibrations of a Pendulum, whoſe 
Ball moves in the Curve of a Cycloid (whether it deſcribes 
greater or leſs NY are Iſochronal. 
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452 FLUXTON'S Part III. 
Ax hence we ſee the Reaſon why the Times of Oſcillati- 
on of a Pendulum performing ſmall Vibrations in a Circle are 
equal; for ſince the Portion of the Cycloid near the Vertex 
| E (See the Figure in Pag. 449.) is deſcribed by the Motion of 
4 a Thread, whoſe Length is PE) reyolving about the Point P; 
6 - and ſince a Circle, whoſe Center is P, and Radius P E, al- 
4 moſt coincides with the Portion of the Cycloid, near the Ver- 

1 tex, it follows, that a heavy Body will deſcend through ſmall 
{ Arches of a Circle, whoſe Radius is equal to twice the Length 
| of the Axis of the Cycloid, in the ſame Time nearly as it 

would do through ſmall Arches of a Cycloid nearly coinciding 

with it. | | ; 

WHEREFORE ſince the Time wherein . a Pendulum 

performs a very ſmall Oſcillation in a Gircle is equal- to the 

Time wherein an. Oſcillation is performed through. the Arch 

of a Cycloid, whoſe Axis is equal to half the Length of the 

Pendulum; and ſince the Time wherein an Oſcillation is 

l performed in a Cycloid, is to the Time of the perpendicular 
i h Fall through the Axis of the Cycloid equal to half the Length 
of the Pendulum, as the Circumference of a Circle is to its Di- 

| | ameter, it follows, that the Time of the ſmalleſt Oſcillation is 
to the Time of the Fall through the Length of the Pendulum, 
as the Circumference of a Circle is to its Diameter, multipli- 

ed by the Square Root of the Number 2, ſinee the Velocities 

acquired by falling Bodies, are in a Subduplicate Ratio of their 
perpendicular Deſcents ; and hence it is manifeſt, that the 

ſmaller the Vibrations, the more Iſochronal they will be. 


THE Copiouſneſs of this Subject having ſwelled the Book 
more than I expected, the farther Uſe and Application of this, 
Doctrine ſhall be publiſhed at a convenient Time. 
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